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P A R T  I B A S I C  TH E O R Y  



 

C HA P T E R  1 .  TH E D E V E L O P M E N T O F  S TAT I S T I CA L  E NE R G Y  ANALYS I S  

1 . 0 I n t r odu c t i o n  

This book is a presentation of the basic theory and pro­
cedure for application of a branch of study of dynamical 
systems called Statistical Energy Analysis, which we shall 
refer to as "SEA". The name SEA was coined in the early 
1960's to emphasize certain aspects of this new field of 
study. Statistical emphasizes that the systems being studied 
are presumed to be drawn from statistical populations having 
known distributions of their dynamical parameters. Energy 
denotes the primary variable of interest. Other dynamical 
variables such as displacement, pressure, etc., are found from 
the energy of vibration. The term Analysis is used to empha­
size that SEA is a framework of study, rather than a par­
ticular technique. 

Statistical Vibration Analys is . Statistical approaches 
in dynamIcal analysIs have a lonq history . In mechanics , we 
are most familiar with their application to the vibration that 
is random in time of a deterministic system. We shall use 
this analysis in parts of Chapters 2 and 3 . It is useful to 
emphasize here that the important feature of SEA is the 
description of the vibrating system as a member of a statistical 
population or ensemble, not whether or not the temporal be­
havior is random. 

Traditional analyses of mechanical system vibration of 
machines and structures have been directed at the lower few 
resonant modes because these modes tend to have the greatest 
displacement response in many instances, and the frequencies 
of exeitation were fairly low. Of course, the vibration of 
walls and floors and their high frequency sound radiation have 
been of interest for a long time, but mechanical and structural 
engineers have been generally unaware of or unconcerned with 
this work. The advent of fairly large and lightweight aero­
space structures, and their dctendant high frequency broad­
band loads, has meant much more attention to higher order 
modal analysis for purposes of predicting structural fatigue, 
equipment failure and noise production. 

A characteristic of higher order mode analysis, however, 
is basic uncertainty in modal parameters. The resonance 
frequencies and mode shapes of these modes show great sensi-
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tivity to sma l l  detai ls  o f  geometry and cons truction . I n  
addi tion , t h e  computer programs used to evalu ate the mode shape s 
and f requenci e s  are known to be rather inaccurate for the 
higher order mode s , even for rather ideali z ed systems . In 
l ight o f  the s e  uncertainti e s , a s tati s tical model o f  the 
modal parameters s e e ms quite natural and appropr i ate . 

If there i s  cause for s tati s t i c a l  approaches from the 
nature of the dynami cal probl em , there is equal motivation 
from the viewpoint o f  app l ication . Mechanical and s tructural 
d e s igners  are often faced with making environmenta l  and 
response e s t imate s at a s tage in a pro j e c t  whe re s tructural 
detail i s  not known . The s e  e s timates are made f or the 
qua l i f i c ation o f  equipment and the des ign o f  i s o l a tion , 
damping , or s tructural configurations to protect equipment 
and prote c t  the integrity of the s tructure. Highly detailed 
analys es requiring spec i f i c  knowledge o f  shape , cons truction , 
loading function s , e tc . , are not appropr i ate . S impler 
s tati s t i c a l  analytical e s timate s o f  response to envi ronment 
that preserve parameter dependence ( s uch as  damping , average 
pane l thi ckne s s , etc . ) are appropri ate to the d e s i gner's 
need at th i s  s tage . 

Inspirations for the SEA Approach . There is experience 
in de aling with dynamical sys tems d e s cribed by random para­
meters . Two notab le examples  th at have s e rved as  " touch­
s tone s " in e arly developments of SEA a�e the theory of room 
acou s ti c s , and s tati stical  mechani c s . Room acous tics  d e a l s  
wi th the excitation o f  sys tems o f  very many degrees o f  free­
dom ( there may b e  over a mi l l ion modes o f  o s c i l l ation o f  a 
good s i zed room in the audible frequency rang e )  and the inter­
actions between such sys tems ( s ound transmi s s ion through a 
wall  i s  an example ) . The analy s e s  are c arried out us ing 
both modal and wave mode l s . The very l arqe number of degre es 
of freedom is an advantage from a s tat i s tical viewpoint 
i t  tends to diminish the f luctuations in prediction o f  
respons e .  We s h a l l  show why thi s  i s  s o  in Chapter 4 .  

S tati s t i c a l  mechanics deal s with the random motion o f  
sys tems with e ither a few or  very many degrees o f  freedom . 
However ,  i t  i s  random motion o f  a very spec i a l  type , wh i ch 
we may·cal l "maximally d i s ordered . "  I n  thi s s tate o f  
vibration , a l l  mode s , whether they res onate at frequen c i e s  
near e ach other o r  a r e  far apart , tend to have equal energy 
of vibration and to have incoherent moti on . We mus t  add the 
provi s o , " ignoring quantum e f fects . "  The ene rgy of the 
modes i s , as ide from a univers al cons tant , the sys tem tem­
perature . The s tate o f  equa l mod a l  energy is  s poken o f  as 
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" equipartition o f  energy " . I n  SEA , w e  s ometime s make the 
equipartition assumption for modes that resonate in the 
s ame frequency b and , but not for a l l  mode s . 

Stati s t i c a l  mechani c s , and its  re l ated s c i ence , he at 
trans fer , a l s o  teach us that thermal ( random vibration ) 
energy flows from hotter to cooler systems , and that the rate 
o f  f l ow i s  proporti onal to temperature (modal energy ) d i f­
fp.rp.nce. In Cha nte r  3. we show that th i s  result a l s o  appl i es 
to dynami cal sys tems exc ited by broad band nois e s ource s . 
Not only that , but s ince we a l s o  show in Chapters 3 and 4, 
that narrow b and sources are equivalent to broad band s ources 
when sys tem averages are taken , the result can be genera l i zed , 
with proper care , to pure tone s . 

The s tudy o f  the s tati stical  mechan i c s  of electrical 
circuits shows that a res i s to r  at known temperature is  
equivalent to a thermal res ervo ir ( or temperature bath ) . The 
interaction of the dynamic a l  sys tem with thi s  re s e rvoi r  is  
repres ented as a white noi s e  generator in c i rcuit theory . We 
('!i'ln turn the araument around and s ay th at a damper (mechan i c a l  
re s i s tance e l emen t ) , in  conj unction wi th a noi s e  generator , 
repres ents a thermal re servo i r , and we should not be  s urpr i s e d  
when certain " thermal " r e s u l t s  develop from its  analys is . 

The Advantages and Limi tations o f  S tati s ti c a l  Analys i s . 
One advantage o f  s tatis tic a l  analys is o f  sys tems may b e  s een 
from the practi cal aspects o f  room acous tics . If one truly 
hH� 106 mnnp.� to deal with. even the m . s .  pre s s ur e  a s s ociated 
with each , changing with time as the flute gives way to the 
tympani , wou ld be a hopele s s  mas s o f  information to a s s imi l ate . 
What one doe s ins tead i s  to describe the f i e l d  by a few 
coherent feature s o f  the modal pattern ( d irect field and a 
few e arly reflections ) and the incoherent ene rgy ( r everberant 
field ) total led i nto a few frequency bands . Thus , ins tead of 
1 0 6 measures o f  the sound f i eld (wh i ch would b e  incomplete i n  
any case  without the coherenc e data ) , we are ab le t o  describ e  
the s ound field ef fective ly b y  1 0 -2 0  measures . 

The s tati s ti c a l  analy s i s  a l s o  all ows for much s impler 
des cription o f  the sys tem , whe ther one describes the f i e ld 
by modes or wave s . In the former case , moda l  dens i ty , 
average modal d amp ing, and certain averages o f  modal impedance 
to sound sources are required . I n  a wave desc ription , such 
parameters as mean free path for wave s , surface and vo lume 
ab sorption , and general g eome tri c configuration are requi red . 
The numbe r  o f  input parameters i s  general ly in b a l ance with 
the numbe r  of me asure s ( 1 0 -2 0 )  to be taken . 

5 
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The mos t obvious d i s advantage o f  s tati s ti cal appro aches 
i s  that they g ive s tati s t i c a l  answers , wh ich are always sub j ect 
to s ome unce rtainty . In very high order sys tems , thi s  i s  not 
a gre at prob l em .  Many o f  the sys tems we may wi sh to apply 
SEA to , howeve r , may not have enough mode s  in certain frequency 
bands to a l low predictions with an acceptab l e  degree of cer­
tainty . To keep track o f  th is , we  may calculate the vari ance 
as we l l  a s  the me an , and a l s o  calcul ate the confidence for 
predi ction interva l s . Thi s i s  d i s cus s ed in Chapter 4. 

In addition to hard and f a s t  computational prob l ems , 
there are certain d i f ficulties in the psychology of s tati s ti c a l  
method s .  A d e s igner i s  n o t  dealing wi th a gas  o f  comp l i cated 
molecul es in random col l i s ion -- he i s  concerned about pre ­
d i c ting the s tructural respons e  o f  a wing , for wh ich he has 
enginee ring drawing s ,  to a loading environment , for which he 
has f l i g ht data . Ins tead o f  following a determin i s ti c  c a l ­
cUlation (probably computer based ) i t  is sugge sted th at he 
w i l l  get a "better " es timate if he repres ents the wing a s  a 
flat plate o f  a c ertain average th i cknes s  and tota l area ! 
H i s  incredul i ty may be imagined . But he mus t  rememb er that 
hi s knowledge of the wing at the 5 0 th mode o f  vibration may 
be j u s t  as we l l  repres ented by the flat p l ate as  it i s  by 
h is drnwings . Al so ,  the answe rs he gets by SEA wi l l  be in a 
form that i s  u s ab l e  to him , g eneral ly retaining parameter 
dependence th at wi l l  allow him to interpret the e f fect of 
c ertain s impl e  des i gn changes on re s ponse leve l . 

To c lose thi s introductory s e c tion , it may be reveal ing 
to quote from M. L .  Mehta , a theore tical phy s i c i s t  concerned 
with applying s tati s tical me thod s to l arge nucl e i . 
" S tati s ti c a l  theory does not predict the detailed level s e ­
quence [ re sonance frequenc i e s ] o f  any one nuc leus , hut i t  
doe s des cribe the • • •  degree o f  irregularity • • •  that i s  expec ted 
to occur in any rmc·�us • • • •  Here we shal l renounce knowledge 
of the sys tem i ts e l i  • • •  There is a reasonab l e  expe c tation , 
though no rigorous mathematical proo f , that a sys tem under 
ob s erva tion wi l l  be described corre c tly by an ens emb l e  
average • • • •  If thi s  particular [ system ] turns out t o  be f a r  
removed f rom th e ensemb l e  average , it wi l l  show th at • • •  [ th e  
sys tem] • • •  pos s e s s e s  spec i f i c  properties o f  wh ich w e  a r e  not 
aware.  Th is , then , w i l l  prompt us to try to d i s cover the 
nature and origin of the s e  propertie s . "  The problems we 
face s e em to be univers al . 

6 
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1 . 1 A B r i e f  H i s t o r i c a l  S u r v e y  

Beginnings . The earl i e s t  work in the devel opment of 
SEA a s  an identi fiab l e  entity were two independent c a l cul ati ons 
in 1959 by R . H. Lyon and P .  W. Smith , Jr . In  Eng land , on 
an NSF pos tdoc toral fel lowship , Lyon calcul ated the power 
flow between two l ightly coupled , l inear resonators exc i ted 
by independent white nois e  s ource s .  He found that the power 
flow wa s proportional to the d i f f e rence in uncoupled energ i e s  
o f  the sys tems and that i t  always flowed from the sys tem o f  
higher to lower modal energy . 

The other cal culation was by Smi th at BBN working under 
u. S .  Air Force support . Smi th c alculated the response o f  a 
resonator exci ted by a d i f fus e , broad b and s ound field , and 
found that the response o f  the sys tem r eached a l imit when 
the radiation damping o f  the resonator exceeded its interna l  
damping , b u t  that th i s  l imit d i d  n o t  depend on the prec i s e  
value o f  the radiation d amping . 

Thi s  result o f  Smith ' s  wa s s omewhat surpr�s �ng s ince 
many workers regarded an acou s tic noi s e  field s imply as a 
source o f  broad band random exc itation . When a resonator , 
exc ited by broad band noi s e , has its internal damping reduced 
to z ero , the response diverges , i . e . , goes to infinity . The 
l imit invo lved in Smi th ' s  result was o f  cour s e  due to the 
reaction of the s ound field its e l f  on the resonator . 

After Lyon j oined BBN in the fall  o f  1960, i t  deve loped 
that Smi th ' s  l imiting vibration amounted to an equality of 
energy between the resonator and the average modal energy of 
the s ound field . The two calculations were con s i s tent , and 
powe r wou ld flow between res onators unti l equ i l ibrium would 
deve l op . I f  the coupling were s trong enough compared to 
internal d amping , equiparti tion wou l d  resul t . But how 
spec i f ic a l ly did the wave- f i e ld result of Smi th rel ate to 
the two -mode interaction that Lyon had s tudied?  

To  answer thi s  que s ti on , Lyon and Maidanik wrote the 
f i r s t  pape r th at may be said to b e  an SEA pub l i c ation , although 
the name SEA had not then been coined . This paper combined 
Lyon ' s  work in Engl and with extens ions to make i t  ab le to deal 
with the kind of prob lem Smi th had analy zed . Formulas for 
the interaction o f  a s ingle mode of one sys tem with many 
mode s o f  another were developed , and expe riment al s tudi e s  o f  
a beam ( f ew mode sys tem ) with a s ound f i e ld (multi moda l  
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sys tem) were reported . This work a l s o  showed the importance 
of the bas i c  S EA parame ters for response prediction : modal 
dens i ty , damping , and coupl ing los s facto r . 

Ear ly Exten s i ons and Improvements o f  the Theory.  
Almo s t  immedi ate ly , the activi ty in S EA s pl i t  a long two 
l ines . One l ine was the c l ari f ic ation o f  b a s i c  a s s umptions 
and improvement in the range o f  approximation to real 
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sys tem performance . The s econd li ne was the app l i c ation o f  
S EA to other sys tems . The earl i e s t  app l i c ation was to s ound­
s tructure interaction , l argely a r e s u l t  of Smi th ' s  work , but 
a l s o  because it s eemed " obviou s " that S EA woul d  work b e s t  
when a sound f i e ld , with a l l  o f  i t s  many degrees of  freedom 
was invo lved . Ve ry s oon , however ,  app l i c ations were a l s o  made 
to s truc ture- s tructure interactions . 

One bas i c  a s s umption in S EA h ad to deal with l ight 
c oup ling . How much o f  a restriction did thi s  repres ent? 
AIBO, what were the uncoupl ed sys tems ? Two independent 
studie B ,  by Ungar and S charton , showed th at th e l ight 
c oupli ng a s s umption was unneces s ary i f  the uncoupled sys tems 
wer e  d efi ned as the b locked sys tem , me aning th at the other 
s y s tem was held f ixed whi l e  the sys tem be ing cons idered was 
al l mvcd to vibrate . Al s o , the energy f l ow rel ations were 
val i d  whether one was u s ing the "blocked " ene r g i e s  o f  the 
sys tem as the driving force o r  the actual energy of e ach 
s u bsy�t".cm with the coup ling i ntac t .  Of cour s e , the con­
s tant of proportional i t y  would be d i f ferent for thes e  two 
c a l cul ations . 

The ques tion o f  quanti fying the uncertainty in the 
predi c tion of energy f l ow was examined by Lyon , who developed 
a theory o f  respons e variance and prediction interva l s  for 
SEA calculations. The calcul ation o f  vari ance for s tructure­
s tructure interactions in wh ich re l atively few modes 
parti c ipate in the energy sharing proce s s  was first inc luded 
in a p aper by Lyon and E i chler . 

An important extens ion o f  the two sys tem theory was 
made by E i ch le r , who deve loped predictions from ene rgy 
d i s tribution for three sys tems connec ted in tandem . The 
prac tical app l i c ation of S EA often involve s the f l ow of 
vibra ·tory energy through s eve r a l  intervening " sub s tructur e s " 
be fore i t  gets to a vibration s e n s itive area . I t  i s  
important , there fore , t o  b e  ab l e  to predict the energy d i s ­
tribution for such case s . 
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Improvements in Range of Appl ication . The earliest 
work on structure-s tructure vibration transmiss ion was under­
taken with Air Force sponsorship and was concerned with 
electronic package vibration . An early paper on this topic 
by Lyon and Eichler dealt with plate and beam interaction , 
very simi lar to an example discus sed in Chapter 4, and two 
plates connected together .  A subsequent paper on a three 
element , plate-beam-plate sys tem by Lyon and Schar ton made 
use of the earlier formulation of three element systems by 
Eichler and some plate edge-admi ttance cal culations , also 
by Eichler . 

The bas i c  SEA theory was pretty much directly app l i c ab l e  
to the s e  new systems . The maj or prob lem was evaluation o f  
modal den s i t i e s  and coup l ing l o s s  factors for various inter­
acting j unctions between systems . For examp l e , the 
rad i ation of s ound by reinforce d  p late s was evaluated by 
Maidanik , and a s imi l ar s tudy of the radiation of s ound by 
cyl in ders was undertaken by Manning an d Mai danik .  We h ave 
already mentioned the pl ate- e dge admi ttance calcul ations o f  
E ichler . The s e , along with ear l i e r  ( pre-SEA )  calcul ations 
o f  force and moment impedance s  of beams and p l ate s have 
a l l owe d a wi de variety of s tructur a l  coup l ing los s factors 
to b e  evaluate d.  Quite recently , a s er i e s  of s o i l - foundation 
impe dance evaluations by Kurzwei l  allows one to apply SEA to 
certain s tructure-groun d vibration prob l ems . 

Moda l  dens i ti e s  o f  acous tical spaces have been s tudi e d  
for quite a l o n g  time . Al s o , the modal den s i t i e s  o f  s ome 
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f l at and curve d pane l s tructure s pre-date SEA . However , the 
activity in SEA has motivated work in mo dal dens i ty evaluation . 
For examp l e ,  the modal dens i ty o f  cyl inders has been s tudi e d  
b y  Heckl , Manning , Chandiramani ,  Mi l l e r , and S z echenyi . The 
modal dens i ty o f  cone s has been c a l cu l ated by Chandiraman i , 
and by Wi lkinson for curved s andwich panel s .  General ly ,  
mo dal dens i ty predic tion has not been as  d i f f i Cul t  as the 
calcu l ation o f  c oupl ing los s factors . 

Un ders tanding an d predi c tion of sys tem damping has 
improved very l i ttle over the years s ince SEA b egan . In  mos t  
part , the improvements that have taken place were not 
particul arly rel ated to SEA work , a l though the work by Heckl 
on p l ate boundary abs orption and by Ungar and Mai danik on 
air pumping along riveted beams were gene rally rel ated to 
SEA .  Despite thi s  work , our abi l i ty to predi c t  damping in 
bui l t -up s truc tures is s ti l l  b a s ed l argely on emp i r i c i sm . 
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Other Deve lopments .  We should a l s o  no te certain 
deve l opments th at might be termed " sword into plowshare s "  
activi t y . Mos t e ar l y  app l i c ations o f  S EA have been aerospace 
rel ated becaus e that i s  where the prob l ems have been ( and 
s t i l l  are ) and DOD and NASA were paying the b i l l s . There 
have been recent app l i c a tions o f  S EA to certain architectural 
and bu i lding p robl ems that are worth y o f  note . In Eng l and , 
Crocker and h i s  a s s oc iates have c arried out studi e s  o f  s ound 
transmi s s ion through doubl e  s eptum wal l s , f o l l owing up on 
some e arlier work by Whi te and Powe l l . More recently , Ver has 
app l i ed S EA to the prediction of s ound transmi s s ion through 
f loors cons i s ting of a main s l ab wi th another l i ghter s l ab 
f l o ated on man y small point springs . Rin s k y  has als o s tudied 
s ound transmi s s ion through doub l e  and s ingle s tud- reinforced 
wal l s  u s ing S EA .  
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Final l y , the attempts to better understand the theoretical 
basis  for S EA and the l imiting e f fect o f  i t s  a s sumptions on 
the range o f  app l i c ations has continued . The mos t  notab l e  
e f fort along the s e  l ine s has been b y  Bogdanoff and Zeman . 
O ther work inc ludes a recent the s i s  by Lot z and c a l cul ations 
comparing ideal determini s t i c  with averaged s y s tems by 
Scharton , Manning and Remington . So  far , the attempts at 
further reducing the number o f  a s sumptions that one mus t  make 
in S EA have no t been ver y  effective , but we mus t  not be d i s ­
couraged b y  th is . Every s tep , even the sma l l  one s taken to  
thi s  point , have been very product ive in extending the re ach 
and u s e fulne s s  o f  S EA .  

1 . 2 T h e  G e n e r a l Pr o c e d u r e s o f SEA 

I n  the fo l l owing chapter s , we wi l l  derive the b a s i c  
equations o f  S EA and give motivation f o r  the mod e ling and 
c omputational p ro cedures . To provide an overvi ew o f  th i s  
proces s ,  however , i n  this s ection w e  describe the w a y  that 
S EA c alculations are made , and the s teps that are neces s ar y  
to arrive at a prediction o f  respons e . Hope ful l y , thi s  
wi l l  provide a framework for a better unders tanding o f  the 
purpose o f  the l ater chapters and how the various e lements 
o f  SEA fit together . 

Mode l  Deve lopment . I n  its s imple s t  e lements , S EA 
results  in a proc edure for calcul ating the f l ow and s torage 
o f  vibrational energ y in a complex sys tem . The energ y 
s torage e l ements are groups o f  " s imi l ar modes " . Energy 
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input to e ach o f  the s torage e l ements comes from a s et o f  
external (usually random )  s ources . Energy i s  d i s s ipated by 
mechani c a l  damping in the sys tem , and trans ferred between 
the s torage e l ements . The analys i s  is es sent i a l ly that of 
l inear R-C c i rcuit theory wi th energy p l aying a role 
analogous to electric charge and modal ene rgy taking the 
role of electrical potentia l . A typical S EA mode l  is drawn 
in F i g . 1 . 1  and the analogous electrical circuit that might 
be used to repre s ent i t  i s  shown in F i g . 1 . 2 .  We sha l l  not 
make d i rect u s e  of thi s  e l ectrical analogy in thi s  report , 
but rather d i rectly work with the s imul tane ous equations . 

The fundamental e l ement o f  the S EA model  is  a g roup o f  
" s imilar " energy s torage mode s . The s e  modes are usual ly 
mode s  o f  the s ame type ( fl exural , tors ional , etc . ) th at 
ex i s t  in s ome s e ct ion o f  the sys tem wh ich we may c a l l  a " sub­
sys tem " ( an acous t i c  volume , a beam , a bulkhe ad , e tc . ) .  In 
s e l ecting the modal group , we are concerned that i t  meets 
the c r i teria o f  s imilarity and s igni fi canc e . S imi larity 
means that we expect the modes o f  th is group to have nearly 
equal exc i tation by the sources , coup l ing to modes o f  other 
s ubsys tems , and damping . If  the se criteria are met , they 
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wi l l  a l s o  have near l y  e qual enerqy o f  vibration . S i an i f i c an ce 
means that they p l ay an important role in the transmi s s ion , 
di s s ipation , or  s torage o f  energy . Inclus ion o f  an 
" ins igni f i cant " modal group wi l l  not cause errors in the c a l ­
culations , b u t  may need l e s s ly comp l i cate the analys i s . 

Input power from the environment , label led IT. , may 
result from a turbulent boundary l ayer , acou s t i c atn

nois e ,  or  
me chanical exci tation . I t  is  usually computed for some fre­
quency b and , pos s ib ly a one -th i rd or full octave band . In 
order to evaluate IT. , we need to know certain input 
impedanc es for the §ilbsys tem . The important requirement i s  
that th i s  input powe r not be s ens i tive t o  the s tate o f  
coup l ing between s ub sys tems . I f  i t  i s , then the sys tem pro ­
viding the powe r  ( a connecting s tructure for examp l e )  has 
important internal dynamics and should be mode led as  another 
subsys tem . 

The d i s s ipation of power for e ach s ub sys tem TId ' 
repre s ents ene rgy truly lo s t  to the mechanical  vibr��!on an d 
wi l l  depend only on the amount o f  energy stored in that sub­
sys tem . It may be truly di s s ipated by friction or viscos i ty , 
or i t  may be merely radi ated away into the air or s urrounding 
s tructure . The important provi s o is th at th i s  power c annot 
be re turned to the system .  If it c an , then i t  is part o f  the 
power flow through coupl ing e l ements and wi l l  require the 
addi tion of another subsys tem or coupl ing p ath to the d i agram . 
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The transmitted powe r TIl 2 , repre sents the rate o f  energy 
exchange b e tween s ubsys tems l and 2. A l l  energy quantities 
that we deal  w i th here are time averaged value s . The re may 
be very l arge temporal variations in power f l ow between the 
s ubsys tems , even larger than the average flow , but the s e  are 
ignored . The transmitted powe r depends on the d i f ference in 
modal energy of the two subsys tems and the s trength o f  the 
c oupling between them . 

Parameter Eva luation . Evaluation of the quanti t i e s  
that appear in Fig .  1 . 1  and that are d i s c u s s e d  in the pre­
c eding paragraph s require the eva luation of certain para­
me ters , whi ch we may cal l  SEA parameters , that mo s t ly pre­
date SEA . We group them as " energy s torag e " and " energy 
trans fer " parameters . Energy s torage is determined by the 
number of avai lab l e  mode s NI ,  N2 • • •  for each subsys tem in the 
chosen frequen cy band �w . The ratio of N to �w is ca l led 
the modal den s ity n of the subsys tem and is frequently used 
in SEA calcul ations instead o f  the mode count N. 

Energy tran s f e r  parameters include the input impedan ce 
to the sys tem for the determination o f  input powe r , the l o s s  
factor , wh i ch relates subsys tem energy to d i s s ipated power , 
and the coup l ing los s factor rel ating transmitted power to 
subsys tem modal energy . In the fol lowing paragraphs we pro­
vide a brief  indi cation of how the s e  parameters are usually 
evaluated . 

Modal den s i ty may be me asured by exci ting the subsys tem 
with a p ure tone and gradu a l ly varying the frequen cy .  As a 
re sonance i s  encountered a maximum in re sponse wil l  o ccur . 
I f  a chart o f  re sponse ampl i tude as  a func tion of frequency 
is drawn , the s e  peaks may be counted . This technique may 
mi s s  s ome modes and i s , there fore , not perfectly r e l i ab l e . 
Expe rimental method s have been devi s ed to reduce the numb e r  
o f  mode s  mi s s ed , b u t  the e rror cannot be completely 
e l iminated . 
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The mos t  commonly u s ed way o f  evaluating modal den s i ty i s  
s imply to cal cu l ate i t  from theoret i ca l  formu l a s . Mo s t  
sys tems have modal dens ities  that may be  ca lcul ated in terms 
o f  rel atively s imple gro s s  parameters , such a s  overa l l  
dimens ions , and the average speed o f  waves i n  the system .  
A few examp l e s  o f  the ca l culation o f  modal den s i ty are g iven 
in Chapter 2 .  
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The d i s s ipation of  energy i s  measured by the los s 
factor o f  the sys tem (defined in Chapter 2 ) . Un l e s s  the d i s ­
s ipation mechan i sm i s  o f  a very particular type , i t  i s  more 
re l i ab l e  to me asure the loss f actor than i t  is to calculate 
i t . Thi s  i s  done by measuring the rate of  energy decay in 
the sys tem when the exc itation has been removed , or by 
me asuring the response bandwidth of individual resonance 
peaks . The relation o f  both o f  the s e  measure s to the los s 
factor i s  deve loped in Chapter 2 .  

The input power from the environment i s  s ometimes 
measured , but more o ften calcu lated . It may be measured by 
i solating the s ubsys tem o f  known damping ( l o s s  facto r )  and 
ob s e rving i ts respon s e  to the envi ronment . By equating input 
to di s s ipated powe r , ITin is known . The input power may be 
cal cul ated by evaluating the load exerted on the subsys tem 
by the environment and the impedance o f  the sub sys tem to thi s  
load . Such calculations may b e  qui t e  invo lved , but a s impl e  
example i s  given in Chapter 2 f o r  flat p l ates excited b y  a 
point force . 

The coupl ing los s factor i s  the parameter gover�ing 
transmi tted power . I t  is defined in Chapter 3 a hd has been 
me asured for s ome sys tems , although i t  i s  o f ten calcu l ated . 
I t  i s  a l s o  r e lated to quanti t i e s  that may have been cal­
culated o r  me asured for other reason s  - the j unction 
impedance s of mechanical sys tems , the transmi s s ion loss of 
wal l s , the acoustic  rad i ation re s i s tance o f  a pis ton , and 
other s imi l ar me asures . S ince it in general depends on both 
sub sys tems ,  and the variety o f  sys tems o f  app l i cation for 
SEA is very l arge , the number o f  coupl ing los s f actors that 
we may be concerned with incre a s e s  as  the s quare of  the 
number of subsys tems on the l i s t . The better s trategy woul d  
appear , there fore , to expres s  the coup l ing l o s s  factor where 
pos s ib l e  in t e rms o f  s ubsys tem impedances , as  we have done in 
Chapter 3 ,  and then l i s t  the impedance s .  

Calculati o n  o f  Response .  After the mode l  has been 
decided upon and the parameters evaluated , the final s tep 
i s  to calcu l ate the respons e .  The f i r s t  part o f  thi s  cal­
culation i s  the evaluation o f  the vibrational energy in the 
various energy s torage el ements or mode group s . As noted 
above , thi s  amounts to so lving a s et o f  l inear algebraic 
e quations , one equation to each sub s y s tem .  A s impl e  
example i s  worked out in Chapter 3 .  The s e  average energ i e s  
wi l l  depend on t h e  various input power values , the modal 
dens i ties , and the coup ling and di s s ipative los s factors . 
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On the b a s i s  o f  the formal i sm adopted in Chapters 3 and 
4, the mos t  d irect rel ation between vibrational energy and 
another dynamical variab l e  is with the ve loc i ty o f  motion . 
By formu las deve l oped in the a naly s i s , the ve loc i ty may in 
turn b e  re lated to s t i l l  other variab l e s  - - d i s p lacement,  
s train , s tres s ,  pres sure , etc . These  variab l e s  are s ti l l  
forms o f  a spati a l ly averaged respons e . However , on the 
bas i s  of sys tem geometry and mode shape s , e s timate s  can a l s o  
be made o f  t h e  spati a l  d i s tribution of res pons e . 

The var i ab i l ity j us t  referred to occurs even with the 
SEA a s s umption of equal energy for every mode in the sub­
sys tem . In addition , however ,  there is  vari ab i l i ty becau s e  
w e  deal with a particular sys tem in the l aboratory , n o t  a n  
ens embl e o f  sys tems . As noted i n  the introduction to thi s  
chapter , the ensemb l e  average wi l l  n o t  f i t  e ach member 
exactly , and we may expect s ome vari ation in the various para­
me ters that we h ave been dis cus s ing . The analys i s  of the s e  
vari ations i s  a n  important part o f  the respons e predi ction 
proce s s  and t e l l s  us how much r e l i ance we may p l ac e  on a 
respons e e s timate based on the average behavior . The d i s ­
cus s i on o f  thi s top i c  i s  deve loped in Chapter 4 .  

1 . 3 F u t u r e D e ve l o p m e n t s  o f S E A  

The future deve lopment o f  SEA i s , i n  l arge part , l ikely 
to be a continuation o f  certain fe ature s o f  its development 
to date , i . e . , i t s  app l i c ation to a l arger group o f  s ub­
sys t ems . Thi s  g roup wi l l  surely inc lude new s truc tures and 
s e i smic ( g round vibration ) sys tems , and pos s ib ly water 
waves and ship or o f f s hore s tructures .  Such app l i c ation s  
wi l l  increase the g l o s s ary o f  SEA parameters a n d  make SEA 
even mor e  us e ful  than it has been unt i l  now . 

The wider use o f  SEA i s  a l s o  l ikely to involve a l arger 
group of pro fe s s ional s within e ach s ub j ect area . Thi s means 
that re s e arch workers and analys ts , test engineer s , and 
d es igners are a l l  l ikely to u s e  it as one too l  among many 
th at are avai l ab l e  for dynamical analys i s . We may expect to 
see S EA become more computeri z ed ,  not on ly for the purpos e  
o f  s o lving the s imUltaneous equation s  governing respons e 
energy , but a l so for evaluating coup ling l o s s  f actors for 
very complex s tructures using finite e l ement me thods . 
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Finally , we may expect to s ee deve lopme nts in the b a s i c  
theory o f  t he s tati s tical analys i s  o f  sys tems that wi l l  
greatly expand the conceptua l framework o f  SEA . To be more 
spe c i f i c , l e t  us see how SEA has expanded upon the framework 
of  s tati s t i c a l  me c hani c s , and what may deve lop in th i s  regard 
in the future . 

S tati stical  mechanics  repre sents the mo st dis ordered 
s tate of motion poss ible for a sys tem . Every mode through ­
out the sys tem has the s ame average energy . Thi s  inc lude s 
modes in d i f ferent subsys tems and tho s e  that re sonate at 
d i f ferent frequenc i e s . Therm odynamics i s  the macros cop i c  
counterpart to this tota l ly equ i l ibrium s y s tem o f  analys i s . 

The pos s i b i l ity for d i f ferent temperatures  in d i f ferent 
parts of a sys tem is allowed in the kinetic theory vers ion 
of s tati s tical  mechan ic s  and in " non-equ i l ibrium "  thermo ­
dynami c s . The modes within each sub sys tem a l l  have the s ame 
energy , but the average modal energi e s  of the s ubsys tems 
may be d i fferent . 

Th i s  latter s i tuation i s  the one we deal with in SEA , 
except that we proceed even farther from equ i l i brium by 
allowing modes in d i f ferent frequency bands to have d i f fering 
energi e s . Bas i c a l ly , we can get away from thi s  bec aus e the 
sys tems th at we deal with are pre sumed l inear , and modes th at 
re s onate in d i f ferent frequency bands m�y be cons idered to 
be uncoupled from e ach other . Thus , SEA repre sents s'ci l l  
another s tep away from the "maxima l ly disordered " s tate 
de s c ribed by s tati stical  mechani c s . 

At thi s  point , it i s  logical to ask whether the re i s  
another step t o  b e  made i n  this  s equenc e  toward a mode l 
that i s  l e s s d i s ordered than the current SEA mode l th at wou ld 
provide use with useful answers in s ituations in wh i ch SEA 
has l imitation s . One answer might be -- forge t about th i s  
chain o f  logic , go a l l  the way back t o  the determin i s t i c  
system . That i s  a pos sible answe r , but it  may not be the 
most u s e ful one . 

The mos t  g l aring de f i c i ency o f  SEA i s  i ts inab i l i ty to 
deal with modal coherence e f f ects . In  s imp l e s t  terms , modal 
coherence may lead to such phenomena as " d ire c t  wave s , "  
d i s cus s ed in Chapter 2. I t  i s  not clear at pre sent whether 
th i s  repre sents the " next logical s tep " in the chain that 
we spoke o f , but it be ars examination . 
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A s econd d e f i c i ency o f  SEA i s  its  a s s umption that a l l  
mod es th at r e s onate in �w are equ a l ly probab l e  over that 
interval , and that th e i r  r es onanc e frequenc i es are unaf f e cted 
by the valu e s  o f  th e r e s onan c e  fr equenci e s  of the other mod e s . 
Th 7re  h ave al :e ady b e en s ome deve lopments on improving upon 
th1 s hypoth e s 1s and we may expect more . We are on mor e  s o l id 
ground in predi cting d eve lopments h e r e  than we are in our 
conc ern for mod al coherenc e e ffects . 

1 . 4 Orqa n i za t i o n  o f  P a r t I 

Part I i s  concerned with ores enting the b a s i c 
theoreti cal e lements o f  SEA. "

lve may c i t e  the s e  a s :  

( 1 )  The th eory o f  energy exchang e b etween two 
r e s onators . This i s  a probl em in random 
vibration theory . 

( 2 )  The extens ion o f  th e two r e s onator inter­
action to the interaction o f  two sys tems 
having modal b ehavior . Thi s extens ion 
requ i r e s  that we intro duce th e bas i c  i d ea 
o f  s tati s tical  populations of  sys tems . 

( 3 ) The repr e s entation o f  sys tem interactions 
by th e SEA model with the attendant nec e s s i ty 
to id enti fy and evaluate SEA parameter s . 

(4) The c a l cul ation o f  averag e energy . This i s  
exemp l i f i ed by applying the formulas t o  s ome 
fairly s impl e  c as es .  

( 5 )  The calculation o f  variance in r e s pons e and 
the u s e  of varianc e to g enerate e s timation 
interva l s  and the i r  a s s o c i ated confidence 
c o e f f i c i ents . 

Since the emphas i s  in Part I i s  th e exol i c a t i on of 
SEA, we have included generous d is cus s ion o f  th e ideas  o f  
energy s torag e  a n d  trans f e r , s tati s t i c a l  ens emb l e s  o f  s y s t ems , 
i s o lat e d  vs . coup l e d  s y s tems , etc . Our intentio n  i s  to pro­
vide th e mos t  c l e ar cut s tatement on th e s e matt ers  that can 
b e  mad e at p r e s ent . The r ead er wi l l  have to d e c i d e  how we l l  
w e  have s ucceeded . 

1 6  



T h e  D e v e l o p m e n t  o f  S EA 1 7 

S ince our attention i s  on SEA , however , we do not spend 
time on other sub j e c ts that we empl oy in the variou s 
examples . Thus , for example , we use the equations of bending 
motion o f  p l ates and beams , but we do not derive them . We 
a l s o  use certain input impedances to be ams , plates and s ound 
fields , but the s e  are not derived . For the mos t  part , such 
derivations are readi ly availab l e  to the s tudent , and in 
any case , in  the annotated b ib liography , guidance i s  g iven 
to whe re th i s  information may be found . 

The re ade r wi l l  notice  tha t no refe rences are qiven i n 
th e text , wh ich i s  an unus ua l procedure . In adop ti ng thi s 
pro cedur e , we do no t wi sh to deny credi t to anyone , rather 
we have fo l lowed regular textbook pra ctice of provi ding a 
bib liography , but not breaki ng the pres e nta tion wi th 
reference s . Par tly thi s procedure i s  a matter o f  s e 1f­
di s cip li ne: s ome time s i t  i s  ve ry temp ti ng fo r an author to 
try to avoid a diffi cult ma tte r  by s li ppi ng i n  a reference . 

Chapter 2 deals  with some fundamental ideas in the 
energy of vibration of s ingle and mu lti degree of freedom 
sys tems . The s torage o f  kinetic and potenti a l  energy by 
modes in free and forced vibration , and the decay or rate 
o f  ene rgy removal due to damping are d i s cus sed , partly as a 
review of  th i s  important subj ect and partly to e s tab l i s h  
s ome o f  the b a s i c  voc abul ary o f  the work to fo l l ow .  Al so ,  
s ince both modal and wave d e s c riptions o f  vibration are 
employed , energy s torage , d i s s ipation , and f l ow in a wave 
des cription are revi ewed a l s o . 

Chapter 3 i s  concerned with deve loping the theory o f  
average powe r f l ow ( ave rage i n  both a tempor al and en semb l e  
s ens e )  between s ingl e  and multi degree o f  freedom sys tems. 
Firs t , power f l ow between two s impl e  res onators is calcu l ated . 
The important ideas o f  a b l ocked sys tem i s  introduced and 
powe r f l ow is c a l cu l ated in terms of both b l ocked and coupled 
sys tem energ i e s . The idea o f  ave raged mod al interaction as  
a whi te noi s e  s ource i s  also introduced . 

The latter sections o f  Chapter 3 are the central to our 
d i s cus s i on .  The very important ideas of b l ocked sys tems , 
ense mb l e  ave rages o f  system interaction s , and the defin i tion 
and use of the coup l ing l o s s  factor are introduced here . The 
use of  reciproci ty for deve lopment o f  certain u s e fu l  
re l ations f o r  evaluation o f  the coup l ing l o s s  factor i s  a l so 
d i s cus sed . The chapter ends with s ome e l ementary app l i cations 
o f  the SEA relations. 
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Chapter 4 comple te s Part I and i s  concerned wi th 
the p roblems of e st imating respons e, based on 
the average ene rgy d i s t ribution calculations . The fir s t  part 
of this prob l em is e s t imating response var i ables  of  more 
particular interes t  than energy - - d i s p l acement , s tre s s ,  etc . 
The s e cond i s  the d evelopment of e s t imati on intervals and 
their a s s oc i ated con fidence coe f f i c ients , particularly when 
s tati s t i c a l  analy s i s  of  vari ance indicates that the 
s tandard devi ation is an apprec i ab l e  fraction of the mean . 

1 8  
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C HA P T E R  � E N E R GY DES C RIP TI O N  O F  V I B RA TI N G SYS T E MS 

2 . 0 I n t ro d uctio n 

This book is concerned with the exchanqe of enerqv in 
coupled vibrating sys tems . This chapter introduces the use  of 
energy variables  in describIng the vibration of systems . 
Common ways of analyzing such systems employ modal osc illator 
or wave descriptions of  the motion . A maj or goal of  this 
chapter is  to show how energy analysis  applies to both of  
these models and how c ertain relations between them are re­
vealed by the use  of  energy variables . 

The chapter considers free vibration and both sinusoidal 
and random excitation o f  vibrating systems . This is a very 
large topic , but we are only interes ted in certain aspects of 
it . We specialize  our interest to linear systems and to some 
interesting measures of response that are particularly re­
lated to vibrational energy . Thes e measures are mean square 
response ,  spatial and temporal coherence and admittance 
functions . 

The chapter begins wi th a discussion of  the energetic s of  
modal resonators in free vibration . The cases o f  sinusoidal 
and random excitation are s tudied nex t .  The role o f  damping 
in causing decay of  free vibration and bandwidth in forced 
vibration is of particul ar interest .  Systems having many 
modes of vibration are s tudied next , and the notions of modal 
density and average admittance are introduced . At thi s point , 
the very important and pervasive idea of statistical model ing 
of real systems is introduced for the first time . 

Vibrating systems modeled as col lections of free and 
forced waves are introduced next . Certain concepts unique to 
such a description l ike energy velocity and wave impedance 
are introduced . Des criptors that are c ommon to wave and modal 
descr iptions such as mas s and damping are also discussed . In 
paragraph ( 2 . 4 ) of this chapter , we point out some rela tion­
ships between modal quantiti e s ,  such as modal density and 
their wave des criptor counterparts , such as energy velocity . 

The goal in this mode-wave interplay is  to develop a way 
o f  thinking about vibrating systems that  allows one shi f t  
back and forth between these two viewpoints , exploiting the 
one that is  best suited to the problem at hand . 
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2 . 1  M o d a l  R e s o n a t o r s  

To begin our discus sion , we examine the energetics of  
the simple linear resonator shown in Fig . 2 . 1 .  We shall 
show later in this chapter that this system is a use ful model 
of the dynamics of the modal amplitudes of multi-degree-of­
freedom (dof )  systems . 

The dashpot or mechanical resis tance R in Fig . 2 . 1 
produces a force , - Ry, opposite in direction to the 
velocity y of the mas s M .  The spring or stiffness  element 
K produces a force - Kv oppos ite in direction to displace­
ment y from the equilibrium position of the mass . Thes e  
forces , i n  combination with the force i (t )  applied by an 
external agent , results in an acceleration of the mas s • 

. i(t) - Ry - Ky My , 

or , more conventionally , 

y + wOny + w � Y = t(t)/M ( 2 . 1 . 1 ) 

where Wo = IR7M (natural radian frequency ) and n = R/WOM 
(loss  factor ) . 

Free Vibration - No Damping . To study the case of free 
vibration , we set i (t )  - 0 in Eq . (2 . 1 . 1) .  For the moment ,  
we also neglect damping by setting n = O .  We then have 

0 ,  ( 2 .1. 2 ) 

which has the two solutions cos wo t and s in wo t . The general 
solution , therefore , is  

y ( 2 . 1 . 3 ) 

2 1  
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We say that Wo = 2nfO i s  the radian frequency of free , un­
damped oscillation of  the resonator . The amplitudes A and 

2 2  

B (or C and � ) are real num�er s but otherwis e  arbitrary . They 
are determined if y and y are known at any time . 

The kineti c energy of  the mass  at  any time is  

KE = 1 
� 

= 

and the potential energy in the stiffness  element i s  

PE = 1 
2" 

1 = 2" 

The sum of these i s  

E = KE + PE = � KC 2 

(2 . 1 . 4 )  

(2 . 1. 5 ) 

which is  time independent and dependent only on the peak 
amplitude of  vibration . Since  we have an isolated sys tem 
vibrating without damping , it i s  evident that its vibrational 
energy should not vary in time . 

The displacement and velocity repeat themselves in a 
period lifo . If we average the kinetic energy and the 
potential over such a period , we get 

<KE>", = 
1 <PE>", = '4 = 1 

'2 E ( 2 . 1 . 6 )  

Thu s , the time average kinetic and potential energies are both 
equal to 1/2 of the energy of vibration . We shal l make con­
siderable use of this  relation in the work that fo:lows . 
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Free Vibration with Damping. When damping is present, 
then n � 0 and we have 

. 

y + w2 Y = 0 o ( 2 . 1 .  7)  

and if we assume a form of solution y � eat, we find that 
a must equal one of the two values 

a = 

y (t) = c 

( 2 . 1 . 8 ) 

The solution for y (t) in this case 

e-twont sinew t + d 4» • ( 2 . 1 .9)  

2 3  

In this case, the oscillation occurs at radian frequency wd 
and the amplitude of the oscillations decreases exponentially 
in time due to the extraction of energy by damping. If the 
loss factor n is 0 . 5  or smaller, then wd is very nearly equal 
to Wo and the period of damped oscillations is essentially the 
same as that for undamped oscillations. 

The potential energy of vibration in this case is 

The kinetic energy is a little more complicated. It is 
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KE= 1 My·2 = 
'2 

+ 1 
'2 

(2.1.11) 

These expressions simplify considerably if we average over a 
cycle of oscillation, neglecting the slight change in 
amplitude in this period due to the exponential multiplier. 
The result is 

<PE>", 
= 

1 
"4 

<KE>'\" 
= 1 

'2 
<E>", (2.1.12) 

24 

In free damped vibration, for which n < 0.5, we have the same 
relations between kinetic, potential, and total energy that we 
obtain for undamped vibration. Note that for both damped and 
undamped vibration 

(2.1.13) 

The loss factor n is simply related to other standard 
measures of damping. For example, by its definition, n=l/O, 
where Q is the resonator quality factor, much used in 
elec�i!� engineering. From Eq. (2.1.9), the amplitude decays 
as e 'Il'n IT and, therefore,'Il'n is the logarithmic decrement 
(nepers per cycle). Finally, the oscillations cease when 

n + 2 so that n is twice the critical damping ratio. 

From Eq. (2.1.12), we have 

<E> = E e-wont 
'" 0 (2.1.14) 
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A measure of damping widely employed in acoustics is the 
reverberation time TR, which is the time required for the 
vibrational energy to decrease by a factor of 10-6• TLUS, 

which results in 

2 . 2 = 
fOn 

(2 . 1 . 1 5) 

Sinusoidal Forced Vibration. If the applied force t(t) 
in Fig. 2.1 is sinusoidal at radian frequency w, then it is 
convenient to use the exponential form 

t(t) = I L l cos (wt +$) = Re{ I L l exp[-iwt-i$]} (2 . 1 .16) 

where Re { • • •  } means "real part of". The dynamical equations 
are linear and one can, therefore, consider response to the 
actual excitation as a combination of (complex) response to the 
complex excitation and its complex conjugate. This means that 
we may express the response variables in terms of complex 
exponentials also. 

Accordingly, without loss of generality, we describe the 
complex force and velocity as 

t (t) - iwt L e 

y et) = V e iwt 
(2.1 . 17) 

2 5  
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where L .and V are complex numbers of  the form ILle-i$ 
and Ivle-1a , respectively . Differentiation and integration 
of these functions is particularly simple' 

�tt (t ) = -iw L e-iwt =-iwt 

2 6  

(2 . 1 . 18 )  

substituting for t and y in Eq. (2 . 1 . 1 ) ,  we obtain 

(2 . 1 . 1 9 )  

where Z i s  mechanica l impedance of the resonator . Thi s can 
al so be expressed by an admittance Y = lIz, 

V/L - Y 

Sinc e  the magnitudes of L 
velocity ,  we can graph Eq. 

( 2 . 1 . 2 0 )  

and V are the peak force  and 
(2. 1 . 20 )  as shown in Fig . 2.2 . 

The . average power supplied to the resonator by the source 
i s  IT =< tY> t . When variables are described as complex variables ,  
the time average of their product i s  easily expressed by their 
complex amplitudes , as follows : 

Re (LV*) = 1 
2 

= l Iv I2  Re (Z) • (2 . 1 . 2 1 )  
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where ( ) *  denotes the complex conj uga te . Since 

Re (Y )  = RE (l/Z )  = RE (Z ) / l z I 2 

the input power has the frequency dependence shown in Fig . 2 . 2 . 
The maximum value i s  n=1/2 I L I 2/oo on M = < £ 2 >t/R , the dissipation 
of  a system with a resistance only . 

At frequencies oo�/K/M , the power diminishes , reaching 
1/2 its maximum va lue when 

1 = -:::2�(""'oo";:;;
o'::'nM':":» "7"2 

which occurs when 00 = 00 ± 00 n/2 (as suming n < 0 . 3 ) , as  
shown in Fig . 2 . 2 .  TheBe freqRencies are bo th the limits for 
half-power and the boundaries for simple  forms of dynamica l 
behavior . When 00 < ooo ( 1-n/2 ) , the admittance is  adequately 
represented by neglec ting R and M .  and keeping the stiff­
nes s  term only 

Y - i � [00  < ooO (1-n/2 ) ] ( 2 . 1 . 2 4 ) 

we denote this region as " stiffness controlled " . 

For frequencies 00 < oo o ( 1+n/2 ) , the admittance is  usefully 
approximated by the mas s  t�rm only 

Y � i/wM [ 00  > oo O ( 1+n/2 ) 1 

The region is  called "mass  controlled " .  
region i s  called "damping cnnt:rn l l f!d " . 

( 2 . 1 . 25 ) 

The intermediate 
These  regions are 

2 7  
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noted in F ig . 2 . 2  also . The se simplified limiting forms of 
behavior of the resonator are of great impor tance in our 
consideration of systems with many degrees of freedom . 

It i s  possible to discus s sinusoidal excitation very 
extensively , and this is done in many textbooks . For our 
purposes  here , however , we wi ll  only note some simple  
relations . F irst note that the r elative phase of the 
velocity V with respect to  the force f i s  the phase of  the 
adrni ttance function - Y ,  which is the same a s  the phase of  
Z * , 

( 2 . 1 . 2 6 )  

2 8  

It  i s  c lear from this that the pha se i s  changing rapidly a s  the 
system goes through resonance-the more quickly the smaller the 
damping . Thi s is in contras t  to the behavior of the amplitude 
which has a horizontal s lope at w=w O ' For this reason , 
resonance can frequently be more accurate ly determined from 
examination of  the phase rather than the amplitude of  respons e .  

The second point is  concerned with mean square response 
at resonance : 

( 2 . 1 . 2 7 )  

Since y = (V/_iw ) e-iwt and y . V e-iwt =- �w then when 

< y 2 > = 1 
"2 

<y 2 > = 1 
"2 ( 2 . 1 . 2 8 )  
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the same r elations a s  found for free vibrations . These 
relations do not hold outside the damping controlled region , 
however , but they do hold to an acceptable degree of accuracy 
for I w  - w o l < 1/2 w O n . 

2 9  

Random Excitation . Most  o f  the applications of SEA that 
concern us are situations in which the excitation by the load­
ing environment is  random . We should emphasize  here , however , 
that the critical feature of SEA is  that we assume a 
stati stical  model for the system being excited , not necessarily 
for the excitation . Thus , i t  i s  perfectly proper to apply SEA 
to systems excited by pure tones if  a s tatistical model of  the 
system and the description of its response using energy 
variables are appropriate . Nonetheless , the exis tence of  
random excitation general ly means that much less  averaging 
of  system parameters is  necessary and consequently less 
variability of response from the calculated mean in any 
particular situation may be expec ted . 

There is  no sing le satisfactory definition of a stationary 
random signal from all  viewpoints , but one that has parti cular 
appeal from an experimental viewpoint can be readily deve loped . 
Imagine a filter having the frequency response shown in 
Fig . 2 . 3  and that the load function t ( t )  i s  applied to the 
input of thi s filter . Now let the bandwidth �f of the filter 
become very small .  I f  the mean square output of  the filter 
becomes proportional to �f ,  then the force t ( t )  is  random . 
Note that a pure tone does not satisfy this  requirement since 
the mean square output would be independent of bandwidth a s  
long a s  the frequency of the tone were  in the pass band of  
the fi lter . A similar s ta tement can be made for any 
deterministic , periodic signal . 

This statement not only supplies a definition of  a 
stationary random signal that fits out intuition and i s  
mathematically respectable , it a lso provides  a direct 
indication of how the frequency decomposition of a random 
signal is effected . The mean square (m . s . ) force corresponding 
to the band of frequencies  i s , therefore : 

( 2 . 1 . 2 9 ) 

St being the factor of proportionality . I t  i s  usually the 
case that this  proportionality f actor depends on the c enter 
frequency f ,  so it is written S t (f ) , and it is called the 
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power spectral density (psd ) of the random variable t ( t ) . 

Let us suppose that the psd of t ( t )  has been determined 
for all values of f and the result has been plotted as  in 
F ig . 2 . 4 . We also suppose that t ( t )  is applied to two f ilters 
like the one in Fig . 2 . 3 , except they are c entered at fre­
quenc ies fl and f 2 •  We now combine the output of  the two 
filters to yield 

( 2 . 1 . 3 0 ) 

since the mean squares of two time functions containing 
different frequency components are s imply added together to 
form the mean square of the sum .  Proceeding in this  way , 
the mean square output of a filter that  has unity gain from 
frequency fl to f 2 i s  simply 

< t ' > 
= J

f 2 

f l 

St ef l d f  , ( 2 . 1 . 31 )  

or , i f  the filter has a gain G (f )  instead o f  uni ty , the 
dependence  is 

S R,  (f ) G (f ) df . ( 2 . 1 . 3 2 )  

The total unfiltered m . s .  value o f  the loading function i s  
found by setting fl = 0 and f2 = � in Eq .  ( 2 . 1 . 3 1 ) . 

Let us suppose that the loading force in Eq .  ( 2 . 1 . 1 ) is  
a noise excitation having a p sd St that is  constant . Such a 
noise  signal i s  called "white noi se " . The m . s .  force pro­
duced within a very narrow frequency band df is , therefore : 

( 2 . 1 . 3 3 ) 

3 0  
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The m . s .  veloc i ty re spons e of  the resonator to this  force a t  
frequency f i s  g iven by 

(2 . 1 . 3 4 ) 

According to Eq . ( 2 . 1 . 3 2 ) , therefore , the psd of  y i s  given 
( a s ide from a constant ) by F ig .  2 . 2 ,  and the total m . s .  

veloc ity is  found from 

00 

= ( 2 . 1 . 3 5 )  

for white nois e .  

I t  i s  c lear from the form o f  Fig . 2 . 2  that mos t of the 
contribution to the integra l in Eq .  ( 2 . 1 . 3 5 )  wi l l  come from 
the region denoted "damping controlled " .  This observation 
lead s to a usefu l  c oncept of  " equival ent bandwidth " , t::, . 
Thi s i s  the bandwidth o f  a system with a rectangu lar pa�s 
band (a s in Fig . 2 . 3 )  that has a constant admi ttanc e deter­
mined by the damping along , Yeq = (w O nM ) - l , that has the 
same response to the white noi s e  excitation that the a c tual 
system doe s . Thus , by thi s definition , 

1 
21T 

Thi s integrand is  simp l i fied 
s = 2 (w- w o } /nw o and noting that  the 
the integrand is at w=wO or s=O , 

(2 . 1 . 36) 

by changing vari ables  to 
greatest contribution to 

Thu s , 

3 1  
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GO GO 

J nwof � 
'ITnwo 

• • •  + � 1+1; 2 = -2-

0 _011 
and , therefore , 

l:..e ( 2 . 1 . 3 7 )  

W e  note that this bandwidth i s  greater than the " half power " 
bandwidth in Fig . 2 . 2  by the factor o f  'IT/2 . The " replace­
ment" o f  the resonator by this equivalent filter becomes a 
very us eful approximation in many s i tuations . 

There i s  an al ternative time domain def inition of  white 
noise  that i s  us eful . In thi s cas e , we cons ider the force to 
be  made up o f  a series of impuls es of s trength ±a , occurring 
randomly i n  time as shown in Fig . 2 . 5 .  When this  excitation 
is applied to the sys tem in F ig . 2 . 1 ,  the mas s  is given a 
s equence of changes  in velocity . Let each change in velocity 
be Av = a/M e Thes e occur randomly in time with random s ign . 
The corresponding change in energy of vibration i s  

1 { .  2 · 2 } • 1 2 AE = � (y+Av) -y = M Y Av + 2M ( Av)  ( 2 . 1 . 3 8 )  

I f  we average this over a s equence o f  impul s e s , the term 
<yAv> will vanish s ince a po s itive Av i s  j us t  as  likely as  a 
nega tive one . The average energy increment is , there fore , 
1/2 M < AV> 2 = a 2/2M .  

I f  the average rate of  impulses  per 
power fed into the resonator is va 2/ 2M .  
equal the dis sipated power <y2 > wOn M .  
a n  es timate for the m . s .  velocity , 

second i s  v ,  then the 
But th is mus t  also  
We  have , there fore , 

2 
( 2 . 1 . 3 9 )  
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which leads to S ( f ) =2va 2 , which is  a cons tant . More im­
portantly , howev�r ,  this relation gives us an additional 
physical interpretation of the spectral density function for 
white noi s e . 

If  we return to Eq . ( 2 . 1 . 3 6 ) , the expression for m . s .  
displacement is  s imply 

( 2 . 1 . 4 0 )  

and i f  the same assumptions are made regarding the level of 
damping are made as previously , we get 

( 2 . 1 . 41 ) 

I f  we try to calculate the m . s .  acceleration in the s ame way , 
we run into difficulty , since the integral 

( 2 . 1 . 4 2 ) 

wil l  not converge as  f + � .  For large w ,  the integrand 
simply w � n 2 . We can ��!ve the problem by " subtracting out" 
this part , and obtain 

( 2 . 1 . 4 3 )  

3 3  
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where the first term represents the damping control led acce l­
eration and second part i s  the mas s  contro l led acce leration . 
In most  instances of  random excitation , the resonant part wi l l  
dominate and we can s imply use 

( 2 . 1 . 4 4 )  

3 4  

We have seen that free vibration and the resonant control ­
led response t o  sinusoidal and random excitation all  produce the 
s ame re lations between m . s .  displacement , velocity and accel­
eration . Thi s  is  very useful to us s ince i t  allows us to trans­
form from one re sponse variable to another without concern for  
the exact nature of  the excitation as long as the general require­
ments o f  res onant dominated response for the validity o f  thes e  
relations are met .  

2 . 2  M o d a l  A n a l y s i s  o f  Di s t r i b u t e d  S y s t e m s  

The systems o f  intere s t  t o  the mechanical des igner are 
much more complicated than a l inear resonator . In real 
systems , the s t i f fne s s , inertia and dissipation are all  dis­
tributed over the space occupied by the s tructure . A displace­
ment of  the system that increases  the potential energy is 
re s i s ted by the e lastic res toring forces . A rate o f  change 
in the displacement is resisted by the damping force s ,  and 
thes e  forces , along with the loading exc i tation cause acceler­
ation of the mas s elements . 

I f  we repre sent the general i z ed displ acement o f the 
system by y ,  then an equivalent statement of the above i s  

py  + ry + A y  = p ,  ( 2 . 2 . 1 ) 

where p i s  the mas s density , r is  a vi s cous res i s tance 
coe f ficient and A i s a linear operator con s i s ting o f  
di f ferentiations with respect to space . In the case of  a 
flat plate , for example , p i s  the mas s per unit area o f  the 
plate and A = B v 4 , where B is the bending rigidity . The 
use of s imple vi s cous damping is a valuable s impli fication and 
does not affect the uti lity of  our results as long as the 
damping is fai rly small .  

When thi s  system i s  bounded , with wel l  defined boundary 
conditions , the s olution i s  frequently sought by expans ion in 
eigenfunctions � n ' which are solutions to the equation 

! A � = w 2 $ 
p n n n ( 2 . 2 . 2 ) 
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where the functions �n satisfy the same boundary conditions 
that y does , and the quantities wA are determined by the 
boundary conditions . The respons e and the excitation are 
then expanded in these functions 

pip = E Ln ( t )  � n  (x)  n 
( 2 . 2 . 3 ) 

I f  we multiply Eq . ( 2 . 2 . 2 ) by � and integrate over the 
region of the structure and subtractm from this the same 
equation with the indices  reversed , we get 

( 2 . 2 . 4 )  

When n = m ,  this is satisfied in a trivia l  fashion . When 
ntm , there are certain specific (but nevertheless very use­
ful )  conditions under which the differential operator has 
the property that 

will  vanish . This means that 

3 5  
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mus t  vanish ,  a condition that is  referr ed to a s  orthogonal ity 
of the eigenfunctions Wm with a weighting function p . 

A convenient normalization of the amplitude of  the eigen­
functions is s imply 

( 2 . 2 . 5 )  

which we may think o f  a s  a mass density weighted average of  
the product W�Wn . For systems in which the mass  density 
is  uniform , th1s becomes a s imple  average over the spatial 
coordinates .  

If  we now place the expans ions of Eq . ( 2 . 2 . 3 ) into 
Eq . ( 2 .  2 . 1 ) , we obtain 

p E (� + E y + oo 2y ) W = E E L W 
n n p n n n  n m m m m ( 2 . 2 . 6 ) 

We can s implify this  immediately if we al so assume that r ex )  
i s  proportional to p (x ) ; r = 6p . We c an d o  this o n  two 
counts . To take a somewhat cynical view ,  since we have 
introduced the damping in a rather ad hoc f ashion , we can 
feel free to configure i t  any way we l ike . The other basis 
for the assumption is that research studies of  this problem 
have shown that the cons equence of this  as sumption is to 
ignore a degree of inter-modal coupling that is les s 
s ignificant than o ther forms of coupling that we wil l  be 
concerned about . 

We now multiply Eq . ( 2 . 2 . 6 )  by Wn (x )  and integrate over 
the system domain . Using Eq . ( 2 . 2 . 5 ) , we obtain 

. .  

M{Y +6Y +00 2y } = Lm ( t )  m m m m ( 2 . 2 . 7 )  
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Thus , each modal respon s e  ampl i tude obeys the equation o f  a 
linear resona tor o f  the sort d i scus s ed in paragraph 2 . 1 .  This 
result , in conj unc tion with the spa tial orthogonality of the 
mode shapes according to Eq . ( 2 . 2 . 5 ) , leads us to the concept 
of a complex dynamical sys tem as a group of independent 
resonators of mas s M, stiffne s s  w2M and mechanical resis tance 
M� . m 

S ince ther e i s  a one- to-one correspondence between the 
modes and the wn ' s , we can us e the latter to keep track o f  
the mode s . An example shou ld be helpful her e .  F o r  the two­
d imens ional , s imply supported , isotropic and homogeneous 
rectangu lar flat plate o f  d imensions i l by i 2 , drawn in 
Fig . 2 . 6 ,  the mode shapes are 

( 2 . 2 . 8) 

and 

(2 . 2 . 9) 

where K i s  the radius of gyration o f  the plate cros s­
s ection , c i ; IYp/Pm is  the longitudinal wavespeed in the 
plate materia l ,  where Y is the p late Young ' s  modulus and 
Pm is the material dens�ty and nl and n2 are integer s . 

Eq .  ( 2 . 2 . 9 ) sugges ts a very convenient ordering o f  the 
modes , which is  shown in F ig .  2 . 7 .  By inspection , we can 
see that each point in thi s "wave-number lattice "  corresponds 
to a mode . Further , the d i s tance from the origin to that 
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point wi l l  determine the value the resonance frequency o f  
the mode wn . The main value of this  ordering is  that it 
enables  us  for example to count the modes  that wi ll  resonate 
in some frequency interval . It wi ll not always be as con­
venient as it is in thi s case , but the ordering by some 
parameter is a nec e s s ary condition to a l low us to do the 
counting at all . 

When the ordering indices form a lattice  as shown in 
Fig . 2 . 7 ,  then each lattice point corresponds to an area 
�k=� 2 /Ap , where A =tlt2 i s  the area of the plate . As we 
increas e the wavenRmber from k to k + �k, we inc lude a new 
area 1/2  �k�k . On the average ,  this wil l include 1/2 �k�k/�Ak 
new modes . Thu s , the average number of mode s  per unit 
increment of wavenumber is 

n (k )  = 
= �k 

2�
k 

which we may call  the modal dens i ty in wavenumber . 

( 2 . 2 . 1 0 )  

To find the modal dens ity i n  fr equency n ew ) , whi ch te lls  
us how many modes on  the average are encountered when we 
increase frequency by 1 unit , we use  the relation 
n ( w ) �w = n (k )  � k ,  or 

n (w ) �k ( 2 . 2 . 11 )  

where we have us ed the result from e l ementary phys ics that 
�w/�k i s  the group velocity for waves in a system tha t has a 
phase veloc ity w/k . 

For a flat pla te , the group velocity c is  twice the 
phase veloc ity cb = w/k = 1W KCt ' so  that t�e modal dens ity 
in cyc les per second (hertz ) is  

dw n (f ) =n ( w ) df ( 2 . 2 . 1 2 )  

3 8  
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where we have used K = h/2 /3 ,  the rad iu s  o f  gyration for a 
homog eneous p late o f  thicknes s h .  Note that the modal 
dens ity in this case  is independent of  frequency . As an 
example , cons ider a p late that has an area of  10 f t . 2 and a 
thicknes s of  1/8 in . (approximately 10- 2 ft . ) . Then , since 
c t = 1 7 , 0 0 0  ft . / s ec . ( for steel or aluminum ) , we have 

= 
( 1 . 7 ) · 1 0  = n ( f )  ( . 0 1 )  ( 1 7 , 0 0 0 ) 0 . 1  mode/Hz ( 2 . 2 . 1 3 )  

For thi s  p late , one mode i s  encountered o n  average whenever 
the excitation frequency is increas ed by 1 0  Hz .  A plate with 
a larger area or smaller thickne s s  will  have a modal density 
that i s  greater than this . 

The kinetic energy of vibration i s  

1. Y (t ) y (t ) PW (x ) �  (x ) rrr;n m n m n 

= 1 M L ym2 (t) , 2 m 

where we have used the orthogonality relation . 
kinetic energies of  the modes  add s eparate ly to 
of the system .  S ince the kineti c  and potential 
each resonator are equal at resonanc e 

, 

( 2 . 2 . 1 4 )  

Thus , the 
g ive the KE 
energies o f  

the total energ ies of  the modes s imply add t o  form the tota l 
system energy . 

3 9  
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Response  of  Sys tem to Point Force Exc itation . We now 
imagine that a point force of amplitude L a  is applied at a 
location Xs on the s tructur e .  I f  we s o lve  for the modal 
amplitudes from Eq . ( 2 . 2 . 3 ) , we get 

� = ( 2 . 2 . 15 )  

where M i s  the system mas s . I f  the exc itation and response  
are  proportional to e- iwt , Eq . ( 2 . 2 . 7 )  becomes 

so  that the formal expre s s ion for the response i s  

y (x , t ) = 
1j!

n
(xs ) 1j!

n
(x )  

w�-w 2 -i w
n

wTj 

( 2 . 2 . 1 6 )  

( 2 . 2 . 17 )  

We shall  look a t  s ome ways o f  s implifying this complicated re ­
s ult . 

The veloc ity at the exc i tation point Xs i s  -iwy (xs ) .  The 
ratio of this velocity to the applied force is the inpu t con­
ductance of the system . 

- G - iB ( 2 . 2 . 1 8 )  
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wher e G ,  the real par t o f  the sum i s  the conductance and 
B ,  the imag inary part , is the susceptance . By rationalizing 
the complex in Eq . ( 2 . 2 . 1 8 ) , we get 

( 2 . 2 . 1 9 )  

where an = 1/J� (x s } /wMn and gn= ( � 2+1 }
- 1 , where F; = 2 ( wn-w } /wn .  The 

susceptance i s  

B = E a (x ) b C�) 
n n s n ( 2 . 2 . 2 0 ) 

where bn=�  ( � 2+ 1 ) - 1 . 'In deriving these  r elations , we have 
assumed that the damping i s  small enough s o  that the individual 
modal admittance an ( gn- ib

n ) is quite sharp in frequency . 

The total admittance Y i s  a rapidly fluctuating function 
of  frequenc y .  We c an s implify thi s  result however , if  we con­
s ider averages of Y with r espect to the variable � .  Such 
an average is appropriate if we are exciting the system with 
a band of nois e ,  s ince the response to noi s e  having a uniform 
spectral density from WI to w2 is the same as the averag e o f  
the m . s .  response to a pure tone a s  may b e  s een by referring 
to Eqs . ( 2 . 1 . 3 2 ) and ( 2 . 1 . 3 5 ) . 

Ano ther pos s ibility i s  to as sume that the system its elf 
i s " random" . That is , that the exact mode shapes and resonanc e 
frequenc ies are not known , either becaus e  of random irregu larities 
in their construct ion , or because  the detailed calcu lation 
procedures are not accurate enough to calculate them . In  this 
cas e , we as sume that the resonance frequenc ies  wn are uni-
formly distr ibuted over some frequency interval . Such an 
approach is one example of s tati s tical mode ling , a central  
theme in S tatistical Energy Analy s i s . In the work that 
follows we take thi s  latter approach , assuming that w is 
f ix ed and that wn is the random variable . 
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I f  the interval o f  resonance frequency uncer tainty i s  
'If �w , then if  �w » 2 wn , the average over wn wi l l  g ive 

4 2  

��fl = ( 2 . 2 . 21 )  

whic h ,  interestingly enough , i s  s imply the ratio o f  the moda l  
bandwidth t o  the averaging bandwidth . In the interval �w , 
the number o f  modes  that can contribute to the average i s  
n (w ) �w .  Thus ,  from Eq . ( 2 . 2 . 1 9 ) , the average c onductance is  

= 'If n ew )  
2 �  ( 2 . 2 . 2 2 )  

wher e the average on $ 2  i s  over the mas s  d i s tribution o f  the 
sys tem ,  which i s  of  course  the same a s  a spatial  average for 
a uniform ma s s  density . 

Eq .  ( 2 . 2 . 2 2 )  is  a useful and g enera l result for multi­
modal sys tems . In the case  of a flat plate , n (w ) =A_/4 '1f  KC n , 
and M=p A , wher e p i s  the surface  dens ity of  the �late . 

�
Then , s p s 

( 2 . 2 . 2 3 ) 

which is  also the admittance of an infinite plate . I t  very 
often happens that average impedance functions of f inite 
systems are the s ame as thos e  for the s ame system infinitely 
extended . 

The average susceptance is  o f  l e s s  interest , but we note 
that when the modal dens ity is  cons tant , then the average sus­
ceptanc e wi l l  vani sh because  the integral of  bn ( � ) vanishes . 
When the modal dens ity is  not constant , the calculation is 
more complicated , and has been dealt with in the references . 
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Before leav ing the d i s cu s sion o f  impedance , let us 
consid er the same problem from the point of  view of noise  
excitation . I f  the forc e in Eq . ( 2 . 2 . 1 5 )  has a f l at spectrum 
S t over the band �w , then the power fed . into any one mode 
can be found from the d i s s ipation wO nM<y 2 > i s , according to 
Eq .  ( 2 . 1 . 3 9 ) , j us t  Si�A (x� ) / 4M . I f  the bandwidth o f  the noise 
i s  �w (rad ians/sec ) or �w/ 2�  Hz  then the number of modes 
r andomly excited i s  n�w and the power input to the system ,  
averaged over sourc e  location is  

<II >  = .! 
2 

n 
M <G> ( 2 . 2 . 24 )  

where again <G>  = �n/2M . Thus , we c an view the conductance as 
a measur e  of  the number of  mode s  that are avai labl e  to absorb 
energy from a noi s e  s ourc e . On thi s bas is , it is apparent 
that there should be a c lose  tie between the average con­
duc tanc e and modal  densi ty .  This r elation can in fact be 
exploited as a way of  measur ing moda l  dens ity when the modes 
are so  c losely packed or the damping i s  so  large that c ounting 
resonance peaks is  not feasible . 

2 . 3  Dy n a m i c s o f  I n f i n i t e S y s t e m s 

When the system i s  inf initely extended , then an 
alternative formulation is needed . The differential equation 
governing the motion is  still  g iven by Eq . ( 2 . 2 . 1 ) . We now 
as sume , however , that the mas s  and damping d i s tr ibutions are 
uniform ( p  and r = cons tant ) and that the l inear d if ferential 
operator A is a s imple  polynomial in the s patial derivatives , 
A ( a/ a xi ) with constant coe f f ic ients . With these  as sumptions , 
we may as sume a "wave " solution to the equation for unforced 
motion in the form 

Y - e • ( � -+ ) � k . x -wt ( 2 . 3 . 1 ) 

4 3  
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With this sub stitution , the equation of  motion becomes the 
" dispers ion relation"  between frequency and wave number : 

4 4  

( 2 . 3 . 2 ) 

Let u s  cons ider some s imple examples o f  Eq . ( 2 . 3 . 2 ) . For 
the undamped str ing , p = l ineal density , r = 0 ,  and A=-T { a/ a x ) 2 .  
Thus ,  Eq . ( 2 . 3 . 2 ) becomes 

( 2 . 3 . 3 )  

where c= /'f7P is  the speed of free waves on the s tring .  In 
the case of undamped bending motions of  a thin beam , we would 
have 

A ( a/ ax ) = B ( a / ax ) � ( 2 . 3 . 4 ) 

where B = P C�K 2 i s  the bending rigidity of  the beam .  I n  thi s  
case  the d i sper s ion relation i s  

( 2 . 3 . 5 ) 

the same as Eq.  ( 2 . 2 . 9 ) . The parameter cb is  the phase  
veloc ity for bending waves on the beam . + In  the case o f  a 
two d imens ional p late , the wave vec tor k in Eq . ( 2 . 3 . l ) has 
the two components (kl , k2 ) .  For either the beam or the 
plate , the phase velocity cb is a function of frequency 

( 2 . 3 . 6 ) 
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and the sys tem i s  said to b e  dispersive . When damping i s  
included , the propagation cons tant k i s  complex and an 
attenuated wave results . 

Energy variables  are o f  great importance in infinite , 
free wave systems j ust as they are for finite , modal 
descriptions . In the infinite sys tem , we are interes ted in 
energy density , the energy o f  vibration per unit length , 
area , or volume depending on the dimens iona lity o f  the 
sys tem . It is shown in advanced textbooks that for the 
sys tem that we are cons idering , the kinetic and potential 
energy densities  o f  free wave s are equal , so  that the total 
energy density is j ust  twi ce the kinetic energy density , 
which i s  p ( ay/ a t) � . 

4 5  

The inten sity I o f  a free wave i s  equal to the power 
flowing through a uni t  width ( or area)  of  the sys tem due to 
that wave as it  propagate s .  If thi s  power flows for 1 second , 
then the amount o f  structure that has f i l led with energy is 
numerical ly equal to cg = dw/dk , the energy vel ocity . If e 
i s  the energ� density , then the energy that pas sed the reference 
location is €cq =I .  From the dispers ion relation , Eq . ( 2 . 3 . 2 ) 
wi th r= O , the energy velocity i s  

Since E = p ( ay/ at )  2 , 

A ' ( ik ) • 

A I ( ik )  • 

( 2 . 3 . 7 ) 

( 2 . 3 . 8 )  

Let us cons ider some examples o f  the use o f  Eq . ( 2 . 3 . 8 ) 
for some famil iar systems . In the case of  the string , 
A ( ik ) = - T ( ik ) 2 and A '  ( ik )  = - 2T ( ik ) . Thus , 

I = - 12
" W <y 2 >t (_ pc 2 ) 2 ik = pc « ay/ at ) 2 >t s tring 

( 2 . 3 . 9 )  
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I n  the case of  the beam , A = p K 2 ci ( ik ) � and A I  = 4 p  K 2 ci ( ik ) 3 . 
Thus 

< ( �)2 > 
a t t 

( 2 . 3 . 1 0 )  

In both o f  these  case s , the intensity i s  a mean square ve locity 
of  motion of  the system times an impedance term of the form 
pc , where p i s  the density and c i s  a wave speed . 

When damping i s  included , its  mos t  important e f fect is  
to  cause the propagation constant to  become complex . The 
new dispersion relation is found by the substitution , 

Thus , for the s tring , 

e 
ik x i� [ l+ ( in/2 ) ] x i � 

s 
= e c =e c e 

( 2 . 3 . 1 1 )  

Wn x ( 2 . 3 . 1 2 a )  2 c  ( s tring ) 

and for flexural motion o f  the beam (k
b - w/c

b
) 

ik. x 
e -0 .. e 

w (1+ (in/2 » 
ICC .. x 

(beam) ( 2 . 3 . 1 2b ) 
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From this , it  i s  c lear that  the form o f  the di spers ion relation 
wi l l  affect the rate at which the wave decays  �n space as 
damping is added . For a non-disper s ive sys tem ,  the attenuation 
is 2 TI n neper s or 2 7 . 3  n dB per wavelength . It is c l ear that 
if  we u sed the energy velocity , the attenuation f actors in 
Eq s . ( 2 . 3 . l 2 a )  and ( 2 . 3 . l 2b ) would be formally the s ame s ince 
cg = 2 cb for the p late . 

Mos t  of the s tructures o f  interest  to s truc tural des igners 
cons i s t  o f  s egments o f  beams and plate s , s o  that we shal l place 
mos t  of our emphas i s  on such systems . I n  paragraph 2 . 2 , we 
s tudied the impedance looking into a f inite plate , and found that 
the average impedance was rea l  and related to the moda l dens ity 
and the mas s  in a parti cu larly s imple fa shion . We now want to 
carry out thi s  s ame calculation for the infinite plate . 

The two d imens i onal flat plate has the equation o f  motion 
Eq . ( 2 . 2 . 1 ) with 

The point force of  streng th L e- iw t is  assumed to act at x = o . 
The prob lem is to calculate tHe motion y at x = 0 and form the 
ratio of ( ay/ a t )  to the force to f ind the admi ttance of the 
plate . We solve the problem by us ing two-dimens iona l Fourier 
transforms 

-.. 
p (x ) = 

( 2 7T )  2 

( 2 . 3 . 1 3 )  

with s imilar relations between y {x ) and i t s  trans form Y {k ) . 
S ince p (x )  acts only a t  x = 0 wi th s trength L O ' the s e cond 
integral above is s imple  P (k )  = LO . Placing the trans form into 
the equa tion of motion 
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( 2 . 3 . 1 4 )  

which g ives 

y e o ) = 1 

A ( ik) - 00 2 ( l+in ) p  
( 2 . 3 . 1 5 )  

s ince there i s  no a z imuthal d ependence in the ( k1 , k 2 ) integration , 
we replace the area element by dkl dk2 + 2 nk dk and have a s imple  
integration over the magnitude k .  

where � 

y ( 0 ) = LO f "" 
2n 

o 
k dk 1 

P K 2 c� [k �-k� ( 1+in ) ]  

= 
LO f : d, 1 

4npK 2c 2 � 2 - �� ( 1+in ) t 

k 2 and � b = kb · Thu s , 

y ( 0 )  = 
L O 

8nPK 2ci 

xl: d �  
[ �- �

b
( l+inI2 ) ] [ �+�b ( 1+ in72 ) ]  

( 2 . 3 . 1 6 ) 
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or , 

y eo ) = 

allowing n to vanish , and the path of  integration i s  taken 
a s  in F ig . 2 . 8 .  Thus , the ratio o f  velocity - iw y e O )  to the 
forc e F O is the inf inite plate admittance 

4 9 

( 2 . 3 . 1 7 )  

which i s  the impedance that we f ound for the f inite p late when 
an average was taken over modal respons e and source location . 

A mean squar e  force < t 2 >  applied at a point on an 
inf i nite plate wi l l , therefore , inj ec t an amount of  power 

( 2 . 3 . 1 8 )  

into the plate . This power wi l l  propagate a t  the energy 
veloc ity outward from the point o f  excitation a s  a c ircular 
wave . When a boundary is encountered , a r e f lection o ccurs and 
the energy propagates unimpeded until another boundary is  
encountered . The average d istance travers ed be tween 
reflections is  called the "mean free path " , d ,  and is given 
by d = �AnlP , where P is  the perimeter o f  the plate and Ap 
is the ar�a of the plate . The attenuation rate ( in space ) , 
according to Eq .  ( 2 . 3 . l2b )  is  wn/2 cg nepers per unit leng th , 
or 4 . 3 4wndB per second (cg i s  the energy velocity defined by 
Eq . ( 2  • 3 • 7 } ) • 

For sys tems in which the energy is  contained in the 
propagation of free waves ,  the damp ing is frequently expre s s ed 
in terms o f  the time (referred to as the reverbera tion time TR ) 
required for the energy to decay by 6 0  dB . Thus , 4 . 3 4 w n TR = 6 0  
or , 
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2 . 2  = 
f n ' ( 2 . 3 . 1 9 )  

a result that we found earlier for s ingle dof and modal 
resonators . Measurement of decay rate or reverberation time 
is a commonly used procedure for determining loss f actor . 
The decay rate procedure applies equa lly well whether our 
model  of the system is one o f  a collection o f  modes or a group 
of waves rebounding within the system boundaries . 

In Chapter 3 ,  we will be concerned with the dynamics of 
interacting systems . As a preview , let us cons ider here the 
interaction between the s ingle dof system and a finite plate 
shown in F ig . 2 . 9 .  We wish to ca lculate the mean square 
velocity of the resonator as a result of  its attachment to 
a plate which is vibrating randomly . 

The resonator consists of  a mas s  M , stiffness  K ,  and 
dashpot resis tance R ,  configured as shown . A diffuse 
reverberant vibrational f ield (equal wave intensity in all  
directions ) is  assumed to exis t on the plate , resulting in a 
transverse velocity v .  At the point of resonator attach­
ment xs ' the plate velocity is vs . The velocity of  th� 
resonator mas s is vM . The reaction force t resulting from 
compres s ion o f  the spring K is  due to a differenc e  in 
velocities Vs and vM : 

1. = K J ( 2 . 3 . 2 0 )  

The velocity Vs i s  equal to the velocity that would exist 
if there were no resonator v,  less the " reaction" or " induced " 
velocity vr that is  induced by the force ; vr = t<G> , where 
<G> is  the plate admittance ( 8 p  KCt } _ l . In using <G> , we 
assume that the modal dens ity o� the p late n p  is sufficiently 
high so that several plate modes resonate within the combined 
equivalent bandwidth of plate and resonator modes :  

We now differentiate Eq .  ( 2 . 3 . 2 0 )  with re spect to time to obtain 
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M ( 2 . 3 . 2 1 )  

subs tituting for t from Eq .  ( 2 . 3 . 2 0 ) , we get 

where W o = /K7M , n O = R/W OM and n cou is  the combination of 
of parameters w OM <G> . Eq .  ( 2 . 3 . 2 2) is the equation for the 
respons e o f a resonator to a random base excitation velocity 
v .  The effec ts of the plate are expressed by modified 
damping and resonance frequency of the resonator . If  v is  
assumed to  have a flat spectrum < V 2 > /�W over a bandwidth �w , 
then from the discussion following Eq . ( 2 . 1 . 3 5 ) , the response 
of the resonator is 

or , 

The 
the plate 
band �w . 

<V 2 > M 
1T = '2 n O  + �coup 

n �w p 

( 2 . 3 . 2 3 )  

( 2 . 3 . 2 4 )  

term M <v2 >/n �W i s  s imply the vibrationa l energy of 
. .  P P . d�v�ded by the number o f  modes that resonate �n the 

The ratio represents , therefore , the average energy 
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per mode of  vibration wi thin that band . S ince the ra tio 
ncoup'/ ( ncoup + n O } is  always les s than or equal to one , 
Eq . ( 2 . 3 . 2 4 )  says that the average energy o f  vibration o f  the 
resonator canno t exceed the average modal (resonator ) energy 

5 2  

o f  the plate . These  resonator energies will  in fact be equal 
when the los s  factor due to the coupling between the resonator 
and the pla te ncoup ( also  called the c oupling lo s s  factor ) is  
large  compared to the internal damping o f  the resonator . This 
tendency toward energy equal i ty is  an example of " equipartition 
of energy " ,  a principle that is  wel l  known to students of 
s tati s tical mechanic s . 

2 . 4  M o d a l - W a v e  D u a l i ty 

In paragraphs 2 . 2  and 2 . 3  o f  this  chapter , we have dis­
cus s ed moda l and wave descriptions o f  finite systems . Thes e 
two ways o f  describing the motion are in mos t  ca ses fully 
equiva lent to each other , but that does not mean that the 
choice o f  description is  arbitrary . Certain aspec ts o f  
s tructural vibration are much more read i ly interpreted i n  one 
descr ip tion than in the o ther . The effect of damping at the 
boundaries o f  a plate i s  better described by wave ref lection 
proces ses . The spatial variations in vibration amplitude are 
better des cribed by the modal analy s i s . But we mus t  emphasi ze , 
that i t  is  always pos s ibl e , at  leas t in princ iple , to arrive 
at  the s ame conc lus ions by e ither approach . 

We have already d emons trated an important example of  
modal-wave duality , the average point conductanc e o f  finite 
plates . We have found that the conduc tance computed by 
averaging over mod es  of a finite plate is the same as that 
found by cons id ering only waves radiated outward by driving 
an infinite plate at one point . The fact that thes e waves 
reflect f rom the boundaries and may return to the drive point 
is  presumed to be unimportant in affecting the drive point 
impedanc e bec au s e  they wi l l  have random phases , or be in­
coherent with the exc itation , particularly if the drive point 
is  as sumed to b e  randomly located over the surface o f  the 
structure .  

Ano ther aspec t o f  this  duality is  in the des cription of 
damping . We found in d i s cu s s ing resonator s in paragraph ( 2 . 1 )  
that the d amping was closely associa ted with resonator (or 
modal ) bandwidth and decay o f  vibr ations in time . In dis­
cus s ing waves ,  in paragraph ( 2 . 2 ) we found that the damping 



E n e r g y D e s cr i p t i o n  o f  V i b r a t i n g  S y s t e m s  

was related to the s patial d ecay o f  energy . However , i f  thi s 
d ec ay in space were r e l a ted to the tim e  r equ ired f or the 
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energy to propagate from one point to the o ther , the time decays 
in both descriptions wer e r e l a ted to the l o s s  factor in the 
same way . Thus , decay rate of energy forms a l ink between the 
two descriptions even though moda l bandwidth i s  a very dif­
ficult concept to  explain by a wave analy s i s  and spatial decay 
o f  v ibra tion i s  an equally d i f ficult  conc ept to explain us ing 
a modal d e s cr iption . 

In the chapters that fo l l ow ,  par ticular ly i n  examples 
dealing with app l i c a tions o f  SEA , we f ind that c ertain 
quantities  tha t enter the modal des cription for examp l e , are 
equivalent to o ther quantities in the wave description . For 
examp l e , moda l  energy i s  usually equivalent to a spatial 
energy density .  For example ,  in a plate , the energy i s  P s < v 2 > , 
whereas the average modal energy for the s ame p la te i s  
( 4n KC t )  Ps <V 2 > .  I n  a s ound f i e l d , the energy den s i ty i s  

< p 2 > / p C 2 ,  and the average moda l energy f or the s ame sound 
f i eld is (2 n 2 c 3 /w 2 } < p 2 >  P c 2 , wher e c i s  the speed o f  sound 
and p is the pres sure f luc tuation . 

O ther equ ivalences exi s t  between coupl ing los s factor s , 
appropr iate for mod a l  systems , and j unc tion impedances , 
appropri a te f or wave descr ip tions .  An example o f  this 
equivalence was u s ed in the examp l e  o f  the combined plate­
r esonator systems of Fig . 2 . 9 ,  where we found nco w OM < G > .  
We s ha l l  encounter mor e examp l e s  o f  thi s  in the cR�pters to 
come . 

I n  the rema inder o f  thi s  s ec tion , we sha l l  discu s s  a very 
important aspect of wave-mode du ality . This i s  the probl em of 
the " coherent " and " incoherent"  wave f i e lds in a p late . I n  
paragraph 2 . 3  we b eg an thi s  discuss ion , b u t  we wish t o  d e lve 
further into the matter a t  thi s point . Let u s  begin by con­
s id er ing the wave d e s cr iption f irs t .  

Let u s  s uppo s e that a point for c e  located a t  pos ition Xs 
o n  a very larg e  plate excites the plate in a bandwidth �w . 
I f  the rms force i s  L , then the power inj ec ted into the plate 
at Xs i s  s imply 

wher e < G> i s  g iven by Eq . ( 2 . 3 . l 7 ) . Thi s energy flows 
rad i a l ly outward from thi s  poin t , so tha t a t  a d i s tanc e r 
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from xs ' the mean square velocity is  found from the intensity 
relation 

5 4 

( 2 . 4 . 2 ) 

This is  the velocity that would exist on an infinite plate 
without damping . If  damping is present , the energy is  re­
duced by the factor exp [-nwr/cg ] ,  so  that 

II . 
<v 2 >= 1n 

D 2'11" P cg 

1 -wnr/cg e r ( 2 . 4 . 3 )  

This part o f  the plate motion is called the "direct field " 
of the sourc e and has a " geometric attenuation" of 3 dB per 
double distance and an attenuation due to damping that in­
creases linearly with r .  The direct field is the only con­
tribution to plate vibration if the plate is infinite in 
extent or if n is so large that the vibration has nearly 
ceased by the time the direct wave reaches the boundary of  
the plate . 

When the energy in the direct field ref lects from the 
boundary , then if the boundary is not perfectly regular , it 
is  frequently assumed that coherence wi th the direct field 
is  lo st , par ticularly as the number of reflections mounts . 
The motion vR corresponding to this  reflected energy is  
called the "reverberant" field and is determined by the power 
diss ipated by it : 

( 2 . 4 . 4 ) 

where d is the mean free path . This leads to an express ion 
for the reverberant velocity 

( 2 . 4 . 5 ) 
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S ince the d irect and reverberant velocity components are 
assumed to be incoherent , the total mean square velocity o f  
vibration is obtained by simple addition , 

( 2 . 4 . 6 ) 

Near the point o f  excitation , the direct field will dominate , 
but a t  large distances , the reverberant field will dominate . 
The " boundary " between the direct and reverberant fields  i s  
defined as the distance rD for which these fields are equal 

( 2 . 4 . 7 ) 

The total mean s quare velocity pa ttern is  shown in F ig . 2 . 1 0 . 

We c an also analyze this s ituation by a modal description . 
From paragraph 2 . 2 ,  the response o f  a plate to a point force is 

i W L O 
V = 

M E 
m 

Wm (x )  Wm (xs ) 

w 2 ( 1+in ) - w 2  m 
( 2 . 4 . 8 ) 

Let us  assume that the plate is s imply supported s o  that the 
mode shapes are 

1 2 ikixi - ik . xi 
Wm (x ) W (x ) = - n ( e  -e 1 ) m s 4 i=l 

( 2 . 4 . 9 ) 

Ther e are 1 6  terms in this product , each repres enting a plane 
wave having one of the four wave vec tors shown in Fig . 2 . 1 1 .  

5 5  
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The phas e factors are th e " dot products " o f  the s e  wave 
vectors with th e  four posi tion ve c tors  s hown in Fi g . 2 . 1 2 .  
The s e  pos i tion vectors are the di f ference ve ctors b etween 
the point s ource and the obs ervation point and i ts three 
images in  the coordi nate axeS . 

I f  the drive point i s  exci ted at frequency w ,  the n b e­
caus e of th e  modal response bandwi dth , we wi l l  as s ume that 
a l l  modes wi thi n a band �w = TI w n / 2 wi l l  be exci ted , and th at 
modes outs ide th is bandwidth are no t excited . As we s um ove r 
the ci rcle o f  exci ted modes in k- s p ace ( the quarter circle  o f  
F i g . 2 . 7  becomes a f u l l  circle b e caus e o f  the addi tion o f  the 
images o f  R in Fig .  2 . 1 1 ) , s ome o f  the te rms wi l l  f luctua te 
wi ld ly i n  phas e as we s um over the indi ces m .  , wh i le others 
wi l l  combine be caus e  th e phas e vari ation betQeen them i s  
sma l l . The s mallest  Rhas e vari ation wi l l  occur for the 
sma l les t ve ctor , x - x , as s een i n  F i g . 2 . 12. We shal l 
as s ume th at only the s eS terms contribute to the " coherent " 
part of the s ummation i n  Eq . ( 2 . 4 . 8 ) . 

We , therefore ,  replace Eq . ( 2 . 4 . 9 )  by i ts coherent part 

1 ik ' R 
� '4 e 

± � � � . where K = x - x , and k now var l e s  ove r the comp lete 
Fig . 2 . 1 1 .  If �e phas e variation in going from one 
poi nt ( al lowab le wave ) to ano th er when s ummi ng ove r 
les s th an TI / 2 , then the s ummation i n  Eq . ( 2 . 4 . 8 ) may 
p la ced by an i ntegration over ang le i n  k- space . 

v ex )  = 
- i wL o ikr co s e  

� ....;e� __ _ 

m k 4 -kl; ( Hi n ) 

( 2 . 4 . 10 )  

ci rc le in 
lattice 
m is  
b e  re-

( 2 . 4 . 1 1 )  

where e i s  the angle be tween k and R and k�=W/K C � . 

Le t us note that M = p A = P TI 2 /�Ak ' We can now wri te 
�� = k �k  � e , and the s ummatron in Eq . ( 2 . 4 . 1 1 )  become s 
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v ( x )  .. ( 2 . 4 . 12 )  

The s e cond i ntegral i s  s imp ly 2 n JO (kr ) . The i ntegra l to be 
eval uated then i s  

v e x )  
k dkJO (kr ) 

k 4 _k� ( 1+i 11 ) 
( 2 . 4 . 1 3 ) 

Unfortunate ly , th is integra l i s  qui te comp li cated to evaluate , 
but i s a s tandard form i n  tab les o f  Hanke l trans forms . The 
result of the i ntegration i s  ( as 11 + 0 ) , 

v e x )  = { HO
( l )  (kbr ) - Ho( l )  ( i kbr ) } I3P K C R,  

• ( 2 . 4 . 1 4 )  

The f irs t ' term on the rhs o f  Eg . ( 2 . 4 . 1 4 )  represents 
a cy lindr i cal ly spreadi ng wave , diminis hing in amp li tude 
as 1/ 1r. The s e cond is a p ure exponenti a l  decay , 
characteri s ti c o f  the bending vibrations o f  a p late . 
Vib rational ene rgy i s  carried by the firs t term i n  the 
equation , s o that 
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1 
( 2 . 4 . 1 5 )  

as found in Eq . ( 2 . 4 . 3 ) . Thus , the direct calculation o f  
the coherent f i e l d  from the modal s ummation give s the prope r 
re s u l t  for the amp l i tude o f  thi s  component of  the total 
motion , but also give s  us the pha s e  of re spons e and the near 
fi e l d  non propagate d component as we l l . 

The incoherent part o f  the ve loc i ty f i e ld i s  found 
from Eq . ( 2 . 4 . 8 ) by adding the mean square value s of modal 
re spons e incoherent ly . The mean square va lue o f  each term i s  

L� 1 
-2- • w nM • 

1 2 2" L O  G/W ll  M ,  

n 1T S 
2" z:.1  

( 2 . 4 . 1 6 )  

which i s  the s ame as  the result in Eq . ( 2 . 4 . 5 ) i f  we a s s ume 
that ve ry little di s s ipation o f  the direct fie ld occurs b e fo re 
t he f i r s t  re f lection from a boundary . 

We have shown here that the direct and reverbe rant fields 
that ari s e  naturally in  the wave analy s i s  have the i r  di re ct 
counte rparts in  the " coherent " and " incoherent " components o f  
the summations o f  the moda l  de s c ription . Such corre spondences 
are ve ry use ful in that they a l l ow us to interpret some o f  the 
phenomena de s cribed by a wave p i cture in te rms of the i r  e f fects 
on a mode l analys i s . For examp le , the transmi s s ion of 
vibrational ene rgy through a conne cti on betwe en two p l ate s wi l l  
impose a degre e o f  coherence between the mode s o f  the receiving 
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plate . But if the bulk of  the vibrational energy may be 
j udged to be in the reverberant field , we may treat the modes 
of the " sourc e "  and " receiving " structures to be incoherent 
with each other . 

5 9  
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C H A P T E R  3 .  E N E R GY S H A R I N G  BY C O U P L E D  SYS T E M S 

3 . 0  I n t rod u c t io n  

I n  SEA , we are principal ly concerned with sys tems that 
may be subdivided into subsys tems that are directly excited , 
and other subsys tems that are indirect Iv exci ted . For 
exampl e , a vehi c l e  exci ted by a turbul ent boundary layer may 
be thought of as a s ingle sys tem exci ted by random noi s e , 
but we are more likely inc lined to treat it as a collection 
of subsys tems . One of  the s e  wi l l  be the exterior she l l  o f  
the vehicle , which i s  directly i n  contact with the turbulence . 
A s e cond sys tem wi l l  include interior s tructure s ,  such as 
bulkheads , shelve s , etc . which are excited through thei r  con­
nections to the exterior shel l . I n  thi s  case , such a break­
down is immedi ate Decause of  the nature of  the se s tructura l 
elements and their configuration . 

When the sub sys tems have been def ined , we find that the 
e f fect o f  the ir connec tions i s  to provide c oupling between 
them . Thi s coup l ing is the mechanism by which vibrational 
energy i s  transferred from directly excited to indirectly 
exci ted sys tems . I f  a modal des cription has been appl i ed 
to the subsys tems , then intermodal coupl ing forces result 
f rom the connection . I f  a wave description has been used , 
the coup l ing i s  more natural l y  repre sented by impedances at 
the j unction between the s truc ture . In certain cas es , one 
f inds i t  convenient to use a mixed desc ription , one of the 
subsystems being treated as a wave system and the other as a 
modal or resonator sys tem . I t  i s , therefore , quite important 
that we be ab le to shift our viewpoint between the s e  
des criptions as the need arise s . 

An important key to u se o f  SEA i s  the de finition of sub­
sys tems . Thi s  is a part of the mod eling process  that we 
sha l l  deal with l ater on . Even for " obvious " choices o f  
subsystems , the bre akdown has a n  arbi trary e l ement t o  i t .  
I n  many cases , s tructural e l ements are the sub sys tems , but in 
others , modal (or wave ) types may be the key . The she l l  of 
a vehi c l e  has modes that repre sent main ly transverse or 
f l exural vibration and modes o f  long i tudin al or tors ional in­
plane motion . I t  may be neces s ary to treat transverse and 
in-plane modes as two separate subsys tems , particularly i f  
their excitation by the envi ronment or their interaction with 
the rest of  the s tructure i s  markedly d i f ferent . 



B a s i c  T h eory 

We begin the chapter by dis cus sing the interaction of 
(sub )  sys tems described in modal terms . Single resonator 
sys tems are dealt with firs t , and some important bas ic t h e o r e m s  o f  SEA are derived . Then , multi-modal systems are 
studied . Various expre ssions for the energy flow are 
presented in this  section . 

In paragraph 3 . 3 of this chapter , we study interactions 
of systems us ing a wave description . Impedances and energy 
densities become the important interaction and dynamical 
quantities here . The definition of transmissibility co­
efficients is also made , a parameter that is widely used in 
acoustical analysis  of interacting systems . Equivalences 
between the parameters of  modal and wave descriptions are 
then drawn . We also show how reciprocity arguments may be 
used to develop response estimates which result in the s ame 
results as previously found . Reciprocity methods are very 
powerful in obtaining equivalences between response para­
meters in mechanical systems and one of the goals of this 
chapter is  to show how they fit into the general SEA frame­
work . 

We complete the chapter with the analysis of  some fairly 
s imple systems that have practical importance . This  serves 
to i l lustrate the methods developed in the chapter , and also 
to show how we begin to develop a catalog of SEA parameters 
as a result of  the applications that have been made of  SEA . 

3 . 1  E n e r g y  S h a r i n g  A mon g R e s on a to r s  

We began our discus sion of  vibration i n  Chapter 2 with 
a s ingle dof sys tem . Although quite artificial , we were 
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able to develop basic ideas from the 1 dof sys tem that were 
applicable to much more complex sys tems . This approach will  be 
fol lowed in the present chapter also . We shall s tudy the 
energy interactions of the sys tem shown in Fig . 3 . 1 ,  con­
sisting of two s imple linear resonators coupled by con­
servative elements . We shall find that much more complex 
systems can be repre sented by this sys tem in the following 
sections . 

The equation of motion of mas s Ml i s  given by calculating 
all forces on it , including those arising from the motion of  
mas s M2 •  
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I n  th i s  ins tance , t�i s  i s  bes t done by using the Lagrangi an . 
Tile kinetic  enerqy o f  the sys tem i s  

KE 1 • 2 = "2 M1 Y1 

The potential ene rgy o f  the system i s : 
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PE ( 3 . 1 . 1 ) 

The equations o f  motion in the ab sence o f  ve locity dependent 
forces are given by 

( 3 . 1 . 2 ) 

Us ing Eq . ( 3 . 1 . 1 ) in Eq . ( 3 . 1 . 2 )  results in ve locity 
independent equations o f  motion . In  addi tion , we inc lude 
the damping force Ry and the gyroscop i c  coupl ing force Gy , 
to obtain 

( 3 . 1 . 3a ) 

( 3 . 1 .  3b ) 
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These equations clearly display the effect of  motion in 
one system causing forces ( and power input to or absorption 
from) the other . 

In application to real systems , the question invariably 
arises : "What are the uncoupled structures ? " From a 
mathematical viewpoint , we may obtain uncoupled equations by 
" clamping " system ( 2 ) [ setting Y2 = :Y2 = '.h = 0 in Eq . ( 3 . 1 .  3a ) ]  
and by clamping sys tem ( 1 )  in Eq . ( 3 . l . 3b ) . An alternative 
is to reduce the coupling parameter to zero , i . e . , setting 
Kc = Mc = G = 0 in both equations . Either is pos sible , but 
note that the e ffective mas s and stiffness  of each resonator 
will change in the process of decoupling if we use the latter 
approach . S ince we do not want to change the resonator we 
deal with in the proces s of  removing the coupl ing , we prefer 
the " clamping " definition of the uncoupled system . 

The clamping or blocking concept is  also appealing from 
an experimental viewpoint. A welded j unction between a pipe 
and a plenum chamber for example is not readily identified in 
terms of the coupling parameters of Eq . ( 3 . 1 . 3 ) . Neverthe­
less , we can imagine reducing the displacements of one e lement 
to zero by suitable clamping arrangement , even though it might 
be a very difficult thing to do from a practical viewpoint . 
If  stress variables are used then the sys tems are decoupled 
by being cut apart . Such a thought experiment is  of particular 
relevance in the event that one has a finite element computer 
model of each subsys tem s ince the decoupling can be done by 
some simple instructions . In this monograph we will con­
sistently define the decoupled forms of Eq . ( 3 . 1 . 3 ) or its 
counterparts to be found by setting the response variables of 
the other systems to be zero . 

Eq . ( 3 . 1 . 3 ) displays more symmetry when rewritten as 

( 3 . 1 . 4 a )  

( 3 . 1 .  4b ) 

where 
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and 

� . =R . /w .  (M . +M /4 ) , W12 = ( K . +K ) / (M . +M /4 )  , 1 1 1 1 C 1 C 1 C 

y=G/ ( Ml+MC/4 ) 

K=KC/ (Ml+MC/4 ) �  

� (M2+MC/4 ) , 

(M2+MC/ 4 ) � 

Note that the equations could be made completely symmetric 
( that i s , A would vanish ) by further defining variables 
y � =y; (M . +Mc/4 ) ! . Also  note i . =L . / (M . +M /4 ) . ... ... 1 1 1 1 C 
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I n  Chapter 2 , we were interested i n  the energy of  
vibration of a s ingle res onator excited by "white " or broad 
band noise . In thi s  Chapter we are concerned with the 
response of two resonators when both 1 1  and 1 2 are independent 
white noise sources . Since Eqs . ( 3 . 1 . 4 ) are linear , such an 
analysis  is fairly straightforward , but it is instructive to go 
through it in some detai l .  Since we want to apply these  
results to  energy flow problems , we  shall be particularly 
interested in calculating the power flow between the 
resonators . 

Before we treat Eqs . ( 3 . 1 . 4 ) i s  all of their  detail , 
however , let us cons ider a particularly s imple case : that 
for � �= � 2 = � ,  w l=w 2=w O ' A=l , and � =y= O . Thus , we have two 
ident1cal res onators w1th stiffnes s coupling only . If  we 
add and subtract Eqs . ( 3 . 1 . 4 ) , we obtain , 

( 3 . 1 . 5a )  

( 3 . 1 . 5b)  
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when 

From e l ementary dynami c s , we know that if we s tart thi s  
sys tem vibrating wi thout damping or other excitation pre s ent , 
that the general free vibrat ion re sponse o f  e i ther mas s  i s  o f  
the form 

( 3 . 1 . 6 ) 

I f  A and B are nearly equal in magni tude ( thi s wi l l  
occur i f  one mas s i s  held fixed while the other i s  displ aced 
and then re leased ) then the motion of either mas s  is of the 
form 

( 3 . 1 . 7 )  

which repre sents an o s c i l l ation that i s  modul ated by an 
enve lope that varies  at radian frequency K/W O . Indeed , thi s  
beating phenomenon i s  o n e  o f  the b e s t  known and mos t remark­
ab le fe ature s of coupled o s c i l l ators . 

I f  the re sonator s have damping � ,  however , then they 
will  have a dec aying motion repres ented by an additional 
"modulat ion " o f  Eq . ( 3 . 1 . 7 )  by the term e- �t/2 [ s ee  
Eq . ( 2 . 1 . 9 ) J .  I f the damping i s  very l ight , so that K/w O > .... Li ,  
then the beating phenomenon wi l l  s ti l l  be apparent but if the 
damping is very strong compared to the coup l ing , s o  that 
� » K/W O ' then the energy of vibration wi l l  be di s s ipated be­
fore the beating o s c i l l ations c an take place . We shal l find 
that quite par a l l e l  conclus ions may be drawn when the 
re sonators are excited by a white noi s e  s ource . 

Let us now return to Eqs . ( 3 . I . S ) and set  1 2 = 0 . Then 
by examining <y� > , w e  c an aetermine tne pow e r  tnat i s  ��ow -
ing into the inairectly excited resonator . When 1 2= 0 , then 
g l = g 2 and the respon s e s  YI ' Y 2 wi l l  be identi cal , except 
that their response curve s wi l l  be shi fted as shown in 
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Fig .  3 . 2 . When there i s  no coupling , then z l  = z 2  
and Y2 = 1/2 ( z l - z 2 ) = O .  When the coupling is  such that 
K/W O « � ' then the spectrum of Y2 is  very nearly the dif­
f7rence between the spectra SZl and Sz , as shown in 
F�g . 3 . 2 .  The response Y2 is weak in this case , very broad 
band but with a slight double peak in its spectrum that 
�oula show . a �lig�t beating e f f ec t . The re spons e 
Y2 = 1/2 ( z l+z 2 ) =z l has the spectrum SYl �SZI . 

When the coupling is  increased , the two spectra shi ft 
farther apart , and the difference spectrum is increased , as  
s}}9_�_·_ 'r:.��_s_ means that <t;> is  increas ing with the increase 
in coupling . The spectrum �of  Y2 is  even more strongly 
double peaked , and fluctuations at the di fference frequency 
�/w O (b� ats ) wi ll become more pronou�ced . Also , since 
z l  and z2 are no longer identical , <yi> wil l  be dimini shed . 

Finally , when the coupling is strong enough so that the 
resonances have shi fted beyond the damping bandwidth 

7 1 

( K/WO > � ) ' the response Yl and Y2 are stati s tically independent 
since they do not share common frequency components .  
Accordingly ,  <yi > = <y� > = <�I >12 . Th us , each res ona tor dis­
sipates 1/2 of the power supplied by the white noise source 
R.I .  Thi s power depends only on the mas s o f  resonator " I " 
and not on the coupling [ see discus sion in connection with 
Eq . ( 2 . 1 . 3 9 ) ] .  Now the " beating " phenomenon will be quite 
strong implying an oscillation of energy in the system . 
This flow is  in addition to the steady power flow from 
resonator " 1 "  to re sonator " 2 " required to supply the power 
di ss ipated by resonator �<Y� > . 

Let us now return to the more complex system represented 
by Eq . ( 3 . 1 . 3 )  and ( 3 . 1 . 4 ) . We assume that both Ll and L2 
are independent white noise sources . The power supplied by 
the source LI is  <LI YI> '  or 

( 3 . 1 . 8 ) 

d · 2  d 2 Since <at Yl > = <at Yl> = 0 for stationary proces ses , the 
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first and third terms on the right hand side of  Eq . ( 3 . 1 . 8 )  
vanish . The term R<rl> represents diss ipation by the damper 
Rl and the other terms represent power flow into the coupling 
e ements . 

In a s imilar fashion , the power supplied by source 2 is 

( 3 . 1 . 9 )  

Using the fact that 

and 

we can add Eqs . ( 3 . 1 . 8 )  and ( 3 . 1 . 9 )  to obtain 

( 3 . 1 . 1 0 )  

which states that the total power supplied i s  di s sipated in 
the two damping elements ; the coupling elements in the form 
presented are non-dissipative . 

We also note from Eq . ( 3 . 1 . 8 ) or ( 3 . 1 . 9 )  that the power 
flow from resonator 1 to resonator 2 is  s imply 

( 3 . 1 . 11 )  

Our next task i s  to evaluate the se averages in terms o f  the 
spectral densitie s  of the sources and the system parameters . 
This evaluation may be done in the time or frequency domain . 

7 2 
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I n  the frequency domain calculation , we introduce the com­
plex system frequency response apq (w)  defined as the response 
Yp to a force Lq - e-iwt • Thus , all time derivatives in 
Eq . ( 3 . 1 . 3 ) are replaced by � � -iw , and we have 

where D is the system determinant given by 

Using these transfer functions ,  the various se cond 
moments of the dynamical variables can be generated by 
integration over frequency from _ 00 to + 00 : 

( 3 . l . l 2b ) 

( 3 . l . l2c ) 

( 3 . l . l2d ) 

( 3 . 1 . 13 ) 
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<y 2 >  = SL1 f w 2 / Hll / 2 dw + SL2 f 2 / H12 / 2 dw ( 3 . 1 . 1 4c )  1 

<y 2 >  = SL2 fW 2 / H2 2 / 2 dw + SLI
/W 2 / H21 / 2 dw C 3 . 1 . l 4d )  2 

C 3 . 1 . 1 4 e )  

C 3 . 1 . 1 4 f )  

( 3 . 1 . 14g ) 

The f inal three relations in Eqs . ( 3 . 1 . 14 e ,  f ,  g )  are the 
terms we need to determine power flow ,  the first  four , 
Eqs . ( 3 . 1 . 14a , b ,  c ,  d )  are needed in evaluating the energy of 
vibration . In these equations we have used the " two- s ided" 
spectrum SL eW )  which has a rang e from w=-� w=+� rather than 
the more " physica l "  one-sided spectra l density in cyclic 
frequency f which has a range from f = 0 to f = � . Since the 
integra l over the range of each must  produce  the same mean 
square value , i . e . ,  

<y 2 >  =
f

OO _00 Sy (W ) dw =1 00 S ( f )  df , 
o y ( 3 . 1 . 1 5 )  
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the relation between them must  be 

( 3 . 1 . 1 6 )  

We wi ll not bother to evaluate the integral of 
Eqs . ( 3 . 1 . 1 4 ) here , since they are of standard form . Even 
so , the form of the relations is quite complicated . They 
are found to be : 

x 

'lfSL � Ll l (Ml ��c ) 

Ll l Ll 2  [ Y ( Ll lw �+Ll 2w� ) - K (W�-W� ) ]  

(M + � ) t  (M2+ � ) t  d 1 4 c 4 c 

( 3 . 1 . 17 a )  
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x 

- � + 

� [ ( A IW�+A 2WI ) (wI+w2+A 1A 2 +y 2 + 2 � K ) - ( A l+A 2 ) (wlw�- K 2 ) ] 

(M + � ) t  (M + � ) t ( 1_ � 2 ) d 1 4 c 2 4 c 

( 3 . 1 . 17b )  

7 6  
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x 
Y [ ( �lW �+�2wi ) ( Wi+W�+�1�2+y 2+2� K ) - ( �1+�2 ) (wiwi-K 2 ) ] 

(M +!M ) t  (M � ) t  ( 1_� 2 ) d 1 4 c 2 4 c 

(M +� ) t  (M � ) t  d 1 4 c 2 4 c 

( 3 . 1 . 17c ) 

The quantity d that appears in these equations i s  given by : 

( 3 . 1 . 1 8 ) 

7 7  
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The s e  expre s s ions are now placed into Eq . ( 3 . 1 . 11 )  to 
evaluate the power flow .  Incredib ly , they s imp l i fy enormously 
( although they are s t i l l rel ative ly complic ated ) .  The result 
o f  the sUb s titution i s  

A 

where 

( 3 . 1 . 1 9 ) 

+ (y 2 +2�K ) [ �lwi +A2W� ] +K 2 ( �1+�2 )} 
( 3 . 1 . 2 0 ) 

and d i s  g iven by Eq . ( 3 . 1 . 1 8 ) . 
Comparing Eqs . ( 3 . 1 .  4 )  to Eq . ( 2 . 1 . 1 ) , we s e e  that 

�l=wl n l and �2=w 2 n 2 ' where the n ' s are th� loss  f actors o f  
e ach uncoupled res onator . Thus , when x2= x2 = 0 ,  the term is 

1TS
L ( w ) S

L1 ( f ) 1 1 <y 2 > 1 1 1 (M1+4Mc ) 
�1 (M1+4Mc ) 4wln 1 (M1+4Mc ) ( 3 . 1 . 2 1 )  

according to Eqs . ( 2 . 1 . 3 9 )  and ( 2 • 1 .  4 0 ) ,  the energy o f  

7 8  
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resonator " 1 " .  S imi l arly 

( 3 . 1 . 2 2 )  

i s  the energy o f  resonator " 2 "  when Yl=Y2= O . Thus , Eq . 
( 3 . 1 3.9 )  s tates that the powe r flow from re sonator " I " to 

resonator " 2 " i s  

7 9  

( a ) directly proportional to the d i f ference in decoupled 
energy o f  the resonator s ,  whe re decoupling i s  de­
fined by constraining the resonator , the energy o f 
which i s  not be ing evaluated 

( b )  s ince the quantity A i s  po s itive definite , the 
average power flow is from the re sonator of greater 
to l e s s er ene rgy 

( c )  the quantity A i s  al s o  symmetric i n  the sys tem 
parameters so that an equal d i f ference of resonator 
energi e s  in e i ther direction ( 1+2 o r  2+1 ) w i l l  
result in a n  equal powe r flow , we may s ay that power 
f low i s  reciprocal . 

The concept o f  p ower f low b e tw e e il  re s onators b e i ng 
propor t i o n a l  to th e di f f e r e nc e i n  u n co up Z e d  e nergi e s  i s  
us e f ul . Whe n  w e  a r e  exci t i ng a s truc ture w i th no i s e s o  
th at th e i nput p owe r  i s  known , th e n  s in c e  S 1 M  i s p r o ­
por tiona l to i np u t  powe r ,  th i s i nterp r e t a ti�n o f  Eq . ( 3 . 1 . 19 )  
i s  th e appro p r i at e  one . However , w e  o f te n  do no t k now the 
i �put power , we on ly k now the m . s . response value s < y 2 >  and 
< y� > by me as uremen ts tak e n  o n  the Sys tP.ffi as it vibrate s  i n  
i ts coup led s tate .  Ne n e e d  t o  re l ate Eq . ( 3 . 1 . 1 9 )  to the s e  

va �u e s  � �s o .  To . qo th i s , we r e qui re ca l cu l at i o ns o f  <Yl> 
<Y 2 > '  <y ! > a nd <Y

2
> f r om Eqs . ( 3 . 1 . 1 4 ) . The r e s ults o f  Lle 

c a l cu l a t 1 0 ns a r e  as f o l lows : 
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+ 

( 3 . 1 .  2 3 a )  
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( 3 . 1 .  2 3b )  

The expre s s ions for <Y� >  and <Y� >  are found by revi s ing sub­

s cripts in the se two equations . 

We note from Eqs . ( 3 . 1 . 2 3 )  that in coupled vibration 
<y 2 > � W� <y 2 >  s o  that a detailed equal ity of potential and 

k inetic ene�gy has been lost . Neverthele s s , by direct 
substitution . 

( 3 . 1 . 2 4 )  

8 1  
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Thus , we arrive at the remarkable conc lusion that the power 
flow i s proportional to the di f ference in the actual kineti c 
energy , or potenti a l  ene rgy , or total ene rgy . Thi s i s  a 
ve ry u s e ful result because i t  al lows us to c a l culate power 
flow from input powe r to the sys tem or from me asured vibration . 
We are a s s ured that we wi l l  get the corre ct answe r whether 
we base our calculations on the unc oup led sys tems or on the 
actual vib rational energy of the coupled sys tems . 

I f  the average ene rgy o f  resonator " 1 "  i s  El and the 
average energy of resonator " 2 " is E2 ' then the power flow 
betwe en them i s , ac cording to Eqs . ( 3 . 1 . 1 9 ) and ( 3 . 1 .  2 4 ) 

( 3 . 1 . 2 5 )  

where 

8 2  

B= 
� 2 [ � lW�+�2 wi+�1� 2 ( A1W�+�2w� » ) + (y 2 +2 � K )  ( �lw�+�2 w� ) + K 2 ( � 1+� 2 ) 

( 1_ � 2 ) [ (wi-w� ) 2 + ( �1+� 2 ) ( �lw �+� 2w� » )  

( 3 . 1 . 2 6 ) 

Let us suppose that resonator " 2 " has no direct excitation , so 
that SL = O .  Then , the power dissipated by the resonator must 

equal �e power transferred from " 1 "  to " 2 " J  n2 , diss=n1� �2E2 
= B (El-E2 ) or , 

B 
� 2+B ( 3 . 1 . 2 7 ) 
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Thi s relat ion shows that the large s t  value E2 
can have i s  E l , which occur s when the coupl ing 
( determined by B) is s trong compared to the 

damp ing �2 . 

When the two re sonators are identical and have 
s ti f fnes s coupling only , then from Eq . ( 3 . 1 . 2 6 ) 

B = = ( 3 . 1 . 2 8 )  

and , 

whi ch shows that E 2�E l as W O �/K�O and E2 �O a s  K�O , 
whi ch i s  cons i s tent with our earlier discus sion o f  
thi s system . 

We c an now make some additional points to thos e  already 
made in the d i s cus s ion following Eq . ( 3 . 1 . 2 2 ) . They are : 

8 3  

( d )  the power flow i s  a l s o  proportional t o  the actual 
vibrational energies o f  the sys tem , the cons tant 
of proportional i ty being B ,  defined by Eq . ( 3 . 1 . 2 6 )  

( e ) the parameter B i s  pos itive definite and symmetric 
in sys tem parameters ; the sys tem is reciprocal and 
power flows from the more energetic resonator to 
the les s energe t i c  one 

( f )  i f  only one resonator i s  directly exc i ted , the 
greate s t  pos s ib l e  value o f  ene rgy for the second 
resonator is that of the f i r s t  res onator . 
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The s e  s i x  points form the bas i s  for our s tudi e s  o f  energy 
fl ow in mechan i c a l  and acoustical sys tems , since the cal­
culation o f  power f l ow between re sonators according to the 
s cheme s indi cated in Eq s . ( 3 . 1 . 1 9 )  and ( 3 . 1 . 2 5 )  wi l l  be 
fundament al to our s tudy of more complex sys tems . We wi l l  
have t o  make some additional as sumptions as  we proceed , but 
we could not begin wi thout the s e  ( c onc eptua l ly )  s imple 
rel ationships . 

Be fore we l e ave thi s  sub j e c t , let us develop an 
additional re sult o f  moda l  interaction that wi l l  be useful 
to us in dealing with mul ti-dof sys tems . We derive the 
average powe r into re sonator 2 when the only active source i s  
Ll and WI i s  a l l owe d t o  vary randomly over an interval �W 
that includes w 2 . To do thi s  cal culation , we see from Eq . 
( 3 . 1 . 1 9 )  that for any particular value o f  WI ' the powe r flow 

i s  IT 1 2 = A n SLl /�l (Ml + �  Mc ) and that an average over W I  
require s that we evaluate <A>w . As long a s  the interval 

6w is not too l arge compared to the value s of WI and w2 ' 
we c an rep lace both by w ,  the center frequency of the 
averaging band , eve rywhere exc ept in the (Wi_W� ) 2  term in d ,  

s ince thi s  i s  the t erm that i s  sensitive to the rel ative 
value s of WI and w 2 . We then form the average 

( 3 . 1 . 2 9 )  

where we have used the result leading to Eq .  ( 2 . 1 . 3 7 ) , and 
have d e fined 

( 3 . 1 . 3 0 )  

8 4  
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We s e e  that X i s  very nearly the tota l damping o f  the two 
re sonators when the couplinq i s  very weak but i s  more com­
p l i c ated for s tronger coupling . The average powe r flow then , 
i s  

and 

with 

M
2

+ � 4 c 

Ml
+ � 4 c 

and we have assumed � 2 « 1  and �/w « l .  

( 3 . 1 . 3 l )  

( 3 . 1 . 3 2 )  

( 3 . 1 . 3 3 )  

The ave rage interaction , the refore , i s  equivalent to 
a whi te noi s e  s ource acting on re sonator 2 of spectral 
dens i ty Si . Thi s e f fective spectral dens i ty Si i s  pro-

portional t5 SL ' to the ratio of the e f fective ba�dwid th 
TI�2 /2 o f  resonator 2 , to the averaging bandwidth �w ,  to the 
mas s  ratio of the sys tems , and to the s trength of the sys tem 
coupl ing as me asured by A ( l+A ) - ! . The replacement o f  modal 
interactions ave raged ove r sys tem parameters with white noi s e  
sources i s  a n  important device in the development of SEA 
methods . 

8 5  
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3 . 2  En e rgy Ex c h a n g e  i n  M u l t i - D e g r e e - o f - F r e e d o m  S y s t e m s  

We now consider two subsystems that are connected 
toge the r . We combine the analys i s  of d i s tributed sys tems 
in paragraph 2 . 2  with that for two s ingle res onator s in 
paragraph 3 . 1  to develop a theory of multi -modal interactions . 
The actual system that we are intere s ted in i s  the s i tuation 
in Fig . 3 . 3 a ,  in wh i ch the two subsys tems are re sponding to 
the ir own exci tat ion and the interaction " force s " .  Each o f  
the s Ub- systems vibrate s " on i t s  own " when the othe r system 
i s  b l ocked or c l amped a s  shown in F i g s . 3 . 3b , c ,  and can be 
analyz ed according to the method s o f  paragraph 2 . 2 .  Thus , 
the equations for the b l ocked subsystems are : 

p . / p .  i=1 , 2  l. l. 
( 3 . 2 . 1 ) 

As in Paragraph 2 . 2 ,  the operators have e igenfunctions and 
eigenvalue s 

A ,I, = w �  ,,, 
i 'l' i a  l. a  'l'ia 

( 3 . 2 . 2 ) 

with , o f  cour s e  

( 3 . 2 . 3 ) 

The boundary conditions satis fied for $
i a  

include the c l amped 
cond ition on- subsys tem j# i .  

We now suppo s e  that the spe ctral den s i tie s o f  the forces 

8 6  
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L . ( t )  = fdX . P� .  � 1 � 

i s  f l at (white ) over a finite range o f  frequency �w , and 
that within thi s  band there are Ni = ni �w mode s  of e ach 
s ubsystem , whe re n .  ( w )  is the modal dens i ty o f  the 

ith subsys tem . Th! modes for the se subsystems may be 
i l lus trated as shown in Fig . 3 . 4 a .  Each mode group 
repre sents a model of the subsys tem . In the app l i c ations 

8 7  

o f  SEA , thi s  mode l has some very parti cular propertie s ,  wh ich 
we now list and d i s cus s : 

1 .  Each mode i s  a s s umed to have a natural 
frequency w ia that is uni formly probab l e  ove r 
the frequency interval �w . This means th a t  
each subsys tem i s  a member o f  a popu lation o f  
sys tems that a r e  genera l ly phy s i c a l ly s imi lar , 
but di ffer enough to have randomly d i s tributed 
parameters . The a s s umption is based on the fact 
that nominally identical s tructures or acous tical 
spaces wi l l  have uncertainties in modal para­
me ters , particularly a t  higher frequencie s .  

2 .  We as sume that eve ry mode in a subsys tem i s  
equa l l y  energetic , and that its amp l i tude s 

are incoherent , that i s , 

<Y o Y . o >
t 

= 6 o <Y �  > .  1 a  1 �  a �  1 a  

This a s s umption requires th at we s e l e c t  mode 
group s for whi ch thi s  should be approximately 
corre c t , at l e a s t , and i s  an important guide 
to proper SEA model ing . I t  also imp l i e s  
that the exc i tation functions Li are drawn 
from random popul ations o f  functions that 
have certain s imi l aritie s ( s uch as  equal fre­
quency and wavenumber spectra ) but are 
individually incoherent . 

3 . As a matter o f  convenience , we may a l s o  a s s ume 
that the damping o f  e ach mode i n  a sub sys tem i s  
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the s ame . Thi s i s  no t e s sential , but i t  
greatly s impl i f i e s  the forma l i sm and tend s to be 
nearly true for reasonably complex subsys tems . 

The condi tions j us t  desc ribed are the bas i s  for the 
word " s tati stic a l " in SEA . The concept o f  sys tems derived 
by s e l e ction o f  i ndividual mode s and modal exc i tations from 
random populations i s  o f  greater importance than the use o f  
random ( or noi s e ) exci tation . Indeed , w e  c an u s e  SEA to 
good accuracy in s i tuations in which the exci tation is a 
pure tone i f  there are a suffic ient number of modes in inter­
action to provide " good s tati s t i c s " .  We s ha l l  see an exampl e  
o f  thi s  in Chapter 4 . 

We now " unb lock " the system and con s ider the new 
equations o f  motion , which are 

.. ..  
y .+( r . / p . ) Y . + J\ • y . = [p . +ll . . ( x . , x . ) y . 

� � � � � � � � J  � J J 

+ ( - ) j y . .  (x . , X . ) y . +K . .  y . ] / p . � J 1 J J 1 J J 1 

[ i�j ; i , j = 1 , 2 ] ( 3 . 2 . 4 )  

One now expands the s e  2 equations in the eigenfun�tions 
" ,  ( x . ) to obtain 'I' i a 1 

. .  ..  
M2 IYo +�2

Y +W 2 y ] =L + E [ ll Y - y  Y + K  Y ] cr cr cr cr a cr a  a cr a  a cr a  ° a  

( 3 . 2 . 5a )  

( 3 . 2 . 5b )  

8 8  
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whe re we now reserve the indices a , e ,  • • •  for sub sys tem I 
and a , T ,  • • •  for s ubsys tem 2 , and we have a l s o  s e t  �i=ri/ P i . 
The ma s s  o f  s ub sys tem i i s  Mi in the s e  equation s . The 
coupling parameters are 

dx1 , etc . 

( 3 . 2 . 6 a ) 

where the integrations are taken along the boundary between 
the subsys tems and , there fore , over the s ame range of 
xI , x, in both i ntegral s .  Conservative coup ling requi rements 
are me t  by ll aa=lla a ' Ya a=Y aa , K(l0'= KatPr ll I 2=1l 2 I '  Y I 2=Y 2 1 ,  and 

K l 2 = K 2 1 

The coupled sys tems may now be repre sented as  shown in 
F ig . 3 . 4b , with the interaction line s  showing the energy 
f l ows that re sult from the coupling . Suppo se we are 
intere s ted in the ene rgy flow between re s onator (mode )  a of 
subsys tem I and mode 0' of subsystem 2 .  We showed at the end 
of paragraph 3 . 1  that energy modal pair interaction , when 
averaged ove r the ensemb le of sys tems wi l l  act l i ke a wh ite 
noi s e  generator . Thus , modes a and a have energ i e s  Ea and EO' 
(yet to be dete rmined ) as a result of the s e  noi se generators . 

Further , the modal energ i e s  o f  subsys tem I modes are all  
equal , so that Ea = E I = cons t .  and E O'  = E2 = constan t . (Note 

that E l  and E2 are moda l  energie s ) . Unde r the s e  circumstances 
we have for tfie inter-modal power flow 

< B  > aa ( 3 . 2 . 7 ) 
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according to Eq . ( 3 . 1 . 2 5 ) . The average value o f  B i s  found 
in a manner completely analogous to the result in Eq . ( 3 . 1 . 2 9 )  
to be 

1T 
'2 < >. >  a , a  ( 3 . 2 . 8 )  

where >. is  defined by Eq . ( 3 . 1 . 3 3 )  and the average i s  taken 
with respect to frequencies  w , w • a a 

The total power flow from al l Nl modes of  subsys tem 1 
to mode a of  subsystem 2 i s , the refore , 

Finally , the total power from sub system 1 to subsystem 2 is  
found b y  summing over the N2 modes  o f  subsystem 2 �  

'If 
= � ( 3 . 2 . 9 )  

where o w . = �w/N . i s  the average frequency separation 
between �modes . � 

Several intere sting fe atures may be seen in this 
result . The first is  that the power flow i s  proportional 
to the bandwidth �w , a result that agrees with our 
intuition . Secondly , the power flow i s  proport ional to the 
di f ference in ave rage actual modal energies of the two 
subsystems , which by now we also expect . We reca l l  from 
Fig . 3 . 2  and Eq . ( 3 . 1 . 7 )  that �/w is  the frequency shi ft 
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produced by sti f fne s s  coup l ing a lone . We may suspect ( and 
more detai led analy s i s  confirms ) that the numerator of the 
fraction in Eq . ( 3 . 2 . 9 ) i s  the s quare o f  the frequency 
deviation produced by the coupling . The rati o o f  thi s  to 
the square of the geometric mean of the average modal 
spacings of the two sys tems i s  a measure of the s trength o f  
the powe r f low . 

Let us de fine the total ene rgy o f  the s ubsys tems by 
E

l , tot 
and E2 , tot

. Then , c le arly since E
l

=E
l , to t

/N
l 

and 

E
2=E

2 , tot
/N2 · 

N N [E1 , tot _ 1 2 Nl 
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( 3 . 2 . 1 0 )  

( 3 . 2 . 1 1 ) 

The quantitie s  n 1 2 and n 2 l are cal led the coupling los s 
factors for the systems 1 , 2 . By introducing them , we have 
lost the symmetry o f  the energy flow coe f f i c i ents o f  the 
preceding equations , but the coupl ing los s factor has s trong 
phy s i cal appe a l . No tice that wn 1 2 El , to t  repre sents the 

power lost by subsys tem 1 due to coupl ing , ju s t  as the 
quantity wn l E l t t repre sents the powe r lost to s ub systems 
1 by damping , a � ge asured by the damping los s factor n=�/w . 
Of cours e , i f  sys tem 1 i s  conne cted to another sys tem with 



B a s i c  T h e o ry 

energy E 2 t t '  i t  will  receive an amount of  power E 2 , totw n 2 l ' 
The basi c ' rgLationship 

( 3 . 2 . 1 2 ) 

i s  very use ful in practical s ituations of power flow calcul­
ations . 

We may now use the s e  results to c alculate the still  un­
known sys tem energies . Consider the sys tem of Fig . ( 3 . 4b )  to 
be more simply represented as shown in Fig . 3 . 5 .  Then the 
powe r flow equations for sys tems I and 2 respectively are 

TI
l , in

=TI
I , di s s

+TI
I 2

=W [ n
l

E
l , tot

+n
1 2

E
l , tot

-n 2 l
E

2 , tot
] 

( 3 . 2 . 1 3 a )  

( 3 . 2 . l 3 b )  

Firs t ,  cons ider the c a s e  where only one of  the sys tems 
is directly exc ited by an external source . Set TI 2 . = 0 , and 
accordingly , from Eq . ( 3 . 2 . l 3b ) we get , �n 

( 3 . 2 . 1 4 )  

Which i s  the multi-modal equivalent of  Eq . ( 3 . 1 . 2 7 ) . A 
solution of Eq . ( 3 . 2 . 1 3 )  in terms o f  both power sources i s  

= { II . . ( n
2

+n 2 l
) + � , �n 

( 3 . 2 . l Sa )  

9 2  
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( 3 . 2 . 1 S b )  

( 3 . 2 . 1 S c )  

The coupling loss  factor o r  its various equivalent 
expre s s ions is a measure of inter-modal forces at the sys tem 
j unction , averaged over frequency and over the modes of the 
interacting sys tems . Some time s this cal culation may be 
c arried out directly , but more o ften it  i s  found use ful to 
adopt another view of the interaction - that developed by 
the impingement o f  wave s on the boundary . Consequently , we 
now proceed to a discuss ion of the coup ling of wave bearing 
systems . 

3 . 3  R e c i p r o c i t y a n d  E n e r gy E x c h a n g e  i n  W a v e  B e a r i n g  Sy s t e m s  

I n  Paragraph 3 . 2 ,  we described the vibrations o f  the 
systems that we are examining in terms of modes . An 
alternative formul ation o f  the problem in terms of  wave s 
exi sts that sometimes o f fers both conceptual and practical 
computational advantages over a modal analys i s . This 
approach was touched on in paragraph 2 . 3 ,  whe rein we found 
the di spersion rel ation between wavenumber and frequency 
in the form o f  Eq . ( 2 . 3 . 2 ) . We examined the admittance 
function for a flat plate , both finite and infinite , to 
a point force transverse to the plane of the plate . 

In paragraph 2 . 3 ,  we also  di scus sed the vibration o f 
a simple resonator , shown in Fig . 2 . 9  as  a re sult o f  i t s  
attachment to a plate unde rgoing random vibration . We 
found that the energy o f  the resonator was given by 
Eq . ( 2 . 3 . 2 4 ) , which i s  identical in form to Eq . ( 3 . 2 . 1 4 ) , 
where (the resonator i s  subsys tem 2 and the plate i s  
subsystem 1) , one has n2 �w = 1 ( one resonator mode ) ,  and 
El , tot=Mp <Vp> and ncoup = n 2 • Thus , the quantity ncoup 
that we calculated on the ba�i s  o f  an interaction of  the 
re sonator with many modes of the plate i s  j us t  the co�pling 
lo s s  factor o f  Paragraph 3 . 2 . But , it  i s  also  the s ame as 
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would b e  calculated o n  the bas i s  o f  the resonator inter-
acting with an infinite pl ate [ See Eq . ( 2 . 2 . 2 3 ) ] .  Consequently , 
i t  i s  often advantageous to deve lop the equations for coupl-
ing loss  factor s on the basis  o f  interaction with an infinite 
sys tem , since such calculations may be much s impler than they 
would be on a modal bas i s . 

We should a l so make anothe r point about our use of the 
term " blocked " as i t  applie s to both interacting modal and 
wave systems . We define the blocked sys tem to be that 
sys tem that results when the other sys tem ha s a vanishing 
response for all time . Thus , for example , when a sound 
field de scribed by its pre s s ure response interacts with a 
structure de s cribed by its  di splacement , the "blocked " 
sound field i s  that field that occurs when the structure i s  
absolute ly rigid . The "blocked " s tructural vibration i s  
that vibration whi ch occurs when the pre s s ure vanishes , i . e . , 
the in vacuo condition o f  the s tructure . We would ordinari ly 
think of such a vibration as " free " , but we must  d i stingui sh 
between the "bl ocked " or " uncoupled " interaction , and our 
ordinary ideas of free or constrained boundary conditions . 
The interpre tation depends on the variables that we use to 
define " response " in the adj oining sys tem . 

We s aw in Eq . ( 2 . 4 . 9 ) and in  Fig . 2 . 1 1 that we could 
form four s imple waves out o f  an eigenfunction of  the 
rectangular plate . Although such a replacement i s  not 
universal , it is use ful to think of it as  a typical example 
o f  wave-mode duality . The wave number lattice for normal 
modes such as shown in Fig . 2 . 7 may be re-interpreted as 
a distribution o f  wave s by re flecting the lattice points 
in the various coordinate axes (or planes ) of  the wave 
number space . Incoherence o f  modes means incoherence o f  
waves i n  d i f ferent directions . Equal ity o f  modal energy 
is translated into equality of intensity for wave groups 
contained by equal angles of spheres or circle s in . k-space 
as shown in Fig . 3 . 6 . A cylinder has a more compli cated 
locus for bending mode s than that shown in Fig . 3 . 6  but in thi s  
c a s e  als o , the equivalence between wave s and modes  i s  
e s s enti ally as shown here . 

The arguments for coherence and power are based upon 
the decompos i tion of modes into wave s as deve loped in 
Paragraph 2 . 4 .  The relation between modal energy and 
power is obtained by simply noting that equal modal re sponse 
amplitudes wi l l  re sult in equal amplitudes  o f  each wave in 
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the decomposition o f  Eq . ( 2 . 4 . 9 ) . Secondly , i f  the modal 
responses are incoherent , the wave motions for adj acent 
points on the wave number c i rcle  in Fig . 3 . 6  wi l l  be in­
coherent . There i s  still  the pos s ibi lity that there wi ll  

9 5  

be appreciable coherence between wave s in di f ferent 
directions at any point , since there is functional relation­
ship between the phase o f  any one wave component of  a mode 
and the 3 ( for a two-dimens ional mode ) other components . 
However , as noted in the discuss ion preceding Eq . ( 2 . 4 . 1 0 ) , 
thi s phase coherence i s  quite sma l l  un less the source and 
observation points are close together . I f  the source may 
be as sumed to be randomly located ove r the surface ( or 
volume ) o f  the system , even thi s coherence wi l l  vanish . 

We imagine , therefore , a dif fuse wave field ( in the 
SEA sense ) possessing energy distributed uni formly over 
the frequency interval Aw . The energy density (Energy per 
unit " area " ) of this field is At . The various parcels 
of energy are carried by the waves with an energy velocity 
cg as de fined by Eq . ( 2 . 3 . 7 ) , and the power is distributed 
among the various directions according to an intensity 

( 3 . 3 . 1 ) 

where d ( � I )  is  the intens ity o f  wave energy in the interval 
of directions dn , D ( n )  is a weighting function that 
e s s enti ally measures the distribution of area in the in­
terval between k ,  k + �k as a function o f  Q in Fig . 3 . 6 {b } , 
and Qt i s  the total range o f  the angle Q .  One must  have 
<D { Q » Q = 1 ,  and it often occurs that D ( Q ) = 1 { this  i s  
called " isotropy " } . 

Reciprocity . There i s  a general princ iple that applies  
to  sys tems composed o f  linear , passive and bi lateral elements , 
called reciprocity , that is  quite use ful in our discuss ions 
of  wave interactions . I f  we imagine for the moment that the 
system is cut up into a very l arge number of tiny masses , 
spr ings and dashpots (dampe rs ) the se descriptors mean 
the following : 

( a )  linear : the mechanical response of  e ach element 
is directly proportional to the force ( including 
its sense ) causing the re spons e 
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(b ) pas s ive : the only s ource s  operative are those 
explic itly set  aside as sources in the 
equations o f  motion ; no element of the sys tem 
c an generate energy . 

( c ) bilateral : in trans ferring forces from one 
neighbor to the next , a reversal of rol e s  
between the neighbors as t o  force interactions 
wi ll result in an exact reversal of  the 
relative motions . Notice that gyrators are 
exc luded from the sys tem at thi s level , even 
though the interaction of  sys tem modes may end 
up as a gyroscopi c interaction . 

The statement o f  reciprocity may be made with 
re ference to Fig . 3 . 7 .  If at any two terminal pairs o f  
a rec iprocal sys tem we generate a drop 1 a t  terminal pair 
1 and measur e a flow U through a "wire " connecting the 
termina l pair 2 ,  then if a drop p '  i s  applied to termina l 
pair 2 ,  a short c ircuit flow v '  will be developed at  
terminal pair 1 .  Th e  s tatement o f  rec iprocity i s  

v '  U =-r = -p 1 ( 3 . 3 . 2 a )  

The only restriction i s  that p ' , U and 1 , v '  b e  con­
j ugate variables , that i s , their  time average produc t 
equals  the power flow appropriate to that set  o f  terminals .  
Clear ly 

( 3 . 3 . 2b )  

and i f  p '  and 1 are nois e  s ignals with identical �pectral 
shapes ,  then 

( 3 . 3 . 2 c )  

9 6  
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Similar statements are easily derived for the systems 
shown in Figs . 3 . 8  and 3 . 9 .  They are 

� = < 1 , 2 > 
<V2 > <U , 2 > 

for system B , and 

( 3 . 3 . 3 ) 

( 3 . 3 . 4 )  
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for system C .  These various statements have their applications 
depending on whether it is  more natural for us to apply 
forces or velocities at one location , and measure forces or 
velocitie s at the second location . 

Systems Connected at a Point . As a s imple example o f  
reciprocity consider the force exerted on a point clamp at 
the edge of a plate , as shown in Fig . 3 . 1 0 ,  due to vibration 
of the plate . Let � ( t )  be a band limited noise load applied 
to an arbitrary point Xs on the surface of  the plate , and let 
1B be the load that results on the clamp .  The load 1 wi ll  
inj ect an  amount o f  power < 1 2 >G into the plate (G is  the 
mechanical conductance for the glate ) and this wil� result 
in a m . s .  plate velocity <v�> given by 

( 3 . 3 . 5 )  

where np is the loss  factor of  the plate modes and � is  the 
plate mas s . Now we say that 

( 3 . 3 . 6 ) 
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where r is  the parameter that we s eek . 

In the reciprocal situation , we drive the clamp with 
a prescribed noise  velocity v ' B ( t )  that has the same band 
limited spectrum that t ( t )  has . This veloc ity source 
generate s an amount of power <v ' �> Rl ' (Rl is the input 
resi�tance at the edge of the plate ) whicfi results in a plate 
m . s .  velocity <v ' �> given by 

<V ' 2 > = <V l 2 > Rl/wn 11 p B P P 
( 3 . 3 . 7 )  

I f  we now apply the reciprocit¥ statement of Eq . ( 3 . 3 . 4 ) , 
or Fig . 3 . 9 , we obtain < t�>/< t > = <V� 2 >/<vB 2 > , or 

( 3 . 3 . 8 ) 

Let us now extend this example by connecting a second 
plate to the first at the edge point under di scussion , 
requiring that they move together in a transverse way but 
( to keep the matter simple ) no moment is transmitted . Again , 

we let tl ( t )  be the band limited noise that generates a 
m . s .  velocity on plate 1 given by <vi > .  We are interested 
in finding the velocity <v� > = r '  <vi> that results from this  
motion . Clearly 

, 

r ' O  < , 2 > G � "' 1 1 , co ( 3 . 3 . 9 ) 

I f  we now apply the load t 2 ( t )  ( sante spectrum as t )  at the 
position where v2 was measured , we will  inj ect an amount of  
power < t 2 ' 2 > G 2 co into plate 1 through the j unction (call  
it n � l )  �nd a certain amount will  be dissipated . From our 
earl�er de finitions of loss  factors and coupling loss factors , 
this  fraction is  

( 3 . 3 . 1 0 )  

9 8  
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Thi s  powe r , transmitted into p l ate 1 wi l l  produce a m . s .  
ve locity 

9 9  

( 3 . 3 . 1 1 )  

Applying the reciprocity condition , 

= 
<V2 > 1 

( 3 . 3 . 1 2 )  

I f  the conditions are such that G2 • - (w/2 )  (n2/M2 ) and 
G1 , . - (w/2 ) (n1/M1 ) . Then Eq . ( 3 : 3 . 11 ) can be rewritten 
as 

= ( 3 . 3 . 1 3 ) 

whi c h , o f  course , i s  the s ame result a s  Eq . ( 3 . 2 . 1 4 ) . I n  a 
sens e ,  thi s o f fer s  an al ternative derivation o f  the b a s i c  
powe r flow re l ations of  S E A  and i t  avoids di s cus s i on o f  
e ither modes or wave s . Of course , to evaluate Gl , oo and 
G2 00 , one mus t  have e i the r a moda l  or wave mode l . Al s o , 
to

' 
evaluate n 2 l ' one mus t  e i the r do a modal ana ly s i s , 

following the chain from Eqs . ( 3 . 2 . 4 ,  5 ,  6 ) , through 
Eq . ( 3 . 2 . 9 )  and ( 3 . 2 . 1 0 ) , or proceed by wave analys i s . 

We c an relate the power flow from pl ate 1 to plate 2 
to the blocked force given by Eqs . ( 3 . 3 . 6 ) and ( 3 . 3 . 8 ) , 
by subdividing the s i tuation s hown in F ig .  3 . l 2 a with the 
two prob l ems shown in F i g . 3 . 1 2 b . The actual force i 
that the j unct ion app l i e s  to plate 1 i s  equal to the blocked 
force iB , l e s s  the force induced by the ve l o c i ty , i

i
=vZ l ' 

S i nce our convention i s  that upward forc e s  and ve l o c i t i e s  
are po s itive , the upward ve loc i ty v imposed at the boundary 
wi l l  result in upward force vZ l on the edge of p l ate 1 .  The 
motion v wi l l  a l s o produc e an upward force vZ 2 on p l ate 2 
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and a consequent downward reaction force on the edge of 
plate 1 .  Consequently , 

or 

( 3 . 3 . 14 )  

We now relate <1�> to <vi> by Eq . ( 3 . 3 . 6 ) . We can 
relate <V2 > to <v� > by a relation similar to that of  
Eq .  ( 3 • 3 .  7 )  � 

( 3 . 3 . 1 5 )  

We may then combine Eqs . ( 3 . 3 . 6 ,  8 ,  14 , 15 ) to obtain 

2 I -11" ( 3 . 3 . 1 6 )  

I n  many ways , Eq . ( 3 . 3 . 1 6 )  i s  the multi-dof equivalent 
of Eq . ( 3 . 1 . 19 )  s ince M<vi> is determined in Eq . ( 3 . 3 . 1 6 )  by 
the power inj ected into system 1 ,  and the power flow co­
efficient in the relation 

( 3 . 3 . 17 )  

1 0 0 
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is  the " coupling los s factor "  for' the uncoupled system 
energies . It s ati s fie s the same reciprocity relation that 
n 1 2  does - namely 

1 0 1 

( 3 . 3 . 1 8 )  

The quantity al �  will  take on various forms depending 
on the nature of the �nteracting systems , and its relation 
to n l� wil l  depend on the system . We shal l  corne back to 
this �n paragraph 3 . 4 .  

The result o f  Eq . ( 3 . 3 . 17 )  for the system in 
Eq . 3 . 11 is  typical . Since n 12 must  ultimately be deter­
mined by a12 ' the coupling loss factor is usually 
representable in terms o f  certain j unction impedances or 
averages over such impedances .  I f  we had allowed moment 
constraints between the systems , then our impedances would 
have become matrices involving both force and moment terms , 
but the structure of  the result would remain the same . The 
impedances that enter Eq . ( 3 . 3 . 17 ) , Z l=Rl-iXl and 
Z 2=R2- iX2 may be evaluated on either a modal or wave bas i s . 
As we saw in Chapter 2 ,  there are circumstances in which a 
j unction impedance can be quite simply calculated on a wave 
basi s  i f  resonance frequencies are averaged over a band of  
frequencies and i f  the drive point is  also randomly located . 
Thus , one important use of  wave analysis in SEA is  in the 
calculation of j unction impedances . 

S¥stems c onnected alon� a Line . The coupling loss 
factor � s  fairly easy to der�ve when the systemS are con­
nected at one or more points . Another relatively tractable 
situation i s  when the connection i s  along a line ( for two 
dimensional sys tems ) or along a surface ( for three dimen­
sional systems ) , i f  the dimensions of the line (or surface ) 
are large compared to the length of  a free wave in the 
system . In thi s case , a set of waves in the interval dn , 
shown in Fig . 3 . l 3 . will  be partially transmitted and partially 
reflected at the j unction . In acoustics , the ratio of  the 
transmitted to inc ident power i s  cal led the transmis s ion ' 
coefficient L ( n )  and wil l  in general  depend on the direction 
n that the incident waves are travelling with respect to 
the bounding line or surface . 
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By our hypothesis , therefore , the total transmitted 
power will  be 

( 3 . 3 . 1 9 )  

where d ( �I ) i s  given by Eq . ( 3 . 3 . 1 ) , n i ne , i s  the range of 
angles of  propagation that impinge upon the boundary ,  and 
Lp ( n )  i s  the proj ection of the boundary length (or  area )  
presented to the waves travel ling in direction n .  Since 
TI12 is the transmitted power due to energy Al��l=El ' where 
Al is the are� (or volume ) of system 1 ,  we have 

For example , in a 2-dimensional isotropic system , let 
the transmitting boundary be a straight line of length L 
and n be the angle o f  wave incidence , as shown in Fig . 3 . 14 .  
Then D (n )  = 1 ,  0i = � ,  0 t  = 2n 

c L 1T /2 
= 2 1T�A f T ( n )  

1 -1T/2 
cosn dn 

[ 2-dim ' 1 ) ( 3 . 3 . 2 1 ) 

Of course , the transmissibility mus t be known , but 
this information is usually available from existing sources , 
or is  calculable .  In the 3-dimensional acoustic case , c=cg= 
speed o f  sound ; Al+Vl ' the room volume and L+Aw , the area 
of the adj oining partition . Al so nt=4 1T ( steradians ) and 
ni=21T  steradians . Then , 

CAW 
= ---- < T ( n ) CO S � >  [ 3-dim ' 1 ) 2wVl ni 

( 3 . 3 . 2 2 ) 

1 0 2 
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where � i s  the angle between the wave vector and the 
normal to the panel , and - 1 0  log < L W ) CO S � >·" is the 
ordinary transmi ssion loss (TL)  of  bui lding"acoustics . 

1 0 3 

In this situation , therefore , we would be advi sed to evaluate 
n 12 from existing data sources on wal l transmiss ion loss . 

3 . 4  S o m e  S a m p l e A p p l i c a t i o n s  o f  S E A  

Here , we present some applications of SEA that demon­
strate its use fulnes s in re latively simple situations that 
are of practical interest .  The emphasis here is  in  the 
use of relations developed in paragraph 3 . 3 , rather than in 
development of  the theory . Of  course , every new application 
will  generate formulas or data for the parameters that we 
are interested in , such as modal dens ities , coupling loss  
factor , and damping loss  factor . 

Resonator Excited b� a Reverberant Sound Field . As 
the first example we cons�der a resonator formed by the 
smal l piston of mass  MO in the wal l of a room as shown in 
Fi� . 3 . 1 5 .  The piston is  supported by a spring of sti f fness  
Mw O and a dashpot having a mechanical resistance wOn OMO . 
We shal l cal l the room system " R" and the resonator system 
" 0 " . Then , according to Eq . ( 3 . 2 . 14 ) 

( 3 . 4 . 1 ) 

where nOR is the coupling los s factor from the resonator to 
the room . We evaluate nOR by using Eq . ( 3 . 3 . 17 ) . The 
impedance ZR is  the radiation impedance of  the piston 
" looking into " the room 

( 3 . 4 . 2 )  

The se quantities are well  known for the piston radi ator . The 
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impedance " looking in�o n the resonator was given in Eg .  
( 2 . 1 . 1 9 ) , 

( 3 . 4 . 3 ) 

Thus , averaging aOR (defined by Eg .  ( 3 . 3 . 1 7 »  over 
the band �w gives 

1 0 4 

RradwOnOMO } I WO n OMo+Rrad-iw (MO+Mrad ) +iw�MO/w I 2 �w 

( 3 . 4 . 4 )  

and substituting 00 0  < a >  into Eg . ( 3 . 3 . 1 6 )  , 

= ( 3 . 4 . 5 )  

where we have used n 2=n O • Comparing Egs . ( 3 . 4 . 5 )  and ( 3 . 4 . 1 ) , 
we see that 

The coupling los s  factor for the piston resonator , therefore , 
i s  determined by the radiation resistance of the piston 
" looking into " the room . When R d» W n OM • the energy 
of  the resonator wil l  egual the ��eragg m2del energy of 
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the sound leve l .  

TwO Beams i n  Longitudinal Vibration . As a second 
example , consider the problem of two long beams connected 

1 0 5 

by a fairly weak spring , as shown in Fig . 3 . 1 6 .  I f  beam 1 is 
directly excited to energy Ml <vi >  and beam 2 is only 
excited through the connection , then by our assumptions , 
the energy flow will be fairly weak into beam 2 . We 
may use the result expressed by Eq . ( 3 . 3 . 16 )  directly , 
where we de fine system 1 to the beam 1 and the spring , 
and system 2 to be beam 2 alone . Then , the average 
mechanical impedance looking into beam 2 is  

1T 
2" 

The impedance looking into system 1 is  complex 

(K/w ) 2 
Rl , co 

Using Rl=R ( Z l ) and K/w « Rl ' R2 ' we get e , 00 , 00 

( 3 . 4 . 7 )  

( 3 . 4 . 8 ) 

( 3 . 4 . 9 ) 

In this case , a12 � n1 2  (modal energy of system 2 « modal 
energy of  system 1 )  and we can say 

( 3 . 4 . 10 )  
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Note the similarity between thi s  result and that o f  Eq . 
( 3 . 1 . 2 8 )  • 

Two rooms coupled by a lim� curtain . As a final 
example in this section , we cons 1der an application of  
Eq . ( 3 . 3 . 2 2 ) .  We want to evaluate n 12  for the system shown 
in Fig . 3 . 17 . Two rooms , o f  volume VI and V2 are separated 
by a "wall " that has a mas s  density m and area Aw. The 
average transmis sion coe fficient for this situation is  known 
to be approximately 

( 3 . 4 . 11 ) 

Thus 

( 3 . 4 . I 2 a ) 

The energy expres sion Eq . ( 3 . 2 . 14 )  in this case becomes s imply 

<p� > V = <p 2 > V
I 

n
1 2  ( 3 . 4 . 13 )  

2 1 n 2
+n 2 I  

Where n 2 = ( 2 ) 
2 . 2 /fT

R ' 
( 2 ) 

TR 
is the reverberation time of room 

2 , and 

( 3 . 4 . l 2b)  
2 11l 3m2V 2 

Equation ( 3 . 4 . 1 3 )  predicts that p� = p� when losses in V2 
due to transmi ssion of  sound through the wal l exceed the 
losses  due to sound absorption in room 2 . 

1 0 6 
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C H A P T E R  4 .  T H E  E S T I MA T I O N O F  R E S P O N S E  I N  S T A T I S T I C A L  E N E R G Y  
A N A L Y S I S  

4 . 0 I n t r o d u c t i o n  

In the preced ing chapters ,  we have shown how the energy 
of  vibration may be e s t imated in an average s e n s e  ba s ed o n  
sys tem parameter s that are fundamental ly d e s cr iptive of  energy 
s torage and tr an s f er c apab i l ities o f  the sy s t ems . The u s e  o f  
energy quantities h a s  the great advantag e that s ound , vibration 
and o ther r e sonant sy stems all are d e s cribed by the s ame 
var i ables .  Consequently , our v i ewpoint has great g eneral i ty 
which i s  u s e fu l  when we mus t  d ea l  with sys t ems o f  such com­
p l exity . 

This general i ty , however , has  its  s hortcoming s . We mu s t  
rememb er tha t  our motivation f or the s e  s tud i e s  i s  usually not 
d irected to the energy of o s c il lation , as such . Sys t ems do 
not make too much noi s e , or f atigue , or have component mal­
func tion becau s e  they contain too much energy , bu t because 
they move , a r e  s trained or are s tr e s s ed too much or too o f ten . 
Cons equently , we mus t  interpret the energy o f  o s c i l la tion in 
terms o f  dynami c a l  var iables of engineer ing inter e s t  s uch a s  
velocity , strain , pre s sure , e tc . W e  have already done thi s  t o  
a degree in ear l ier c hapters , particularly in paragraph s  3 . 4 .  
I n  paragraph 4 . 1  we sha l l  expand o n  thi s  important aspect o f  
re s ponse e s t imation . 

The calcul a tions and f ormu l a s  o f  energy pr ed iction in 
Chapter 3 are d irected toward pr edicting aver age energ i e s , 
the average taken over the s e t  o f  sys t ems forming the ens emb l e  
o f  " s imi l a r "  sys tems cons tructed according t o  the SEA mod e l  
d e s c r ibed in  paragraph 3 . 2 .  S ince w e  have a population o f  
sy s tems , the energy actual ly r e a l i z ed by any one sys t em ( the 
one s itting in the l aboratory , for exampl e )  w i l l  not be 
pr ec i s e ly equa� to the avp.rage energy a s  c a lculated by the SEA 
formulas . We can g e t  an idea o f  how much our sys tem may d eviate 
from the aver ag e  sy s t em by calculating a s tandard deviation 
( s . d . ) o f  the sys tem energy . This has , in  fact , been done for 
s ome c a s e s , and we can g ive some gener a l  ideas for e s t imating 
the variance ( s quare o f  the s . d . ) f or pra c t i c a l  s i tuations . 
The calcu lation o f  respon s e  variance i s  d i s cu s s ed in 
paragraph 4 . 2 .  
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The calculation of  standard deviation is reas suring to one 
us ing the mean energy as  an estimate only if the s . d .  is  a 
small  fraction of  the mean . Then we know that most  realizations 
of the system ( again including the one s itting in the 
laboratory ) will have a response that is close to the mean . 
But what if the s tandard deviation is  equal to the mean , or 
greater? In thi s  event , the probability that any one real­
i zation is  c l os e to the mean will be small  and the mean value 
loses its worth as  an estimate . 

In such a s ituation , it is  common to calculate the 
probability that a realization wi ll occur within some stated 
interval of respons e amplitudes . The probability associated 
with this  " confidence interval "  is  called the " confidence 
coefficient " . In order to carry out these calculations , how­
ever , we need a probability distribution for the energy . This 
d istribution is introduced and the estimation procedures are 
derived from it in paragraph 4 . 3 .  

The distr ibutions used for generating conf idence intervals 
tend to be fairly accurate o f  the "middle range " of  respons e 
levels ,  but are generally fairly inaccurate in predicting 
respons e having a very small probability .  If we have a special 
interest in either the greatest or smallest response levels  
that may occur , we  usually must take a different approach . 
Paragraph 4 . 4  des cribes the estimation o f  the probability of  
very large values  (having small probability )  in  a particular 
s ituation . I t  may be argued that the problem treated in 
paragraph 4 . 4  is  not properly an SEA problem , bec ause i t  
deals with the coherent properties o f  modal response .  Never­
theless ,  the entire approach o f  describing modal responses by 
their m . s .  values and adopting a s tatis tical view of the 
population of systems being considered is very much within 
the SEA framework . 

4 . 1  M e a n  V a l u e E s t i m a t e s  o f  D y n a m i c a l  R e s p o n s e 

We can make useful  estimates o f  the mean square amplitude 
of  response based on the energy calculations in Chapter 3 .  
We f irst  consider systems l ike those discussed iri paragraphs 
2 . 3  and 3 . 4 ,  in which only one mode of one sys tem is inter­
acting with a group of modes o f  another . This one mode may 
actually be a sing le dof system like that shown in Fig . 2 . 1  
or it  may be a mode that we s ingle out for particular 
examination within a multi-modal  system .  We may do thi s  by 
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restricting the exc i tation bandwidth s o  that thi s i s  the only 
system mode th at i s  resonant . 

S i n g l e M o d e  R e s p o n s e  

Suppos e  tha t  the mul timoda l  sys tem 1 i s  excited by no i s e  
sour ces  of  bandwidth �oo . System 1 h a s  total energy E l tot 
and Nl modes  that resonate in thi s  ba ndwidth . Sys tem � has 
only one mode with mode shape � 2 (x 2 ) . Accord ing to paragraph 
3 . 2 ,  the energy of this mode wi l l  be g iven by 

1 1 7  

( 4 . 1 . 1 ) 

where n 2 1  may be determined from averages over interaction 
parameters a s  in Eq . ( 3 . 2 . 8 )  or from boundary impedances a s  
i n  paragraph 3 . 3 .  L e t  u s  a s sume that thi s  ha s b een done , and 
we now want to f ind the actual  r espons e at location x 2 . 

From Eq . ( 2 . 2 . 3 )  we have 

( 4 . 1 . 2 ) 

with the g eneral r e sult that 

( 4 . 1 . 3 ) 

wher e  M2 is the mas s o f  system 2 and 00 ')  is  its resonance f re­
quency (which might j u s t  as  wel l  b e taken a s  00 ,  s inc e Ctl 2 . i s  
within �oo by hypothes is ) . T hu s  
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<y� (x , t » t 
E 

= _2_ 1jJ 2 (x ) = 

2M 2 
til 2 

( 4 . 1 . 4 )  

Thus , our statis tical model of  the system does not 
restrict us in any way from determining the spatial dis­
tribution of response . O f  course ,  the normalization of the 
1/J 2 function s till  ensures that 

In F ig . 4 . 1 we show the form of the distribution of yi for 
a typical mode shape o f  a beam .  The distribution o f  <Y2 > 2 
which would be proportional to the surface strain in the 
beam , is also sketched . 

Multi-Modal Response . When there are several resonant modes 
(R2) of (indirectly exc ited ) system 2 in the band �tIl ,  then 

Eg . ( 4 . 1 . 1 ) has the form 

( 4 . 1 . 5 ) 

and the m . s .  response o f  the system in time and space (or 
mass ) i s  

( 4 . 1 . 6 ) 
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which we may regard as our estimate of  the system response .  
Note , however , that if  such an estimate were made in the 
s ituation o f  Fig . 4 . 1 ,  it would be rather poor , s ince the 
actual value of < y 2 > t only equals the es timate <y 2 > p t at a 
finite number of points and oscil.lates around the est1mate 
without converging on i t .  

1 1 9  

In the case o f  two or three d imensional sys tems with many 
modes of vibration , the function <y�> t tends to converge on 
the estimate of  Eg . ( 4 . 1 . 6 )  in many important ins tances . To 
demons trate this , we cons ider a rectangular supported pla te 
which has modes 

( 4 . 1 . 7 )  

where 

The modes tha t resonate within the interval �k = �w/Cg are 
shown in the hatched region of  Fig . 4 . 2 . 

As a result of  our model o f  the sys tem interaction , 
spel l ed out in paragraph 3 . 2 ,  we can make the following 
observations about the response of  sys tem 2 .  

( 1 ) The response may be wri tten in the form 

( 4 . 1 . 8 )  

( 2 ) The modal  response amplitudes  Ya ( t) are incoherent ; 

( 4 . 1 . 9 ) 
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( 3 ) The modes o f  system 2 are equally energetic 

1 20 

( 4 . 1 . 10 )  

Thus ; we can say that 

= <yi ( t » t E W 2 (X) , 
(j (j 

( 4 . 1 . 11 )  

where the allowed values o f  (j are determined by the modes of 
system 2 that resonate in  �w . 

The result of  Eq . ( 4 . 1 . 11 )  is qu ite general . For the 
specific two-dimens ional sys tem at hand , we can write , 
therefore , 

( 4 . 1 . 12 ) 

We evaluate the sum by replacing i t  with an integral  over � 
in the hatched region of  F ig . 4 . 2 .  We can see that i f  dN2 
is the number of  modes in the rectangle bounded by �k and d� , 
then dN2/N2 = 2d�/TI , since the modes are uniformly distributed 
in � .  We may then write 
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( 4 . 1 . 13 )  

where r = �xi+x� . We have evaluated the integral for the 
region near xl ' x2 = o . S ince the sum in Eq . ( 4 . 1 . 1 2 )  is  
unaffec ted by the substitution xl�1l -xl ' x2�12 -x2 ' the total 
pattern is as shown in Fig . 4 . 3 .  

Thus , we can estimate a spa tially varying temporal mean 
square respons e of a system even with rather extens ive 
assumptions regarding the system interactions . Patterns o f  
the kind shown i n  Fig . 4 . 3  have been developed for a varie ty 
of sys tems , and are available from the literature . They are 
usually of interest if  one wishes to avoid locating an item 
or making measurements a t  a point where the respons e is 
exces s ively high or otherwise unrepresentative . 

Wave estimates . The us e o f  wave models for SEA response 
estimates extends the power of  SEA greatly . We can develop 
response patterns l ike the one shown in Fig . 4 . 3  equally wel l  
using a diffuse wave field model like that discus sed in 
par agraphs 2 . 4  and 3 . 3 .  The more important application of 
wave notions employs the use  of average impedance functions 
at system boundaries for the evaluation of coupling los s 
factors as  discussed in paragraph 3 . 3 .  

As an example , cons ider the system shown in Fig . 4 . 4a ,  
a beam. cantilevered to a f lexible plate . Along the line of  
connection of these  systems there will be  very little dis­
placement (we shall assume there is none ) because of the very 
high in-plane impedances of thes e  systems . Nevertheles s , 
power will be transmitted by torques (moments ) and rotational 
motion of the junction . In order to evaluate the couplinq' 
loss fac tor , we must find the power transferred between the 
systems . 
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The "decoupled " systems are produced by eliminating the 
rotation of the contact l ine as shown in Fig . 4 . 4b .  The modes 
of the beam for this condition are readily found - the beam 
has clamped - free boundary conditions . The plate , however ,  
has a very complicated boundary condition - the boundary 
conditions around its outer edges  and clamped along a f inite 
line in the interior ! I t  would require a complicated computer 
routine to find its modes . 

Nevertheles s ,  we can invoke two principles from our work 
thus far that allow us to solve this problem . The first is  
that of reciprocity o f  the coupling loss  factor 

1 2 2 

( 4 . 1 . 14 )  

which allows u s  to use nbp ' the beam to plate coupling loss 
factor (which is  eas ier to calculate ) to evaluate n pb . Secondly , 
the moment impedance " looking into " the plate may be evaluated 
by considering the plate to be infinite . This has the effect 
of  eliminating reflected energy in the plate from returning 
to the j unction . In a manner completely analogous to the 
results in paragraphs 2 . 2  and 2 . 3 for the admittance for a 
transverse forc e ,  the moment impedance , averaged over the 
location of the j unction of the plate and over resonance 
frequencies of the interacting systems in the band �w , is g iven 
by the infinite system impedance ,  which is  known . 

In paragraph 3 . 3 , we obtained a general result that , in 
terms of actual boundary impedances , the power f low between 
sys tems is g iven by 

ITbp = wabp 
(b ) Eb , tot ( 4 . 1 . 1 5 )  

where 

2 RbRp w abp = 'lfnb 1 Zb+Zp 1 1 ( 4 . 1 . 16 )  
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On the other hand , we have the general result .  that (see 
Eq . 3 . 2 . 1 0 )  

N 
llbp = wnbp (Eb , tot - N: Ep , tot) 

1 2 3 

( 4 . 1 . 17 )  

I t  must be emphasized that Eqs . ( 4 . 1 . 1 5 ) and ( 4 . 1 . 17 ) are 
fully equivalent and apply to all conditions of system s i z e , 
damping , etc . In general nbp and abp are different functions . 
However , if the receiving sys tem ( the plate in this instanc e )  
is made very large , while  its  loss factor np is  held fixed , 
the term Nb Ep tot/�p will vanish in Eq . ( 4 . 1 . 17 ) .  If  we use 
the infinite p late �pedances in Eq . ( 4 . 1 . 1 6 ) , 

( 4 . 1 . 18 )  

The relation between nbp and ab i s  then readily found . 
S ince the input power to the system Pis  independent of the 
j unction , 

we have 

= E 8 +wa E (b ) 
l , to t  1 12 l , tot 

""bp Eb , to t  = ""bp r - "�p] 
= wa E (b )  

bp  b , to t  

(b ) Eb , tot 

and , consequently , 

( 4 . 1 . 1 9 )  

( 4 . 1 . 2 0 ) 

( 4 . 1 . 21 )  
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When we deal with a s ingle  beam mode , then �b= Rb/Mb and 
the average of abp over the band is 

= 2 
1T W  

RbR ( co )  
P 

Substituting into Eg . ( 4 . 1 . 2 1 )  then qives 

( 4 . 1 . 2 2 ) 

( 4 . 1 . 2 3 )  

On the other hand , when the modes of the beam are dense so 
that nb�b » 1 , the beam " looks infinite " , and one has 

= 2 
1T 

and referring to Eg . ( 4 . 1 . 2 1 ) , we get 

1 

�t.b « 1 

Where we have used Zp (co ) =Rp (�) -i  Xp (co )  to emphas ize that 
these are input impedance functions for the inf initely 
extended system . Extending the receiving system affects 
the value of abo ' but does not affect the value of  nbp ' 
since nhn depena s on a mode-mode coupling coef fic ien� 
< Baa > in� the form [ see Eg . ( 3 . 2 . 1 0 ) ] 

( 4 . 1 .  2 4 )  

( 4 . 1 .  2 5 )  



T h e  E s t i m a t i o n  o f  R e s p o n s e  i n  S E A 1 2 5 

/).w . ( 4 . 1 . 2 6 )  

AS the plate gets larger , the coupling <Bb > diminishes 
inversely with plate area s ince the quantities P� 2 , y 2 , K 2 
are inversely proportional to the mass of  the receiving 
system according to Eq . ( 3 . 1 . 4 ) (or plate area ) and n is  
proportional to plate area . Thus , while  Eq .  { 4 . l . l 6 ) Papplies 
to any situation , Eq . ( 4 . 1 . 2 1 )  is  only correct when infinite 
system parameters are used for the receiving system . 

In the system of F ig . 4 . 4 ,  the inf inite system junction 
impedances are 

( 4 . 1 . 27 )  

and 

( 4 . 1 . 28 )  

where Pb , Cb , Kb are the material density , longitudinal wave­
speed , and radius of gyration for the beam with the same para­
meter s for the plate wi th a " p "  subscript . Sb is the cross­
sectional area of the beam , cfb = 1W KbCb is  the flexural 
phase speed on the b eam and Ps the mass  per unit  area of the 
plate . The quantity r is a moment susceptance parameter 
that depends  on the shape o f  the j unction . I f  we assume that 

M M -
Zp » Zb , then Rp l zp l 2 +Gp , the plate moment conductance 
and the result is independent of r .  With this as sumption 
and assuming the beam and plate are cut from the same 
material , we get 

w/H ,  ( 4 . 1 . 2 9 ) 
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a surprising ly s imple result . We have also  used the modal  
density of the beam 

( 4 . 1 . 3 0 )  

The coupl ing los s factor from plate t o  beam is , according to 
Eq .  ( 3 . 2 . 1 2 ) 

( 4 . 1 . 3 1 )  

Using Eq . ( 4 . 1 . 2 9 ) , we obtain an estimate for the average 
response of the beam for bands of noise , 

( 4 . 1 . 3 2 )  

I n  Fig . 4 . 5  we show a comparison o f  this s imple theoretical 
result for the two limiting experimental  conditions , first 
for nbp» nb and then for nbp« nb . Modal energy equipartition 
between the beam and plate would be expected to obtain in the 
first instanc e ,  but not in the s econd . 

S train Response . As an illustration of  how energy 
response may be express ed in strain or s tress  of the system , 
we have already shown that the pres sure within a sound field 
is given by 

( 4 . 1 . 3 3 )  
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where <V 2 > is  the m . s .  velocity o f  the fluid (air ) partic les . 
Using P Oc 2 = yP O I this  express ion may also be written as 

1 2 7 

= ( 4 . 1 . 3 4 )  

where o p/ P O i s  the volumetric strain (dilatation ) of the 
fluid since yPo is the volumetric stif fness (bulk modulus ) 
of an ideal gas . The equation states that the m . s .  strain equals 
the m . s .  mach number (ratio of particle  velocity to sound 
speed)  of the particles . 

Quite a similar result also obtains for plates . In a 
plate o f  thicknes s  h ,  the s train distribution acros s the 
plate thickness is given by ( see F ig . 4 . 6 ) 

E ( z )  ( 4 . 1 . 3 5 )  

where Em is the strain at  the free surface of the plate , 
where it is a maximum . The strain energy density of  a layer 
of plate material dz thicknes s  is 1/2 d Z E 2 ( Z )  �O ' where Y o is Young ' s  modulu s , so that the total  strain energy densi�y 
is  

P E  density 

( 4 . 1 . 3 6 )  

I f  this  i s  equated to the kinetic energy density lp h<v 2 > 
we get 2 p I 
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<V2 > =3  (homogeneous )  
c 2 

( 4 . 1 . 3 7 a )  
R. 

where we have used K 2=h2/l2 for a homogeneous plate . For a 
s andwich plate with all  its s tiffness at the surfac e , 
K=h/2 and one has 

( 4 . 1 .  3 7b ) 

The results of  Eq . ( 4 . 1 . 3 7 )  are entirely analogous to that of 
Eq . ( 4 . 1 . 3 4 )  and allow us to develop mean square strain estimates 
from energy (or velocity )  estimates . 

4 . 2  C a l c u l a t i o n  o f  V a r i a n c e  i n  T e m p o r a l M e a n  S q u a r e R e s p o n s e  

I n  paragraphs 3 . 3 , 3 . 4  and 4 . 1  we have shown how average 
energy estimate s  o f  system response may be developed and 
how m . s .  respons e  estimates are der ived from the energy . We 
have seen , however , in Fig s . 4 . 1 , 4 . 3  and 4 . 5  that the average 
energy may not be a good estimate of  m . s .  response at a 
particular location on the system or in a frequency band in which 
the number of modes is  too low . In this s ection , we shall 
develop estimates for the deviation of  realized response from 
the mean in terms o f  the s tandard deviation ( square root of 
varianc e )  from the mean square response .  Note that the 
variance that we are discuss ing is from one " s imilar " system 
to another , or from one location to another , not temporal 
variance . If we are dealing with noise  s ignals , we assume 
that the averaging time is  sufficiently long to remove 
variations due to this cause . 

The variance in response between the mean and any member 
of the population is produced by four maj or effects . 

( 1 )  The modal energies o f  the directly excited system 
may not be equal , because of the spatial 
dependence of the actual sources  of  exc itation 
and the internal coup ling of the blocked sys tem 
may not be great enough to ensure equipartition . 



T h e  E s t i m a t i o n  o f  R e s p o n s e  i n  S E A 

( 2 )  The actual number of  resonant interacting modes 
in each realization of the coupled system wi ll 
vary . 

( 3 )  The s trength of  the coupling parameters will  
fluctuate from one  reali zation to  another because 
of s l ight changes in modal shape at the j unction 
of the systems . 

( 4 )  The r esponse a t  the selected observation pos ition 
will vary because the observation pos ition is 
randomly located and because the mode shapes change 
from one realization to another . 

The way in which the variance o f  respons e depends on 
these four factors is not obvious , and indeed , has not been 
worked out for many cases of interest . There is a con­
s iderable area of interesting research work that needs to 
be done in analyzing variance of interacting sys tems . We 
should also r emark here that we are required to use modal 
analyses to calculate variance . The wave-mode duality is 
useful for mean value estimates , but a wave analysis  of  
variance by its  nature disregards spatial coherence effects 
that are essential to the calculation of variance . 

Modal Power Flow and Respons e .  To calcu late variance 
in the modal energies , we return to the system of  Fig . 3 . 4 .  
The power f low from all of  the resonators of system 1 to 
resonator cr is ( system 2 has no external excitation ) 

1 2 9 

E (b )  = ( 4 . 2 . 1 )  

where Aacr is g iven by Eq . ( 3 . 1 . 2 0 )  and Bacr i s  given by 
Eq . ( 3 . 1 . 2 6 )  with appropriate subscr ipts entered . I f  the 
damping of the " cr " is !J.cr , then the diss ipation of energy in 
this mode is E cr !J. cr  and we have 

( 4 . 2 . 2 ) 
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If we are interested in the veloc ity response , then we saw 
from Eq . ( 4 . 1 . 1 0 )  that 

( 4 . 2 . 3 )  

where x 2 is the observation po sition . Thus , the total m . s . 
response of  system 2 observed a t  position x2 is  j ust  

( 4 . 2 . 3 a )  

( 4 . 2 . 3b )  

I n  writing Eq . ( 4 . 2 . 3 )  we have now relaxed the assumption 
of Chapter 3 that the modes of system 1 ar e  equally energetic , 
but we continue to assume that modal responses are temporally 
incoherent . 

The four factors listed above that contribute to variance 
are specifically shown in Eq . ( 4 . 2 . 3) .  The variance in modal 
energies ( 1 ) is in EJb )  or Ea . The coupling variance strength 
( 3 )  is  represented by the quantities Aa a or B�a ' and the 
observation variance ( 4 )  is incorporated in � a . The variation 
in number of interacting modes ( 2 ) is repres ented by the 
summation in a . Our problem is to f ind the variance in thi s 
sum on a knowledge (or reasonable  assumptions ) about the 
statistics of the terms enter ing the equation . 

To s implify matters a bit , let us first concentrate on 
the single mode response <v� > t so that only a s ingle sum over 
a is invo lved . The appearance of B a in the denominator of  
Eq . ( 4 . 2 . 3b )  is  awkward from an ana�ytical point of view , so  
that we  would prefer to  use Eq .  ( 4 . 2 . 3a ) . However , s ince the 
coupling factors also enter the denominator of Aaa �ut not of  
Baa ) ' we  cannot avoid this problem . Another reason for pre­
ferring Eq . ( 4 . 2 . 3a )  is that we might be able  to estimate the 
statistics of E�b ) better than Ea '  since the former does not 

1 3 0 
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contain contamination by coupling ef fects . Nevertheless , 
we are essentially forced to use Eq . ( 4 . 2 . 3b )  since it alone 
allows us  to use an important result in the statistics of 
summed random proces s es that is discussed in the following 
paragraphs . 

There are two situations in which Eq . ( 4 . 2 . 3b )  can 
s implify sufficiently to allow one to make calculations . 
The f irst is where EB » �� .  In this event , we have a aa v 

1 3 1  

( 4 . 2 . 4 ) 

In this cas e , the energy of  the a mode is  a weighted average 
of the energy of  the modes o f  system I with weighting co­
efficients baa = Baal&Baa . Notice that this condition , which 
is essentially an equ�partition condition , does not require 
that Baa» �a ' and is  thus a much weaker requirement on the 
coupling than when one has two s ingle dof systems interacting . 

The s econd s ituation for which one c an ca lculate varianc e  
is when �a» &Baa .  In this case 

( 4 . 2 . 5 ) 

We note that Baa is given by Eq . ( 3 . 1 . 2 6 )  with appropriate 
subscripts . We will write it here in the form 

Baa 
= A aa 

� 2  +1 a a 
( 4 . 2 . 6 )  

where A aa i s  given by Eq . ( 3 . 1 . 3 3 )  and � aa=2 (wa-wa ) / (�a+�a ) ' 
in a manner analogous to the deve lopment in paragraph 2 . 2 .  
If  we now assume �a=�l= const (all  modes of  system 1 have 
equal damping ) ,  then according to Eq . ( 2 . 2 . 2 1 ) , 
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<B > acr lil a = < :>t > w acr a 

which reproduces Eq . ( 3 . 2 . 8 ) 

( 4 . 2 . 7 )  

In the present instance , we are interested in the 
variance of the sum in Eq . ( 4 . 2 . 5 ) . The assum�tion Acr-Al has 
the effect of c aus ing each of  the functions ( �acr+l } - l to 
have the same shape as a function of frequency . We can plot 
Eq . ( 4 . 2 . 5 )  then as shown in Fig . 4 . 7 .  It appears as  a sum 
of pulses , of strength 

(1jJ�/M2 ) Al Acr 
81+

,\" 

( 4 . 2 . 8 ) 

If  we assume that the resonance frequencies are uniformly 
probable over the interval Aw and are independent 6f each 
other ,  then the s tandard deviation o f  Eq . ( 4 . 2 . 5 ) may be 
shown to be 

( 4 . 2 . 9 ) 

This is  the " important result" referred to above . consequently , 
using Eq .  ( 4 . 2 . 7 )  in the average of  Eq . ( 4 . 2 . 5 ) , we get 

cr 2 
v 2 {nl } _ 1 

0 1T ( Al+A 2 ) = '2 m2 
v 2 

0 

<E 2 >  
a a 

<E > 2 
a a 

< :>t 2 > 
acr a ( 4 . 2 . l 0 )  , 

< :>tao > 2 a 

1 3 2 
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showing the explic it dependence of  variance on uncertainty in 
the modal  energy of the directly excited system and in the 
coupling parameters . This relation also shows the effect of 
the number o f  overlapping modes in reducing the ratio of 
variance to the square of the mean . 

Finally , if we refer to Eq . ( 3 . 2 . 1 0 )  we see that the 
quantity Nl<B�cr>a = �n 2l . The s tandard deviation in the sum 
&Bao wil l  t e l �  us  some�liing about the uncertainty in the 
coupling loss  factor n 2 l . If  for the present discus sion only , 
we define wn 2 l  = EBao tlien mn = < n 2 l>a is the coupling loss 
factor we have begn dealing with . Its variance is then given 
by 

2 

and 

1 = 

1 3 3 

( 4 . 2 . 11 ) 

Returning to Eq . ( 4 . 2 . 5 ) , if  the observation position 
x 2 is  located randomly in space , then we have additional 
fac tor of <W�> /<W�> 2 in Eq . ( 4 . 2 . 1 0 )  since W� must be 
regarded as a random amplitude factor . I f  we as sume that 
system 1 is excited by a randomly located point force at xl ' 
then according to Eq . ( 2 . 2 . 1 9 ) , the energy of  the ath mode 
will  vary as W� (xI ) .  I f  we assume that the systems are j oined 
at a point xi in system 1 coordinates and xi in system 2 
coordinates , then according to Eqs . ( 3 . 2 . 6 ) and ( 3 . 2 . 9 ) , we 
may expect Aacr to vary as W� (xi ) w � (x� ) • Thus , the 
greatest var iation that we can expect 1n the response of  a 
s ingle mode of system 2 is  
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( 4 . 2 . 1 2 ) 

where WI and W 2 are typical mode shapes of  system 1 a nd 
system 2 respectively . We may expect that in any particular 
system , the variance will  be less than that implied by 
Eq . ( 4 . 2 . 12 ) .  

Now suppose that we have a group of modes of  system 2 
represented by a modal density n2 (w ) . We have a combination 
n 2�w independent response functions , each of which has a 
ratio of  variance to square of mean given by Eq . ( 4 . 2 . 1 2 ) . 
The total ratio of variance to square of mean for multi­
modal response of system 2 is , ther efore , 

Notice that this result is  completely symmetric in the pro­
perties of system 1 and 2 . We should expect , therefore ,  that 
for systems excited and obs erved at point locations , the 
variance in respons e will  be independent of which system is 
used as a " source"  and which is used as a " receiver " .  

I t  will be apparent to the reader that a substantial 
number of assumptions have been made in order to get the 
result expres sed by Eq . ( 4 . 2 . 1 3 ) .  Most  of these  assumptions , 
wi th notable exception of  the assumptions o f  uniform damping , 
�a=�l �nd �a=�2 ' s hould have the e ffect of i ncreas i ng res ponse 
variance .  We , therefore , may reasonably regard Eq . ( 4 . 2 . 1 3 )  
as  a conservative estimate of  the variance i n  the work 
that follows in that it estimates more variance than may , in 
fact , occur . 

1 3 4 
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4 . 3  C a l c u l a t i o n  o f  C o n f i d e n c e  C o e f f i c i e n t s  

We see from Eq .  ( 4 . 2 . 1 3 )  that increas ing the number of  
modal interactions by  increasing the combined modal bandwidth 
n/ 2 ( � I+� 2 ) '  and incr eas ing the number o f  modes observed by 
increasing the excitation bandwidth �w will  both caus e a 
reduction in variance of  respons e . In this section , we show 
how the variance estimates may be  used to predict the 
fraction of measurements that will  fall within a certain 
interval of values , generally bas ed on the predicted mean . 

The Probability Density . I f  the total probability den­
s ity � ( 8 )  for the observed response <v 2 >t=8  were known , then 
the probability that e would fall  within the " confidence 
interval "  8 1 < 8 < e

2 
is  simply 

1 3 5 

( 4 . 3 . 1 )  

where the ( fiducial ) probability C C  i s  cal led the conf idence 
coefficient . S ince we do not know what the function � ( e )  is , 
this may seem rather useless . We do know , however , that e 
has pos itive values only , and we can estimate its mean me and its standard deviation cr e  from paragraph 4 . 2 .  

A probability dens ity that meets our requirements and 
has tabulated integrals is the "gamma dens ity "  

where � =m 2/cr 2  and A =cr 2 /m e e e e 
I f  we change variables to y 
becomes 

( 4 . 3 . 2 ) 

and r ( � ) is  the gamma function . 
= eme/cr � , then Eq . ( 4 . 3 . 1 ) 
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where y (� , B )  is  the incomplete gamma function defined by 

y (� , B )  =�y� -le-y dy 
o 

and is  tabulated in standard mathematical handbooks . 

( 4 . 3 . 3 )  

( 4 . 3 . 4 )  

Confidence Intervals .  F irst , let us consider a s imple 
" exceedance "  type of conf id.ance interval . Tha t is , search for 
a value of Smax = rmS such that the probability (CC ) that any 
realized value of S < Smax is  known . The equation to be 
solved then is  

_ 1  
CC = r (� )  y (� , r� )  ( 4 . 3 . 5 ) 

and the result is a line of  constant CC as a function of  r 
and � .  The solution to Eq . ( 4 . 3 . 5 ) as found numerically is  
graphed in Fig . 4 . 8 .  

F rom Fig . 4 . 8  we see  that if  the ratio of the standard 
deviation to the mean (as computed from Eq . ( 4 . 2 . 13 )  for 
example ) is equal to unity , then we may expect a measured 
response ,  selected at random , to have a value less  than 2 . 5dB 
mo re th an the me an in 8 0 % of the cas es . I n 9 5 %  o f  th e cas es 
the me asur�ment should be les s  than 5 dB mo re th an th e me an and 
less than 7 dB more than the mean in 9 9 %  of the cases . In 
many situations , this is precisely the way that we would want 
th e  estimate stated , particularly if we were concerned about 
the response exceeding some prescribed value that might lead 

1 3 6 
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to component failure , or excessive speech interference ,  or 
acoustical detectability . 

Also note , that since the c alculation of cr�/me is to be 
carried out in frequency bands bw ,  or for individual modes 
that resonate at  dif ferent frequencies , the form of the con­
f idence interval is that of a spectrum . One would usually 
plot an " average estima te " , based upon the methods o f  
section 4 . 1  as i n  Fig . 4 . 5 ,  then plot a second spectrum 
determined by 1 0  log r for each frequency band . One would 
than look upon the second spectrum as an "upper bound " for 
the data , with a deg�ee of  confidence determined by the 
s elected confidence coefficient . 

As a second example of a confidence interval ,  consider 
one that brackets the calculated mean . Such interval might 
be stated as  " in the 5 0 0  Hz oc tave band , I estimate that  in 
9 5 %  of  the cases , the measured acceleration level is  within 
±5 dB of  the average estimate of -1 0  dB re Ig . "  The "cases " 
referred to here , o f  course , are repeated measurements with 
the loading and observation points varied cons is tent with 
the calculations of  mean and variance , and for a population 
of  systems . Obviously ,  one rarely has this population to 
deal with ;  there is only one system in the laboratory , or at 
most 2 o r  3 .  The system that bne has might be very good or 
very poor from a viewpoint o f  variance , but we mus t  hope 
that the es timate for the population will be useful in deal­
ing with it . This situation is  directly analogous to gambl­
ing . One only has a particular reali zation of  a ll  possible  
hands o f  cards before him , but the pattern of betting , cal­
cUlation o f  odds and strategy is  made on the basis of  all 
pos s ible hands and draws . 

The evaluation of this "bracketing " interval is made by 
setting e 2=rme and e l=me/r in Eq . ( 4 . 3 . 3 ) . The equation to 
be solved in this cas e is  

- 1  

1 3 7 

CC = r (� ) { y  (� , �  r ) -y (� , �/r ) } .  ( 4 . 3 . 6 ) 

The solution to Eq . ( 4 . 3 . 6 ) is  shown in Fig . 4 . 9 .  For 
example , the value of normalized variance that would produce 
the hypothetical estimation interval of  the preceding 
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paragraph is a 2/m 2 = 0 . 2 . An interval of  this type is  very 
useful in determining the value o f  the mean alone as an 
estimate of  respons e .  Since one can usually only make measure­
ments of struc tural vibration and acoustical noise to a 
repeatability of 1 or 2 dB , then if an estimation interval of  
± 1 dB has a high confidence coeffic ient ( 8 0 % , say )  then the 
mean value is a very good estimate . We see from Fig . 4 . 9  
that this requires that a 2 /m 2�0 . 1 .  

Example . As an illustration of the discussion in 
paragraph 4 . 2  and 4 . 3 ,  we consider the sys tem shown in 
Fig . 4 . 4  excited at a point and observed at a point . We 
derived an average energy estimated for this system in 
paragraph 4 . 1 , which we may use to obtain me . We now apply 
Eq . ( 4 . 2 . 13 )  to obtain an estimate of variance and then use 
Fig s . 4 . 8  and 4 . 9  to determine confidence intervals . 

First , the beam (System 2 )  is  a one-dimens ional system 
with modes of  the form s in kx , and the plate (System 1) is 
two d imens ional with modes of the form s in k1x1 s in k2x2 ' If  
we  regard the locations .x1 , x 2 as uniformly located over 
the structural surfaces , we f ind that 

1 3 8 

« sin kx ) lt > . x  
« sin kx ) 2 > 2 x 

= ! ( one-dimens ional ) 
( 4 . 3 . 7a )  

<1/1 It > 1 « sin kx1 ) 1t > <  
= 

<1/If> 2 « sin kx1 ) 2 > <  
( sin 

( sin 

Joe ) It > 2 
kx ) 2 > 2 2 

9 = '4 

(two-dimens iona l )  ( 4 . 3 . 7b )  

Obvious ly , the corresponding quantity for three-dimens ional 
systems is ( 3/2 ) 3 = 2 7/8 . 

Eq .  ( 4 . 3 . 7 ) gives us two of the factors in Eq . ( 4 . 2 . 13 ) . 
To obtain the third , we must say more about the system .  How­
ever , note that the spatial variance alone contributes a 
factor ( 3/2 ) 2 ( 9/4 ) 2 = 11 , so that we must  have o f  the order 



T h e  E s t i m a t i o n o f  R e s p o n s e  i n  S E A  

of  1 0  modes interacting o r  s ampled to bring a 2/m2 down to 
the order of 1 or 1 0 0  modes to get down to a 2/m 2 = 0 . 1 .  In 
general , the higher the dimens ionality o f  the sys tem , the 
greater is the contribution to variance from the spatial 
sampling factors . To counteract this ,  however , the higher 
dimensional systems normally have greater modal density , and 
this reduces variance . 

Suppose  that the beam in Fig . 4 . 4  is made of aluminum 
and is 1 . 3  m long , . 0 5 m wide , and . 0 0 3  m thick . The average 
frequency separation between modes for thi s beam is according 
to ( 4 . 1 . 2 3 )  

Thus , a t  1 0 0 0  H z , the average s eparation is 13 0 H z  and at 
2 5 0  Hz it  is 6 5 H z .  We assume that the plate i s  also of 
aluminum , is  . 0 0 3  m thick ,  and has an area of 1 . 7  m 2 • The 
average frequency separation for plate modes is then 

1 3 9 

( 4 . 3 . 9 ) 

Also , a reasonable value for loss  factor for both systems is 
n l=n 2= . 0 1 .  Thus ,  

2 = 
1 0- 'If f , H z  ( 4 . 3 . 1 0 )  

Let us assume that our data is taken in octave bands , so that 
� f=f/ 12 .  Thus , combining Eqs . ( 4 . 3 ,  8 ,  9 ,  1 0 ) , we get 

- 1  

{ nln2 � ( �1+�2 ) �W} = 13 0 '/f/l O O O  5 
- 2 r-; 1 0  7Tf . f/ v 2  

_ 3 / 2 = 1 0 0 0f 

( 4 . 3 . 11 )  



B a s i c  T h e o ry 

Thus , at  f=l O O  Hz , this f ac tor is 1 and at  1 0 , 0 0 0  H z  
it is 1 0- 3 • The product of this  modal count term and the 
spatial f actors is presented in Fig . 4 . 9  for the example . 
We have also sketched the variance expec ted when there is 
no uncertainty in modal amplitude on the beam ,  reducing the 
variance by a factor of ( 2/3 ) 2 , from Eo . ( 4 . 3 . 7a l . Th i �  i �  
appropriate if for example we make respon�e meas�rements at 
the free end of the beam and connect the plate to the base 
of the beam . 

Now we can use this  estimate of variance to establish 
a mean bracketing confidence interval in each frequency band . 
If  this is done for a confidence coef fic ient of 0 . 8 ,  we 
obtain the result shown in F ig . 4 . 11 .  We have used the 
estimate for the mean from F ig . 4 . 5  in the case where 
nbp < nb ' which is not quite the case  for our example s ince 
nbp = w/4 2 � . 0 5/5 � . 01 � nb . The conf idenc e interval in 
no way depends on the estimate of the mean , however . 

1 4 0 

Altogether then , our analysis of  variance , in combination 
with a mean es timate and the calculation of confidence intervals 
based on normalized variance , provides us with a way of making 
estimates of  respons e for real systems that inc ludes variations 
in a realistic manner . The weakes t  link of this chain at 
present is the estimation of variance . There is good reason 
to believe , for example ,  that the location o f  resonance 
frequencies among the population of " s imi lar " systems is not 
well described by a distribution that assumes that modes occur 
with equal probab ility along the frequency axis . Such a dis­
tribution predicts a high probability for very closely 
separated modes , whereas the normal coupling among modes will 
tend to " split"  them , as demonstrated by Fig . 3 . 2 .  Thus , 
interacting groups of modes should have a lower probability of 
very small differences in resonance frequencies , and this 
should result in smoother distributions of response and lower 
variance . 

4 . 4  C o h e r e n c e  E f f e c t s  - P u r e T o n e  a n d  N a r r o w  B a n d  R e s p o n s e  

In this final section , we consider the effects on our 
analysis of the bandwidth of excitation �w . When �w is very 
broad , then we have shown that certain frequency integrations 
such as those of paragraphs 2 . 1  and 3 . 1  become quite simple , 
and that the expected variance in system response calculated 
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in paragraph 4 . 2 is  reduced as the noise  bandwidth increas es . 
When �w gets smaller than the average spacing between modes , 
we may expect that variance will  increase because of  the 
smaller number of modes included in the averages . When �w 
becomes of the order of  a modal bandwidth , other complications 
(or pos s ibly s implif ications ) may develop . 

Narrow band excitation o f  resonator . Let us suppose  
that the excitation t ( t )  of  the sing le dof  system of Fig . 
. h . 1 - iwt h d ' �s t e pure tone s �gna L e T e respons e , accor �ng 
Eq • ( 2 • 1 .  2 0  ) is  

v ( t )  

2 . 1  
to 

1 4 1  

( 4 . 4 . l ) 

In Chapter 2 ,  we averaged l y l 2 over an interval �w ( large 
compared to won ) to determine the noise response of the 
resonator . Let us now suppose that w is fixed and we are 
s electing resonators out of  a population having resonance 
frequencies w Q uniformly distr ibuted over the interval �w 
( this is one f eature of  the S EA model introduced in 
paragraph 3 . 2 ) .  Then the average m . s .  respons e will  be 

1 
2 

( wn M ) 
( 4 . 4 . 2 ) 

where �e= (�/2 ) Wn , the effective bandwidth . This is quite a 
s lowly varying function of w , so that i f  we now say that l et }  
is a narrow band s ignal o f  bandwidth o w  so  that 1/ 2 L 2 +2S t ( w ) ow , 
we have (remember that spectral densities in w are defined from 
- oo < w < + oo ) .  

( 6w/Aw ) 

2 (wn M) 
( 4 . 4 . 3 ) 
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which shou ld be  compared to Eq . ( 2 . 1 . 3 9 ) . We may s ay that 
the effect of r e s tr ic ting the bandwidth to � w , is to reduc e 
the eff ective spectr a l  d ens ity o f the exc itation in the ratio 
o w/�w . When o w+�w , we ob tain the or iginal r e s ponse o f  the 
resonator to the no i s e  o f  bandwidth �w . The re spons e  o f  a 
resonator to a s igna l  o f  any bandwidth i s  o f  the s am e  form as  
a nois e r e s pons e ,  i f  we average over the r e s onance frequency 
of the r e s onator . 

I nteracting Mod es . T he result of Eq . ( 4 . 4 . 3 )  a l l ows u s  
t o  interpr et the result o f  Eq . ( 3 . 1 . 3 2 )  i n  a n  inter e s tinq 
way . The interaction of mode " 2 "  wi th a s ing l e  mod e " 1 "  wa s 
f ound to be equ iv a l ent to ex c itation o f  mode by a white noi s e  
s ourc e . Let us  re - examine thi s  res u l t  in the l ight o f  Eq . 
( 4 . 4 . 3 ) . T o  do thi s , imagine for s impl i c ity tha t  the 

resona tors in F ig . 3 . 1  hav e  gyros cop i c  coupl ing only . Then , 
noi s e  ex citation wi th spectr a l  dens ity S t l o f  res onator 1 wi th 
Y2= O , results  in a m . s .  velo c i ty o f  thi s  r e sonator g iven by 

( 4 . 4 . 4 )  
�l M� 

1 4 2 

This m . s .  velocity has  an equiva l ent bandwidth � = ��1/2 , 
s ince i ts spectral form i s  that o f  the admi ttance

e6t resonator 1 .  

F rom Eq . ( 3 . 1 . 3b )  a m . s .  velocity <vi> wi l l  produce a m . s .  
forc e on r e sonator 2 g iven by <vi> G 2 = <vi > y 2MlM2 • Thi s  m . s . 
force i s  " s pr ead " over a bandwidth �e 1 , s o  that i t s  spectra l , , , 
d ens � ty �s 

1fS, «(I) y 2M1M2 2 S, «(I) <V 2 > y 2 M1M2/A1e= 1 = A 1 2 2 A1M1 e , l  
( 4 . 4 . 5 ) 

Thu s  

S t S JI.  
M2 ...:L � �

2 ) 1 ( 4 '. 4 . 6 ) = 
M

1 
'2 8e , 1 2 1 8l�

2 
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is the spectral density . Since , according to Eq . ( 4 . 4 . 3 ) , such 
a signal is equivalent to a broad band noise  over a band 6w , 
with spectrum S� 6e l  lAw , the equivalent broad band excitation 
produced by the fnteraction is 

6 e , l 
t:W" = S '  

.11- 2 
= S �  

I 
( 4 . 4 . 7 )  

where A=y 2/61A 2 for gyroscopic coupling only , which is con­
sistent with Eq . ( 3 . 1 . 3 2 )  for weak coupling . 

We have shown two important features of the interaction 
with this calculation . Firs t ,  we can properly account for 
the interaction when the coupling is  weak ( A « l )  as excitation 
of the indirectly excited system by noise , through a filter 
of bandwidth Ale and transfer magnitude determined by the 
coupling str ength , if the resonance frequency of  the receiving 
system is allowed to take random values over the interval 6w . 
Secondly , if the effective bandwidth o f  the excitation of 
system 2 is  6el , then if more than one mode may be excited 
s imultaneous ly ,  we may expect important coherence ef fects to 
arise from such narrow band excitation . We now discuss j us t  
what those  effects may be . 

Coherence Effects in Multi-Modal Respons e  to Band-Limited 
Noise . We suppose that the system described by Eq . ( 2 . 2 . 1 ) is 
excited by noise  source of bandwidth 6w . This source may b e  a 
vibration exc iter or a damped resonator driven by no is e as dis­
cus sed in the preceding paragraphs . The displacement respons e 
is of  the form given in Eq . ( 2 . 2 . 3 ) . The density average of  m . S .  
displacement is , o f  course 

<y 2 >  p , t  = E 
m 

<y 2 ( t )  > 
m t ( 4 . 4 . 8 )  

We now assume that all  modes in the interval o w  have the same 
damping , with effective bandwidth Ae ' I f  we exc ite this system 
at a location where all  modes have nearly the same amplitude 
(on a free plate , this  would correspond to a corner ) , then we 
can assume that the m . s .  response of each mode is identical . 
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Accordingly , 

( 4 . 4 . 9 ) 

where N is  the number of  resonantly excited modes and <y 2 > t 
is the m . s .  response of each . 

Eg . ( 4 . 4 . 9 ) g ives the average response of  the system in 
the spirit of paragraph 4 . 1 ,  assuming completely incoherent 
respons e .  Let us  suppose , however , that the response of 
every mode were perfectly coherent , as  it  would be under 
sinusoidal excitation ( �w« �e ) .  In this event , the m . s .  
respons e is  at any point is 

<y 2 >t = E < Ym (t )  Yn (t » t $m (x ) $n (x ) . 
m , n  

( 4 . 4 . 1 0 )  

I f  there i s  a location where every mode has an antinode 
($=$max ) and every modal vibration is  in phase ,  then the m . s . 
response at that location is  

max <y 2 > t = N 2 ( 4 . 4 . 11 )  

The ratio o f  the rrns response a t  this location to the incoherent 
rrns response is  

Ymax 
Yrrns 

= 1Vmax IN ( 4 . 4 . 1 2 )  

Thus , i f  N is large , this coherent " hot spot "  o f  response 
may be substantial ly greater than the incoherent estimate . 
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Let us now assume that the noise  bandwidth �w is  large 
compared to �e . The modal density of the system is n ew ) . 
Thus , the size  of each group of  coherent excited modes is  n�e , 
which by presumption mus t  be  large for coherent effects to be  
o f  any importanc. e. The coherent response maximum , therefore , 
according to Eq .  ( 4 . 4 . 11 ) , i s  (n�e ) 2 <y 2 > t1/!max 2 , and a m . s . 
response o f  n�e<y 2 >t , according to Eq . ( 4 . 4 . 9 ) . Each pos s ib le 
coherent peak , therefor e , exists in an incoherent " background" 
given by n (�w-�e ) '  so that the total response at  a hot spot is 

1 4 5  

( 4 . 4 . 1 3 )  

The ratio of maximum to average response then is 

�w>� e ( 4 . 4 . l 4a ) 

( 4 . 4 . l4b ) 

As an example , consider the plate of the example in 
s ection 4 . 3 .  In  that example n�e= (�/2 ) fnp/ o fp= l O- �f/1 0 .  
At 1 0 0 0  Hz , the number of coherent modes would be �3 . At 
1 0 , 0 0 0  Hz , we would have 3 1  modes in each coherent group . 
The " statistical r esponse concentrations" for this  plate under 
1/3 OB and pure tone respons e (1/!max=2  for 2-dimens ional mode ) 
at 1 0 0 0  H z  are 

( 1/3 
max <y 2 >t OB ) ----- = � • 
<y 2 > x , t  
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max<y 2 >t (pure tone ) = � · 4 = 13  
<y 2 > 

x , t 

At 1 0 0 0  Hz , there is  a small  response concentration 
due to coherence for 1/3 OB excitation , but a concentration 
factor of about 3 . 5  will  occur for pure tone excitation . 

At 1 0 , 0 0 0  H z , we have 

(pure tone ) 

� 8 + 1 = 9 

max<y 2 >t 

<y 2 > 
x , t  

The concentration for the band o f  noise is sti l l  mod e r a t e  
but for pure tone excitation , the response concentration 
is  greater than 11 . 

I t  is  c lear that statistical response concentrations 
are s i zeable . We have not discussed the probability that 
such a coherent peak , as  represented by Eq . ( 4 . 4 . 1 2 ) , will  
occur . Although the point is not completely reso lved , it  
appears that such concentrations have a good likelihood of  
occurr ing . As  a practical matter , such coherence effects 
will  be important when large systems with high modal density 
and moderate to high damping are exc ited by pure tones . When 
these  " statistica l "  concentr ations occur , they may be con­
s iderably larger than the " stress  concentrations " that occur 
near boundaries as exemplified by Fig . 4 . 3 .  

1 4 6 
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� ( a )  MOD E  SHAPE "'2 ( x 2 )  FO R CLA M P E D  - F R E E  B E A M  

( b )  M .  S .  D IS P L A C E M ENT O F  CLAM PED - FR E E  B E A M: 'lJ: ( x2) 

O���----��----���----------�----­.. 2 
(e )  M. S. SURFACE STRAIN OF CLAMPED - FREE BEAMS ';2 (x,) 

F I G  4 . 1 

1 4 7 

SPATIAL DI ST R I BUTION OF R ESPONSE FOR C LAM P E D - FREE BEAM 
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k c o s  cj> l------+-)t 

F IG. 4. 2 

D I ST R I BUTI ON OF 2 - DI M E N S I O N A L  MODES EXC ITED BY BAND O F N O I S E t::. w 

X 2 

F IG. 4 . 3  

M U LTI-MODAL TEM PORA L M EA N  SQUARE RES P O N SE O F  R ECTANGULAR PLATE 
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PLATE EXCITATION 

BEAM 

SYSTEM 1 

( 0 ) BEAM CANTI LEVERED TO PLAT E ( b ) UNCOUPLED SYSTE MS 

FIG 4.4 
BEAM- PLATE SYSTEM , B EA M I N D I R ECTLY EXC I T E D 
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FIG 4. 5 
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F I G  4. 6 
BEN D I N G  STRAI N I N  A BEAM OF TH I CK N ESS h 

• 

F I G  4 .7 
TH E SU M I N  EQ. ( 4. 2 . 5 )  AS A FUNCTION OF W cr  
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A S  A FU N C TI O N  O F  NOR M AL I Z ED VAR I A N C E  
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C h a p t e r 1 .  T h e  D e v e l o pm e n t  o f  S E A 

1 . 0 I n t r o d u c t i o n 

A general review o f  the procedure s o f  SEA i s  given in 

( a a )  R .  H .  Lyon , "What Good i s  S tatis ti c a l  Ene rgy Analys i s , 
Anyway ? "  Shock and Vibration Dige s t , Vol . 3 ,  No . 6 ,  
pp 1- 9 ( June 1 9 7 0 ) . 

The u s e  o f  stati s t i c s  in random vibration i s  pre s ented in 

( ab )  S .  H .  Crand a l l  and W. D .  Mark , Random Vibration in 
Mechan i c a l  Sys tems (Academi c Pres s ,  New York , 1 9 6 3 ) . 

( a c )  Y .  K .  Lin , Probab i l i stic  Theory of S tructural Dynami c s  
(McGraw-Hi l l  Book Co . , Inc . , New York 1 9 6 7 ) . 

A we l l  known " cl a s s ical " reference in vibration 
analy s i s  i s  

( ad )  J .  P .  Den Hartog , Mechan i c a l  Vibrations - Fourth Edition 
(McGraw-Hi l l Book , Co . , Inc . , 1 9 5 8 ) . 

P rob l ems involved in c a l culating re sonance frequenci e s  
and mode shap e s  o f  h i gher order modes are reviewed in 

C ae )  R .  Bamford , e t  a l . , " Dynamic Ana lys i s  o f  Large S tructura l  
Sys tems , "  contribution to Synthe s i s  of Vibrating Systems , 
Ed . by V .  H .  Neubert and J .  P .  Raney (A . S . M . E . , 
New York 1 9 7 1 ) . 

C a f )  E .  E .  Ungar , e t  a l . , " A  Guide for Predi cting the 
Vibrations of Fighter Ai rcraft in the Pre l iminary D e s i gn 
S tage s " AFFDL-TR- 7 1 - 6 3 ,  Apri l 1 9 7 3 . 

The s tati stical theory o f  room acousti c s  from a modal 
vi ewpoint i s  pres ented in 

C ag )  P .  M .  Morse and R. H .  Bolt , " Sound Wave s in Rooms " 
Rev . Mod . Phys . 1 6 , No . 2 ,  pp . 6 9- 1 5 0  (Apri l  1 9 4 4 ) . 

and i s  presented from a wave viewpoint in 
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( ah )  L .  L .  Beranek Acou s t i c s  (McGraw-Hi l l  Book Co . , Inc . 
New York , 1 9 5 4 ) . 

The s tati stical  mechan i c s  o f  groups o f  re sonators i s  
important in the theory o f  speci f i c  he ats o f  crystal s . 
An introductory re ference i s  

( a i ) F .  K .  Richtmyer and E .  H .  Kennard , I ntroduction to 
Modern Phys i c s  (McGraw-Hi l l  Book Co . , Inc . 1 9 4 7 ) . 

( a j ) 

The repre s entation o f  a therma l re s ervoir as  a noi s e  
generator i s  d i s cu s s e d  i n  

A .  van d e r  Z i e l , Noi s e  ( Prentice Hall , Inc . Englewood 
C l i f fs , N .  J . 1 9 5 5 ) . 

Measure s o f  acoustical characte r i s t i c s  o f  rooms that 
are thought to a f fect the l i s tening qual i ty of a room 
are pre sented in 

( ak )  L .  L .  Beranek , Mus i c , Acou s t i c s  and Archi te c ture ( John 
Wi ley & S ons , Inc . , New York , 1 9 6 2 ) . 

The quotation by Mehta i s  to be found in the intro­
duction to 
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( a l )  M .  L .  Mehta , Random Matri ces and the S tati s t i c a l  Theory 
o f  Ene rgy Leve l s , (Academic Pre s s , New York 1 9 6 7 ) . 

1 . 1 B e g i n n i n g s  

The ear l i e s t  work in SEA i s  to be found in 

( am)  R. H .  Lyon and G .  Maidanik , " P owe r F l ow Between Linearly 
Coupled O s c i l lators " J .  Acou s t . Soc . Am . ,  Vol . 3 4 , No . 5 ,  
pp . 6 2 3- 6 3 9  (May 1 9 6 2 ) . 

( an )  P .  W .  Smi th , Jr . , " Re s ponse and Radi ation o f  S tructural 
Modes Exc i ted by Soun d "  J .  Acou s t . Soc . Am . ,  Vo l 3 4 , 
No . 5 pp . 6 4 0 - 6 4 7  (May 1 9 6 2 ) . 

The pape r s  concerned with removal of the " l ight 
coup l ing " res tri ction are 

( ao ) E .  E .  Ungar , " S tatistical  Energy Analy s i s  o f  Vibrating 
Sys tems " Trans . ASME , J .  Eng . I nd . pp 6 2 6 - 6 3 2 ( Nov . 1 9 6 7 ) . 
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( ap )  T . D .  Scharton and R .  H .  Lyon , " Powe r Flow and Energy 
Sharing in Random Vibrat ion " J .  Acoust . Soc . Am . 
Vol . 4 3 , No . 6 pp 1 3 3 2 - 1 3 4 3  (June 1 9 6 8 ) . 

Reports that contain the earlie s t  results on var i ance 
analys i s  are 
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( aq )  R .  H .  Lyon , e t  al . ,  " Random Vibrati on S tudie s o f  Coupled 
S tructure s in E l ectronic Equipments " Report No . ASD-TDR-
6 3- 2 0 5 . Wright P atterson Ai r Force rase , Dayton , Ohi o . 

( ar )  R .  H .  Lyon , " A  Revi ew o f  the S tati s t i c al Ana ly s i s  o f  
S truc tura l  Input Admittance Function s . Report No . 
AD- 4 6 6 - 9 3 7 . Wright Patterson Air Force Base , Dayton , 
Ohio . 

The s e  variance c alcu l ations were used to deve lop 
e stimation interva l s  in 

( a s ) R.  H .  Lyon and E .  E i chler , " Random Vibration o f  Con­
nected S truc ture s "  J .  Acous t .  Soc . Am . ,  Vol • .  3 6 , No . 7 ,  
pp 1 3 4 4 - 1 3 5 4  ( July 1 9 6 4 ) . 

The extens ion o f  the SEA formulation to thre� sys tems 
in tandem i s  in 

( a t )  E .  E i chler , " Thermal C i rcuit Approach t o  Vibrations in 
Coupled Sys tems and the Noi s e  Reduction o f  a Rectangular 
Box " , J .  Acou s t . Soc . Am . ,  Vo l .  3 7 , No . 6 ,  pp 9 9 5 - 1 0 0 7  
(June 1 9 6 3 ) . 

Three e lement transmi s s ion for the plate-bearn-plate 
sys tem is given in 

( au )  R. H .  Lyon and T .  D .  Scharton , "Vibrational Ene rgy 
Transmi s s ion in a Three E l ement Structure " ,  J .  Acous t .  
Soc . Am . ,  Vol . 3 8 , No . 2 ,  pp 2 5 3- 2 6 1  (August 1 9 6 5 ) . 

The calculation o f  p l ate-edge admi ttances i s  given in 

( av )  E .  Eichle r , " P l ate-Edge Admi ttance s " , J .  Acou s t . Soc . 
Am . , Vol . 3 6 , No . 2 ,  pp 3 4 4 - 3 4 8 ( February 1 9 6 4 ) . 

The e f fect o f  rein forcing beams and con s t rained edges on 
the radi ation re s i s tance of flat p late s is g iven in 

( aw )  G .  Maidanik , " Re sponse o f  Ribbed P an e l s  to Reverberant 
Acous t i c  Fields " ,  J .  Acous t .  Soc . Am . , Vol . 3 4 , No . 6 ,  
pp 8 0 9 - 8 2 6  (June 1 9 6 2 ) . 
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A similar calculation for cylinders is given in 

(ax)  J .  E .  Manning and G .  Maidanik , " Radiation Properties of  
Cylindrical Shells " ,  J .  Acoust . Soc . Am . , Vol 3 6 , No . 9 ,  
pp 1 6 9 1-1 6 9 8  ( September 1 9 6 4 ) . 

( ay )  L .  Cremer and M . Heckl , Structure-Borne Sound ( Springer 
Verlag , Berlin 1 9 7 3 ) . Translated by E .  E .  Ungar . 

The input impedances in matrix form for foundations 
re sting on a visco-elastic half space may be found in 

(az ) L .  Kurzweil , " Seismic Excitation of Footings and Footing­
Supported Structures " , Ph . D .  Thesis , MIT Dept . of Mech . 
Eng . , September 1 9 71 . 

Modal densities for acoustical spaces are derived in 
(ag ) . Modal densities for flat and curve d structures 

may be found in (ay ) and in 

(ba )  V. V. Bolotin , "On the Density of the Dis tribution of 
Natural Frequencies of  Thin Elastic Shells " ,  J : Appl . 
Math Mech . , Vol . 27 ,  No . 2 , pp 5 38-5 4 3  (Trans . from 
Soviet J . : Prikl . Mat . Mekh . , Vol . 2 7 , No . 2 , 
pp 3 6 2- 3 6 4  ( 1 9 6 3 ) . 

Other modal density calculations may be found in 

(bb )  M . Heckl , "Vibrations of Point Driven Cylindrical Shells " ,  
J .  Acoust .  Soc . Am . , Vol . 34 , No . 1 0 , pp 1 5 5 3-1557  ( 1 9 62 ) . 

(bc ) J .  E .  Manning , et al . , " Transmission o f  Sound and 
Vibration to a Shroud-Enclosed Spacecraft " .  NASA Report 
CR- 8l6 8 8 , October 1 9 6 6 . 

(bd) K .  L .  Chandiramani , et a1 . ,  " Structural Response to 
Inflight Acoustic and Aerodynamic Environments " .  BBN 
Report 1417 , July 1 9 6 6 . 

(be ) D .  K .  Miller and F . D .  Hart , "Modal Density of Thin 
Circular Cylinders " ,  NASA Contractors Report CR- 8 9 7  ( 1 9 67 ) . 

(bf )  E .  S zechenyi , "Modal Densities and Radiation Efficiencies 
of  Unsti ffened Cylinders Us ing statistical Methods " ,  J .  
Sound Vib . , Vol . 1 9 , No . 1 ,  pp . 6 5- 8 1  ( 1 9 7 l ) . 

The modal density of  cones is  presented in 
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(bg ) J .  E .  Manning , et  a 1 . ,  "Vibration Transmi s s ion in the 
RVTO Phas e 1A Re entry Vehicle " ,  BBN Report 1 5 3 3 , 
March 1 9 6 8 .  

and for d i shed she l l s  in  

1 5 7 

(bh ) J .  P .  D .  Wi lkinson , "Modal Dens i tie s o f  certain Shallow 
Structural E l ements , "  J .  Acou s t . Soc . Am . , Vo l 4 3 ,  No . 2 ,  
pp 2 4 5 - 2 5 1 ( 1 9 6 8 ) . 

Structural damping i s  expre s s e d  a s  an edge abs o rption 
coefficient in 

(bi ) M .  Heck 1 , e t  a 1 . , " New Methods for Unders tanding and 
Control ling Vibration s  o f  Complex Struc ture s " ,  wright 
Patterson Air Forc e  Base T echni c a l  Note ASD-T��- 6 1- l 2 2  
( 1 9 6 2 ) • 

and the air-pumping mechani sm for damping of s tructures 
i s  pres ented in 

(bj ) E .  E .  Ungar , " Energy D i s sipation at S tructural Joints , 
Me chani sms and Magni tude s , "  U . S .  Ai r Forc e  FDL-TDR- 6 4 - 9 8  
( 1 9 6 4 )  • 

The app l i c ation of  SEA to sound transmi s s i on through 
double wal l s  is reported in the fo llowing artic les : 

(bk ) M .  J .  Cro cke r , e t  al . , " Sound and Vibration Transmi s s ion 
Through P ane l s  and Tie Beams U s ing S tati s t i c a l  Energy 
Analys i s " ,  Tran s . ASME : J .  Engineering Ind . (Aug 1 9 7 1 )  
pp 7 7 5- 7 8 2 . 

(bl ) P .  H .  White and A .  Powe l l , "Transmi s s ion o f  Random 
Sound and Vibration Through A Rec tangular Doub le Wal l " ,  
J .  Acoust .  Soc . Am . , Vol .  4 0 , No . 4 ,  pp 8 2 1- 8 3 2  ( 19 6 5 ) . 

(bm )  A .  Rin sky , " The E f fects of Studs and Cavity Ab sorption 
on the Sound Transmi s s ion Lo s s  o f  P l a s terboard Wal l s " ,  
S c . D .  The s i s , MIT Dept .  o f  Mech . Eng . , February 1 9 7 2 . 

An attempt to e lucidate imp l i c ations o f  the SEA model in 
terms of c la s s ic al vibration analys i s  is pre s ented in 

(bn ) J.  L.  Z eman and J.  L.  Bogdano f f , " A  Comment on Complex 
S tructura l  Re sponse to Random Vibrations " ,  AIM Journal , 
Vol . 7 ,  No . 7 ,  pp 1 2 2 5- 1 2 3 1 ( July 1 9 6 9 ) . 

and a l s o  in 
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(bo ) W .  Gersch , " Mean Square Responses  in S tructural Systems " ,  
J .  Acoust . Soc . Am . ,  Vol 4 8 , No . 1 ( Pt . 2 )  pp 4 0 3- 4 1 3  
( 1 9 7 0 )  . 

( bp )  W .  Gersch , "Average Power and Powe r Exchange in 
Osci l lators " ,  J .  Acoust . Soc . Am . ,  Vol . 4 6 , No . 5 
1Pt . 2 )  pp 1 1 8 0-1185 ( 1 9 6 9 ) . 
The work o f  Lotz re ferred to i s  

(bq ) R .  Lot z , " Random Vibration of  Complex Structures " ,  Ph . D .  
The s i s , MIT Dept . o f  Mechanical  Engineering , June 1 9 7 1 . 

A compari son o f  the e f fect of  power flow of  various 
assumptions regarding modal  frequency stati stics  (or 
occurrence in frequency ) i s  given in ( ap ) . A report 
in whi ch calculations for a deterministic  sys tem may 
be compared with the SEA calculations i s  

(br ) J . E .  Man n i ng a n d  P .  J .  Re mi n g t o n , " S t a t i s t i ca l  :.1e t h o d s  l. n  Acous t i c s " ,  J .  Acous t .  Soc .  A.m . , "n 1 . " 7 , �,.,. . � ,  
( Feb . , 1 9 7 5 ) . �- ------------��� 

1 . 2 T h e  G e n e r a l  P r o c e d u r e s o f  S E A  

Discus sions o f  " s imi l ar "  mode groups may be found in  
( aa ,  bc ) and  in 

(bs ) J .  E .  Manning , "A  Theoretical  and Experimental Model­
Study o f  the Sound- Induced Vibration Transmi tted to  a 
Shroud-Enclosed Spacecraf t " . BBN Report 1 8 9 1 , submitted 
May 1 ,  1 9 7 0  to NASA . 

The equivalent RC c i rcuit for energy f low i s  d i s cus sed 
in  ( am ,  at ) . The power inj ecting properties  of  various 
random loading environments are di scussed in  (bd )  and 
also  in 

(bt ) R. H .  Lyon " Boundary Layer Noi s e  Re sponse Simulation 
with a Sound Field " , Chapter 1 0  of Acoustical  Fatigue 
in Aerospace S tructures , Ed . by W .  J .  Trapp and 
D .  M. Forney ( Syracuse University Pre s s , Syracuse , 
N .  Y . , 1 9 6 5 ) . 

(bu )  R .  H .  Lyon , Random Noi se and Vibration i n  Space Vehicles  
Shock and Vibration Information Center ,  U .  S .  Dept . o f  
De fense , 1 9 6 7 ) . 
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(bv)  I .  Dyer , " Re spon se o f  P l ate s to a Decaying and Conve cting 
Random Pres sure Field " . J .  Acous t .  Soc . Am . , Vo l .  3 1 , No . 7 
pp 9 2 2 - 9 2 8  ( 1 9 6 5 ) . 

The relative magni tude s o f  time averaged and o s c i l l ating 
power flow between coupled resonator s  is d i s cussed in 

(bw )  D .  E .  Newl and , " Calculation o f  Powe r Flow Between Coupled 
Os c i l l ators " ,  J .  Sound Vib . , Vol . 3 , No . 3 ,  pp 2 6 2 - 2 7 6  
( 1 9 6 6 ) .  

A brie f s ummary o f  the prob lems o f  measuring various SEA 
parameters i s  g iven in 

(bx ) R. H .  Lyon , "Analys i s  o f  Sound- S truc tural Interaction by 
Theory and Experiment " ,  Contribution to Proceedings o f  
Purdue Noi s e  Control Conference , July 1 4 - 1 6 , 1 9 7 1 , 
Purdue Unive r s i ty . 

Modal den s i ty measurements o f  cylinders are presented 
in (bb , b s ) . Measurements for f l at p l ates are given in 
( ar ,  at) , and for mas s l o aded plates in 

( by )  R. W. S evy and D .  A .  Earl s , " The Prediction o f  Internal 
Vibration Leve l s  o f  F l ight Veh i c l e  Equipments U s ing 
S tati s tical Energy Method s , "  U . S .  Air Forc e  Technical 
Report AFFDL-TR- 6 8 , June 1 9 6 8 . 

Calculations o f  modal dens ities  are given in (ba through 
bh ) for a vari ety of s truc tural e l ements or subsys tems . 
Input impedance s  to beams and plates are found i n  ( a o , 
ay , av ) . Input impedance s to s ound f i e ld s  may be found 
in ( am , aw , ax , bd , bg ) , and in 

(b z )  R .  H .  Lyon , " S tati stical Analysis  o f  Power Inj e c tion and 
Re sponse in S tructures and Rooms " J .  Acou s t . Soc . Am . ,  
Vol .  4 5 , No . 3 ,  pp 5 4 5 - 5 6 5  ( 1 9 6 9 ) . 

The derivation o f  transmi s s ion los s and its rel ation to 
coupl ing l o s s  factor may be found in 

( c a )  I .  L. Ver and C .  I .  Ho lmer , " Interaction of Sound Wave s 
with S o l i d  S tructure s " , Chapter 1 1  o f  No i s e  and 
Vibration Contro l , Ed . by L .  L .  Beranek (Mc Graw-Hi l l  
Book Co . , Inc . New York 1 9 7 1 ) . 

( cb )  C .  I .  Holmer , " Sound Transmi s s ion Through Struc ture s : 
A Review " M . Sc .  The s i s , John C arro l l  Univer s i ty , 
Cleve l and , Ohi o 1 9 6 9 . 
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A u s e ful " di c tionary " o f  transmi s s ion l o s s  for various 
practical wall s tructur e s  may be found in 

( c c ) R. D .  Berendt , G .  E .  Win z e r  and C .  B .  Burrough , "A 
Guide to Airborne , Impact and S truc ture Borne Noi s e  
Control i n  Multi fami ly Dwe l ling s . "  U .  S .  Dept . o f  
Hous ing and Urban Development , Washington , D .  C . , 
S eptember 1 9 6 7 . 

The relation o f  vibrational veloc i ty to s tre s s  in a 
variety o f  s tructural e l ements i s  pre s ented in 

( cd )  F .  V .  Hunt , " S tre s s  and S train Limi ts on the Attainable 
Ve locity in Mechanical Vibration " ,  J .  Acous t .  Soc . Am . , 
Vol . 3 2 , No . 9 ,  pp 1 1 2 3 - 1 1 2 8  ( 1 9 6 0 ) . 

( ce )  E .  E .  Ungar , "Maximum Stre s s e s  i n  Beams and P l ate s 
Vibrating at Re sonance " ,  J .  Eng . Ind . Vo l . � , No . 1 ,  
pp 1 4 9 - 1 5 5  (February 1 9 6 2 ) . 

Analys i s  o f  response vari ance i s  deve l oped in ( aq , a r , 
a s , b z ) . A b a s i c  d i s cus s ion o f  confidence interva l s  
and coe f f i cients may b e  found in 
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( c f )  A .  M .  Mood , Introduction to the Theory of Statistics 
(McGraw- Hi l l  Book Co . , Inc . , New York , 1950) . Chapter 1 1 . 

1 . 3 F u t u r e D e v e l o p m e n t s  o f  S E A  

The range o f  profes s i onal worke r s  making use o f  SEA i s  
d i s cu s s ed i n  ( a a ) . That re ference prompted additional 
d i s cus s i on . 

( c g )  J .  L .  Z eman and J .  L .  Bogdanof f , Letter to the Editor . 
The Shock and Vibration Dige s t , Vo l .  3 ,  No . 1 , p 2 ( 1 9 7 1 ) . 

( c h )  C .  T .  Morrow , " Can Stati st i c a l  Energy Analy s i s  be 
Applied to Des ign? " The Shock and Vibration Dige s t , 
Vol . 3 , No . 5 ,  P t . 1 ( 1 9 7 1 ) . 

and a reply 

( c i ) R .  H .  Lyon , Letter to the Edi tor . The Shock and Vibration 
Diges t ,  Vol . 3 ,  No . 1 0 , pp 3 - 4  ( 1 9 7 1 ) . 
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A computer solution o f  s imul taneous equations in SEA 
has been carried out and is reported in 
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( c j ) D .  M .  Wong , " Transmi s s ion of  Nois e and Vibration Between 
Coupled Cylinders , "  Lockheed Sunnyva l e  Report , 1 9 6 9 . 

The deve lopment of  a range o f  mod e l s  more complex than 
the SEA mode l s  pres ented here that have greater 
" information capaci ty " has been d i s cus sed in 

( ck )  R .  H .  Lyon , " App l i c ation o f  a D i sorder Measure to Acous t i c a l  
and Structural Mode l s " J .  Eng . I nd . , Tran s . ASME , Vol . 9 3 , 
Ser e B ,  No . 3 ,  pp 8 1 4 - 8 1 8  (Augus t  1 9 7 1 ) . 

The allowance for modal interference e f fects  the modal 
res onance frequency spacing has been di s cussed in ( a I , 
b z ) • 

1 . 4 O r g a n i z a t i o n  o f  P a r t  I 

Various s urveys o f  SEA have been publi s he d  for various 
audienc e s . They include ( aa ,  ao , at , bq , br , bx) and 
a l s o  

( c l )  R .  H .  Lyon and G .  Maidanik , " Statistical  Methods in  
Vibration Analys i s " , AIM Journal , Vol .  2 ,  No . 6 ,  
pp 1 0 1 5 - 1 0 2 4  ( 1 9 6 4 ) . 

( cm )  P .  A .  Franken and R .  H .  Lyon , " E st imation o f  Sound­
Induced Vibrations by Ene rgy Methods , wi th Appl i cations 
to the T itan Mi s si le " , Shock and Vibration Bul letin , 
No . 3 1 , P art I I I , pp 1 2- 1 6  ( 1 9 6 3 ) . 

( cn )  R .  H .  Lyon , " Ba s i c  Notions in Statistical Energy 1\.."la1ysis , "  
Contribution to Synthesis of Vibrating Systems , Ed . by 
V .  H .  Neubert and J .  P .  Raney , (ASHE , New York , 19 7 1 ) . 

( c o \  P .  W .  Smith , Jr . and R .  H .  Lyon , " Sound and S tructura l 
Vibratio n " , NASA Contractor Report CR- 1 6 0 , March 1 9 6 5 . 

C h a p t e r  2 .  E n e r g y  D e s c r i p t i o n  o f  V i b r a t i n g  Sy s t em s 
2 . 0  I n t r o d u c t i o n 

Additional di scus s i on o f  energy vari ab l e s  in vibration 
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( cp )  

may b e  found i n  ( c o ) . The relation o f  impedance 
functions to energy vari ab l e s  is d i s cu s s ed in 

E .  A. Gui l l emin , Introductorf C i rcuit Theory , 
and Hal l , Ltd , New York 1 9 5 3  Chapter 7 .  

( Chapman 

Di scus s ion of the relation between mod al and wave 
de scriptions may be found a l s o  in ( ag ,  am , co ) . 

2 . 1  M o d a l  R e s o n a t o r s  

So lutions for the s ingle dof vibrator may b e  found i n  
( ab ,  ad , co , c p l . Rel ations among various measures o f  

damping may be found in ( ay ) . Reverberation t ime a s  
a measure o f  the damping o f  s ound wave s i s  d i s cu s s ed 
in ( ah ,  c o ) . The idea of vi ewing various frequency 
regions o f  response is "ma s s -contro l l ed " , etc . i s  
d i scussed i n  ( ca , c o ) . Random excitation o f  s impl e  
resonators i s  extens ively d i s cu s s ed in ( ab , ac ) . The 
notion of a white no i s e  generator a s  a constant power 
source i s  in ( am ) . The removal o f  the divergent mas s 
law response o f  a mode to white no i s e  may be found in 

( c q )  R .  H .  Lyon , " Shock Spectra for S tati s t i c a l ly Modeled 
S �ructure s " ,  Shock and Vibration Bulletin , No . 4 0 , 
Part 4 ,  pp 1 7 - 2 3 , December 1 9 6 9 . 

2 . 2  M o d a l  A n a l y s i s  o f  D i s t r i b u t e d S y s t e m s 

The theory o f  the vibration of d i stributed s y s tems by 
using modal expan s ions may be found in ( an )  and a l s o  in 

( c r )  P .  M. Mor s e  and H .  Feshbach , Methods o f  The oreti c a l  
Phys i c s  (McGraw-Hi l l  Book C o l , I nc . , New York , 1 9 5 3 ) . 

When d amping i s  not proportional to the mas s  den s i ty 
an i rreducib l e  modal coup l ing re s u lts whi ch i s  
extens ive ly d i s cussed i n  (bn ) . Moda l  l attic e s  are 
us ed extens i vely in acousti c s ( ag ,  ah ) and in x-ray 
d i f fraction theory and s o l i d  s tate phys i c s : 

( c s ) I . .  Bd1. l oui n , Wave Propagation in Periodic Structure s 
(McGraw- H i l l  Book Co . ,  Inc . , New York , 1 9 4 6 ) . 
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An e lementary discuss ion o f  energy and group ve locity 
may be found in ( ai ) . The expans ion of  the s truc ture 
admi ttance function as a sum of modal  admi ttances  i s  
g iven i n  ( bz ) . The point input res i s tance of  an infinite 
p late i s  derived in ( ay ,  co ) . The use of  conductance 
measurement as a means o f  evaluating modal  dens i ty was 
f irst  proposed in (bx ) . 

2 . 3  D y n a m i c s  o f  I n f i n i t e Sy s t e m s 

The development o f  di spersion relations  and the ir  inter­
pretation in terms of  phase and group velocities  may 
be found in 

( c t )  L .  M .  Brekhovskikh , Waves in La�e red Media  (Academi c 
Pres s , New York 1 9 6 0 ) . Derivat10ns for the " st i f fnes s  
operator " for strings , beams , and sound f ields  may be 
found in 

( cu )  P .  M.  Morse , Vibration and Sound , Second Edition , 
(McGraw-Hi l l  Book Co . ,  Inc . 1 9 4 8 ) . The theory o f  
Fourier integral s  and the u s e  of  con tour integral s  
t o  evaluate the inverse trans form may b e  found i n  
( c r ) . The derivation of  mean free path for a two 
dimens ional  sys tem i s  to be found in ( c o ) . The dis­
cus sion o f  resonator interaction with a f inite  pl ate 
is adapted from (bo ) . 

2 . 4  M o d a l - W a v e D u a l i t y 

The decomposition of  a wave fie ld into " direct " and 
" reverberant " components is d i scus sed in ( ag ,  ah , ay , 
bz , co ) . The formation of  the direct  field  as a 
result of modal coherence may be found in ( ag ) . 
Various integral expres s ions for and re lations be tween 
bes s e l  functions may be found in �r)  • 

C h a p t e r  3 .  E n e r g y S h a r i n g  by C o u p l e d  S y s t e m s  

A discuss ion o f  the envi ronmental excitation of 
structure s may be found in (bd , bu ) and in 
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( cv)  R .  H.  Lyon , "An Energy Method for Prediction o f  Noi s e  
and Vibration Transmi s s ion " , Shock and Vibration 
Bul le tin ,  No . 3 3 , Part II pp 1 3 - 2 5  (February 1 9 6 4 ) . 

1 6 4 

The definition of  uncoupled sys tems has been an important 
e lement in s everal s tud i e s  (bc , bk , br , bs ) . An 
intere sting applic ation o f  reciprocity to develop 
enqineerinq formulas for noi s e  transmi s sion is  

( cw )  M .  A.  Heckl and E .  J.  Rathe , " Re l ationship Between 
the Tran smi s s ion Los s  and the Impac t-Nois e  I s ol ation 
of Floor Structure s " , J .  Acoust . Soc . Am . , Vol 3 5 , No . 1 1 , 
pp 1 8 2 5-1830 ( 19 6 3 ) . 

3 . 1  E n e r g y  S h a r i n g  Am o n g  R e s o n a t o r s  

The d i s cus s ion i n  this s ection i s  taken from ( ap ) , 
which in turn i s  based on 

( c x )  T .  D .  Scharton , " Random Vibration of Coup l e d  Osci l l ators 
and Coupled S tructure s , "  S c . D .  The s i s , MIT Dept . o f  
Mechanical Engineering , 1 9 6 5 . 

Additional di s cus s ion o f  the e f fects o f  blocking 
vibrating systems may be found in (bq , bn ) and in 

(cy)  D .  E .  Newland , " P ower F l ow Between A Class  o f  Coupl ed 
Os c i l l ators , "  J .  Acous t .  Soc . Am . , Vo l .  4 3 , No . 3 ,  
pp 5 5 3 - 5 5 9  ( 1 9 6 8 ) . 

�he examp l e  o f  two re sonators coupled by s ti f fne s s  only 
� s taken from ( cn ) . The behavi o r  of coupled res onators 
in free vibration may be found in ( ad ) . The analy s i s  
o f  power f l ow i n  thi s  s ection and i n  ( ao )  i s  c arried 
out in the " frequency domain " .  For a time domain 
analys i s , see ( am ) . I ntegrations over the frequency 
re sponse functions in Eq . ( 3 . 1 . 1 4 )  may be found in . 
( ab ) . The result o f  Eq . ( 3 . 1 . 1 9 )  was found in ( am )  

f o r  weak coup ling , a l though the re sult ( fo r  weak 
coupling ) was a l s o  applied to re l ations l ike Eq . ( 3 . 1 . 2 5 ) . 
The e s s enti a l  correctnes s  o f  Eq . ( 3 . 1 . 2 5 )  mus t  be 
found from ( ao ,  ap , cx ) . The equivalence o f  average 
modal interaction and whi te no i s e  exc itati on was f i r s t  
put forward in ( am) . 
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3 . 2  E n e r g y  E x c h a n g e  i n  M u l t i - D e g r e e - o f - F r e e d o m S y s t e m s  

Addi tional d i s cus s ion o f  the a s s umptions invo lved in 
forming the " uncoupled " mod e s  for the b locked condition 
may be found in (bn ) . A d i s c u s s i on o f  the treatment 
o f  damping a s  a random parameter i s  to be found in 
( c g ) . Qui te a thorough analy s i s  o f  sound - s tructural 

coupling , carried out on a completely modal bas i s  is  
to be  found in 

( c z ) F .  Fahy , "Vibration of Containing s tructures by Sound 
in the Contained Fluid " , J .  S ound Vib . , Vol . 1 0 , No . 3 
pp 4 9 0 - 5 1 2  ( 1 9 6 9 ) . 

( d a )  F .  Fahy , " Re sponse o f  a Cyl i nder t o  Random Sound in the 
contained F luid " , J .  Sound Vib . , Vol . 13 ,  No . 2 ,  
pp 1 7 1- 1 9 4 ( 1 9 7 0 ) . 

D i s cus s i ons o f  the generation o f  mul t i -modal inter­
action s from the two-mode interaction are to be found 
in ( am ,  ao , at ) . The f i r st pub l i shed use of a d i agram 
like that o f  F i g . 3 . 5 appe ars to be ( cv) . 

3 . 3  R e c i p r o c i t y  a n d  E n e r g y  E x c h a n g e  i n  t h e  W a v e  D e s c r i p t i o n  

For a di scus s ion o f  d i f fu s i on , r everberation and 
energy den s i ty in s ound fields , s e e  ( ah ,  cu ) . The 
general c ondi tions for recipro c i ty in continuous 
sys tems are given in ( cr , c t )  and for " lumpe d "  
systems in ( c p ) . The u s e  o f  rec ipro c i ty t o  deve l op 
response e s t imate s o f  the SEA form may be found in 
( cv) . The use o f  impedance relations to determine 
coupl ing lo s s  factors may be found in ( am ,  as , au , 
bc ) . A s tudy o f  two p l ate s c onnected at a point i s  
pres ented in (bq ) . The r e l ation between coup l ing 
los s factor and transmi s s ion coe ffic ients ( or 
transmi s s ion l os s )  i s  deve loped in (bk , cn ) and in 

( db )  R. H .  Lyon , Aero space No i s e  Vibration .  Notes for a 
lecture s e r i e s  o f fered by Bolt Beranek and Newman , 
1 9 6 6 . 

Transmi s s ion lo s s  data are to be found in ( c c ) . 

3 . 4  S o m e  S a m p l e A p p l i c a t i o n s o f  S E A  

This d i s c u s s ion o f  the exc itation o f  a resonator by a 
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sound f i e l d  may b e  compared to that in ( an ) . The 
analy s i s  o f  coupled beam s  may be compared with 
s imi lar d i s cus s ions in ( ap ,  br ) and 
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(dc ) H .  G .  Davi e s , " Exact Solutions for the Re sponse o f  Some 
Coupled Multimodal Sys tems " ,  J .  Acous t .  Soc . Am . , Vo l .  5 1 , 
No . 1 ( P t . 2 ) ,  pp 3 8 7 - 3 9 2 ( 1 9 7 1 ) . 

The re l at i on between "ma s s  law "  transmi s s i on l o s s  and 
the coupl ing los s factor i s  di s cus s e d  in (bk , db ) . 

C h a pt e r  4 .  The  E s t i ma t i on of  Re spon s e  i n  S t at i s t i ca l  E n e rgy 
Anal ys is .  

4 . 0  I n t r o d u c t i o n 

Addi tional d i s c u s si on o f  the requirements for r e spon s e  
e s timation may be found in ( aa , ao , bu , cg , ch , c i )  
and in 

(dd )  J .  L .  Bogdano ff , "Meansquare Approximate Sys tems and 
The ir App l i c ation in E s timating Response in Complex 
D i s ordered Linear Systems " ,  J .  Acoust . Soc . Am . , 
Vo l .  3 8 , No . 2 , pp 2 4 4 - 2 5 2  ( 1 9 6 5 ) . 

General s ource books for s tati stical  e s t imation pro­
c edures are ( b f )  and 

( de )  H .  Cramer , Mathemati cal Methods o f  Stati s t i c s  (P rinceton 
Univer s i ty Pres s , Princeton , 1 9 4 6 ) . 

4 . 1 M e a n  V a l u e  E s t i m a t e s  o f  D y n a m i c a l  R e s p o n s e  

The mean s quare pre s s ure in reverberant s ound f i e lds 
has been s tudied extens ive ly in 

( d f )  R. V. Waterhouse , " S tat i s ti c a l  Properties of Reverberant 
S ound Fields " ,  J .  Acoust . Soc . Am .  Vo l .  4 3 , No . 6 ,  
pp 1 4 3 6 - 1 4 4 4  ( 1 9 6 8 ) . 

Spatial coherence e f fects in multi-modal response in 
the nei ghborhood o f  the drive point are d i s cus s e d  i n  
(bz ) and in 
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(dg ) L .  Wi ttig , " Random Vibration of Point-Driven Strings 
and P late s " , Ph . D .  The s i s , MIT Dept . o f  Mech . Eng . , 
May 1 9 7 1 . 

( dh )  

The problem o f  adequate s ampling o f  a reverberant 
field for reducing uncertainty in the energy content 
o f  the field has been d i s cus s ed by 

R. V. Waterhous e  and 
continuous Averaging 
J .  Acous t .  Soc . Am .  
( 1 9 7 0 ) • 

D .  Lubman , " Di s crete Vers u s  
in· a Reverberant Sound Fie ld " , 
Vol . 4 8 , No . 1 ( P t . l ) pp 1- 5 

The be am plate sys tem s tudied in thi s s ection i s  s imi l ar 
to that in ( as ) . There has been much con fus i on regarding 
the us e o f  infinite system impedance s  to evaluate coupling 
los s factors in finite sys tems , as was done in ( am ,  as , 
an , aw l . Hope ful ly the d i s cus s ion in this s e c tion wi l l  
c lari fy the procedure . The expre s s ion o f  s y s tem s train 
in terms of a particle "Mach nwnber " i s  found in ( cd ,  
c e ) . 

4 . 2  C a l c u l a t i o n  o f  V a r i a n c e  i n  t h e  T e m p o r a l M e a n  S q u a r e  
R e s p o n s e . 

The analys i s  o f  vari ance i s  an extens ive and important 
topic in s tati s tical  theory ( c f , d e ) . The procedure s 
used in thi s s e c tion were f i r s t  developed in ( ag , ar , 
as ) and are based on the theory o f  vari ance o f  Poi s s on 
puls e proc e s s e s  a s  pres ented in 

(di ) S .  o. Ri ce , "Mathematic Analys is o f  Random Noi se " .  
Contribution to Noi s e  and Stocha s ti c  Proc e s s e s , Ed . 
by N .  Wax ( Dover Pub l i c at ions , Inc . New York , 1 9 5 4 ) . 

The e f fects o f  temporal vari ation in multi dof sys tem 
vari ance are di s cus s ed by 

( d j ) H .  Andre s ,  " A  Law De sc ribing the Random Spati a l  
Vari ation o f  S ound F i e l d s  i n  Rooms and I t s  App l i c ation 
to S ound Power Measurements . "  Acusti c a , Vol . 1 6 , 
p 2 7 8 - 2 9 4  ( 1 9 6 5 ) . Tran s l ation by I .  L .  Ver ,  BBN- T I R- 7 0 , 
( 1 9 6 8 )  • 

Eq . ( 4 . 2 . 9 ) i s  found from a relation in (di ) . Additiona l 
d i s cus s ion o f  the role o f  mode shape s and s ampling 



B a s i c  T h e o ry 1 6 8 

s trategie s for locations o f  exci tation and obs e rvation 
points in a f fe cting response variance may be found 
in ( a s , b z ) . The u s e  of mUltiple obs ervation points 
or line average s to reduce vari ance are d i s cus s ed in 
(dh) . Modi fications to the variance calculation for 

non-Poi s s on interva l s  between resonance frequenci e s  
a r e  di scussed in ( b z ) . Note that the e f fe c tive number 
of  modal interactions given in Eq . ( 4 . 2 . 1 3 )  i s  not the 
total number of pos sible interactions N

I
N2 as sugge s ted 

in ( c z ,  d a l e 

4 . 3  C a l c u l a t i o n o f  C o n f i d e n c e  C o e f f i c i e n t s  

The approach and terminology in this section are taken 
from ( c f ) . The gamma and r e l ated distributions are 
discus s e d  in ( c f , de ) and in 

( dk )  E .  P a r z en , Stochastic Proce s s e s  ( Ho lden-Day , I nc . , 
S an Franc i s c o , 19 6 2 ) . 

(dl ) 

The two particular confidence interva l s  derived in 
thi s se ction were first pre s ented in ( as , cv ) . The 
incomplete gamma function is di s cu s s ed in 

A. Erdelyi , et al . , Bigher Transcendental Functions , 
Vol .  2 (McGraw-Bill Book Co . , Inc . 1953) . Chapter IX . 

Con fidence coef ficients for the determination of 
envi ronmental leve l s  based on loads and response data 
are used in 

(drn) P .  T .  Mahaf fey and K.  W. Smi th , "A  Method fo r P redi cting 
Environmental Vibration Level s  in Jet-P owered Vehic l e s " , 
S .  & V .  Bul letin , No . 2 8 , P t .  4 ,  pp 1-14 ( 19 6 0 ) . 

4 . 4  C o h e r e n c e  E f f e c t s  - P u r e T o n e  a n d  N a r r o w B a n d  R e s p o n s e  

The di scus s ion in this section i s  based on 

( dn )  R. H .  Lyon , " Spatial Re sponse Concentrations in Extended 
!=:i :rllcture s " . Trans . ASME , J .  Eng . I nd . , Novembe r  1 9 67 . 
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Additional d i s cu s s ion of  extreme value s tatis t i c s  
for multi-dimen s ional s inusoids may be found i n  

( do )  R .  H .  Lyon , " S tati s t i c s  o f  Combined Sine Wave s " 
J .  Acous t .  Soc . Am . , Vol . 4 8 ,  No . 1 (Pt . 2 )  
pp 1 4 5 - 1 4 9  ( 1 9 7 0 ) . 
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I NTRO DUCT I ON TO PART I I  

P a r t  I I  fo c u s es o n  e n g i n e er i n g  a p p l i c a t i o n s  o f  s ta t i s t i c a l  
e n ergy a na l ys i s  i n  the  p re d i c t i o n  o f  v i b r a t i o n . Th e p ro cedures  a r e  
b a s e d  upo n th e theoreti c a l  di s cu s s i o n s  o f  P a r t  I .  b u t  t h ey are i n tended 
to b e  i ndependent of tha t  t h e o r e t i ca l b a c kg ro u n d . T h u s , i f  o ne i s  
wi l l i ng t o  a ccept the b a s i c  formu l a s  o S  p re s e n t e d . the e s t i ma t e s  can b e  
perfo rmed w i th o u t  refe re n c e  t o  P ar t I .  

Pa r t  I I  i s  s u bd i v i d e d  i nto t h re e  s e ct i on s . S e c t i o n  I d i s ­
c us s es th e u se o f  S EA p a rame ters i n  p r e l i m i n a ry d e s i g n . Many o f  t h e s e  
pa rame ters rep res e n t  i nforma t i o n  a b o u t  t h e  sys tem th a t  i s  n o t  commo n l y  
eva l u at e d  a t  th i s  s ta g e .  T h e  em p ha s i s i n  t h e  p r e d i c t i o n  methods i n tro ­
du ced i s  o n  th e a v e ra g e  v a l u e  o f  r e s p o ns e . b u t  s ome i nforma t i o n  c o n ­
cerni ng t h e  v a ri a b i l i ty o r  u nc erta i n ty i n  t h e  r e s p o n s e  es t i mate i s  
i n c l uded b e c a u s e  a n  u n d e rs t a n d i n g  o f  th i s  poten t i a l  u n c erta i n ty ca n b e  
q u i te i mpo r tant i n  i n terpret i n g  d e p a r tu r e s  from t he p r e d i c t e d  v a l ue s o f  
r e s p o n s e . For exampl e .  a co n s i s te n t  d e p a r t u r e  from t he p r ed i c t i o n  o f  
s evera l fre q u e n cy b a n d s  i s  a s i g n a l  th a t  s ome a s pe c t  o f  t he S EA mo d e l  
i s  i na d e q u a t e  a nd s ho u l d  b e  mo d i fi e d ,  whe rea s a s c atter i n  t h e  d a ta 
around t h e  p r e d i c t e d  a v e r a g e  t h a t  i s  w i th i n  th e c a l cu l a t ed u n certa i n ty 
i s  a n  i n d i c a t i o n  th a t t h e  mo d e l  c an n o t  b e  i mp r o v e d  u po n  e a s i l y .  

S e ct i o n  I I  i s  c o ncerned w i th e va l u a t i n g  th e S EA p a rame ters - ­
l o s s fa ctor . mode cou n t .  a n d  co up l i ng l o s s  fa ctor . Emp i ri ca l . 
e x p e r i m e n ta l . an d  t h eo r et i c a l  methods  o f  e va l u a t i o n  a r e  des c r i b e d  
s epa ra t e l y  a l t h o u g h  i n  p ra ct i c a l  s i tua t i o n s  i t  may be n e c e s s a ry to u s e  
a mi x o f  p r o c e d u r e s  to g e t  a l l t h e  des i red v a l u e s . Mo d e  c o u n t s . for 
examp l e .  tend to b e  easy to c a l c u l a te a nd d i ffi c u l t to mea s ur e . whe re a s  
d amp i n g i s  s i mp l e r  to mea s u re a n d  more d i ffi c u l t  t o  c a l cul a t e . 

We ha v e  tri e d  to pres e rve a n  en g i n e e ri n g - a p p l i ca t i o n s - o r i e n t e d  
a ppro a ch i n  t he f o rmul a s  a n d  t e c h n i q u e s d i s c u s s e d . a n d  a l s o i n  t h e  
notat i o n i n  w h i ch the  re s u l t s  a r e  p re s e n t e d . I n  m a ny c a s e s . formu l a s  
a re g i ve n  i n  a form s l i g h t l y  mo d i f i e d from t h a t  o f  t h e  o r i g i n a l  s o ur c e  
i f  the ch a n g e  s i mp l i f i e s t h e  comp u t a t i o n  req u i r e d  w i tho u t  s a cri f i c i n g  a 
g re a t  d e a l  o f  a ccura cy .  A l s o , f or exampl e .  cyc l i c freq u e n cy ( i n  h e rtz ) 
i s  u s e d  r a th e r  t h a n  r a d i a n  fre q u e n cy s i nc e  t h i s i s  t h e  q u a n t i ty o n e  
tend s  t o  u s e  i n  experi men t a l  e v a l u a t i o n . Th i s  p r e fe r e n c e  i s  n o t  fa i th ­
f u l l y  fo l l owed i n  a l l i n s ta n ce s . b u t  i t  h a s  b e e n  g e n e r a l l y  a d hered to . 

We c a n n o t .  of co ur s e . ( o ver a l l p o s s i b l e co s e s  o f  i nt e re s t  i n  
d es i g n wo r k  i n  th i s  b o o k. p a r t l y  t e caus e o f  s pa ce l i mi ta t i o n s . b u t  a l s o  
pa r t l y  b ecause a l l  the impo rtant  ca ses  o f  i nt eres t ha ve not  ye t been 
worke d o u t .  We h av e  tr i e d  to i nd i c a t e  s u f f i c i e n t  S O L rces o f  a d d i t i o n a l  
i nforma t i o n  s o t h a t  t h e  reader w i l l  b e  a b l e  to exten c t h e  d i s cu s s i o n s  
h e re to p ro b l em s o f  i n tere s t .  
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S e c t i o n  I I I  p r e s e n t s  a n  examp l e o f  t h e  u s e  o f  SEA i n  t h e  
p r ed i c t i o n  o f  the  v i bra tory res p o n s e  o f  a hypo t h e t i c a l  h i g h  s pe e d  
fl i g h t  v e h i c l e a n d  t h e  tra nsmi s s i o n o f  t ha t  v i b ra t i o n  to a n  i n terna l l y  
mo u n t e d  e q u i pme n t s h e l f .  As  the  rea der  w i l l  n o t e , a va r i e ty o f  mo d e l s ,  
tech n i q ue s , an d  a na l y s es a r e  req u i red to cover the  ra n g e  o f  freq u e nc i es  
a n d  s ub sys tem b e h a v i o rs . In  the f i n a l  a n a l ys i s ,  t h e re i s  s t i l l room 
for i mp ro vemen t of t h e  mo d e l , b u t  the  p r o c e d u re s  i nd i c a t e  the d i rec t i o n  
s u ch i mp ro v ements w i l l  ha v e  t o  take  a nd l eave i t t o  the d e s i g n e r  to 
d e c i d e  w h e t h e r  t he n e x t  s t e p  i s  wor thwh i l e .  

Th i s  e xamp l e s h o u l d b e  l o o k e d  u p o n  a s  a n  i nd i ca t i o n t h a t ha rd 
e s t i ma t i o n p ro b l ems ca n b e  s o l v e d  w i t h  rea s o n a b l e effo r t , ra t h e r  t h a n  
a s  a fo rm u l a  fo r s u c c e s s i n  o t h e r  e s t i ma t i o n  effo r t s . T h e  va r i o u s  
a p p r o a c h e s  t o  e va l u a t i ng mo de co u n t s , i nj ec t e d  powers , a nd c o u p l i n g 
l o s s  f a c to r s  may b e  o f  l i t t l e d i r e c t  va l u e i n  the n e x t  e s t i ma ti o n  
p ro b l em , b u t  a w i l l i ng n es s to l oo k  a t  s e v e ra l  d i ffe r e n t  mo d e l s a n d  to 
u s e  expe r i me nt w h e n  c a l c u l a t i o n  ca n n o t  res o l v e  an i s s u e i s  a l e s s o n  o f  
g r e a t  va l ue . 

Th i s  p a r t  o f  t h e b o o k  d o e s  no t c l o s e th e do o r  on S EA devel o p ­
men t s  b u t ,  ra th e r , o p e n s  i t  u p . As S EA b ec ome s mo re w i d e l y u s e d  by 
d e s i g ners , t h e  d a t a  o n  p a rame t e rs , the mode l s t h a t  h a v e  b e e n  a n a l yz e d , 
a n d  the  correl a t i o n s  o f  p re d i c t i o n s  wi t h  da ta w i l l  g row . Th u s , i n  
us i n g SEA , d e s i g n e r s  a �  n o t  o n l y  a va i l i n g t h ems e l v e s  o f  a n ew to o l , 
b u t  a r e  co nt r i b u t i n g  d i re c t l y  to th e g rowt h  i n  u s e fu l n e s s  o f  t h a t  to o l . 
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C H A P T E R  5 .  R E S P O N S E  E S T I M A T I O N D U R I N G  P R E L I M I N A R Y  D E S I G N 

In the e arly s tage s o f  de s i gn o f  a high speed f light 
vehi c l e , it is o ften nece s s ary to develop e s t imate s for 
vibration amp l i tude s and spec tra of ma j or s ections of the 
vehi c l e . Thi s  may be to ant i c ipate po s s ib l e  fatigue pro­
b l ems as  a result of the mi s s ion pro f i le s  and the i r  mix for 
the aircraft , or to provide data to the envi ronmental 
spe c i a l i s t s  in the deve lopment o f  proper test spec­
i fications . [ 1 ]  

Thi s  requi rement for re sponse e s timation wi l l  usua l ly 
first ari s e  during a fairly e arly s tage o f  the veh i c l e  
deve lopment . A t  thi s point , o n l y  some mi s s ion parameters 
and maj or s tructural geometry may be known , but detai l s  of 
cons truction , fas tening , etc . may we l l  not be known . 
Neverthe l e s s , i t  i s  ne c e s s ary that one make the vibration 
e s timates in the face of thi s  uncertainty and do it as we l l  
a s  po s s ib l e  i n  order t o  avoid overde s i gn and i t s  attendant 
extra expens e ,  or convers e ly , unde rdes ign and the potential 
for mal function or failure . 

I t  i s  perhaps worth c ommenting on three procedure s for 
e s timating response that have been used . They are the 
Mahaffey- Smith procedure [ 2 ] , the Franken method [ 3 ] , and 
the E ldred procedure .  [ 4 ]  Of the s e , the Mahaffey- Smith 
procedure has been the mo s t  widely used because it i s  
quite s imple t o  apply and provides re sults i n  a form that 
is directly u s ab l e  by the engineer . It suffers  from a 
complete l ack o f  inclus i on o f  acoustical or  s t ructural 
parameters , me aning that the e s t imate c annot be  improved 
as  more become s known about the veh i c l e . 

The E l dred procedure improve s on the Maha f fey-Smi th 
method by incorporating s tructural damping as  a parameter . 
Thi s i s  done by making an analogy with the re sponse o f  a 
s imp le 1 dof sys tem to noise exci tation as des cribed in 
Chapter 2 o f  Part I .  We should note , however , that the 
damping of d i f fe rent bui l t-up aerospace s tructure s i s  not 
very d i f fe rent so that the inc lus ion o f  thi s  parameter does 
not greatly s trengthen our hand i n  deve loping response 
e s timate s . The Franken method doe s  not include damping , but 
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doe s include sur face ma s s  den s i ty o f  the s tructure and i t s  
radius o f  curvature . W e  c an l ook there fore f o r  certain change s 
in re sponse a s  we vary the s tructure . Thus , although the 
bas i s  of the Franken method is empirical , the data 
normali z ation used allows i t s  appl i c ation to quite a variety 
o f  s tructure s .  

The maj or advantage o f  SEA i s  that the degree o f  
parameteri z ation o f  the prediction probl em can b e  varied a s 
more s tructural and loads information become s ava i l ab l e . 
Thus , i t  i s  pos s ib l e  to continu a l ly re fine our response 
e s t imate s as the d e s ign become s more fixed . An important 
cons equence of thi s is that we can see the e f fect of various 
de s i gn alternatives in changing noise and vibration l eve l s . 
When SEA i s  used , there is no " d i s continui ty " between the 
empirical procedure s used in the pre l iminary phase and the 
much more detailed analys e s  that may be used at l ater s tage s  
o f  des i gn . 

I n  P art I o f  thi s  book , we fol l owed a pedagogic a l  
approach in which the the ory a n d  app l i c ations o f  SEA were 
deve l oped along a " conventional " path . We began wi th the 
model and then worked out i ts consequence s .  In thi s  
Section I o f  Part I I , we take a rathe r d i f ferent appro ach . 
The SEA procedure i s  des cribed as  a complete proc e s s  i n  
Chapter 6 .  T h e  s teps involved a r e  i temi zed and exp lained 
a s  an enginee ring procedure rather than a s  a conceptual 
deve l opment a s  was done in Part I .  We f i r s t  focus on the 
output of the procedure - the r e sponse e s timate . General ly , 
the SEA c alculation give s results i n  terms o f  energy o f  
vibration , which mus t  then b e  converted t o  s tres s ,  or  some 
other dynami cal  vari able .  We then proceed to determine how 
that energy e s timate was arrived at . The use o f  energy 
e s timate s to deve lop e s t imates for othe r re sponse variab l e s  
i s  di s c u s s e d  in Chapter 7 . 

The cal culation o f  the energy e s timate i ts e l f  requires 
use o f  the SEA mode l  for energy f l ow .  As d i s cus s ed i n  
Part I and revi ewed in Chapter 8 ,  thi s model contains energy 
storage , lo s s  and tran s fer parameters - wh ich are the moda l  
dens i ty , l o s s  factor and coup ling l o s s  facto r , respe ctive ly . 
In addition , we mus t  know the input power inj e cted into the 
s tructure by the envi ronmen t . Chapter 8 show� how the energy 
e s timate is deve loped from knowledge of the se parameters when 
they are expre s s ed in e i ther analyt i c a l  o r  graph i c a l  form . 
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The SEA parameters that are important in determining 
the energy for the actual sys tem under d e s i gn mus t  the n 
be evaluated . Chapter 9 shows how thi s  i s  done by using 
experimental methods , theore tical predictions and empirical 
value s . TWo kinds o f  coup l ing factors are di s cus sed : tho se 
appropri ate for b l ocked energi e s , and those for actual sys tem 
energi e s . Modal dens i t i e s  are d i s cus sed in both theoretical 
and experimental terms . I nput and j unction impedances are 
introduced for the purpose s  of evaluating coupl ing l o s s  
factors and input powe r . 

The final chapter o f  Section I deal s with the con­
s truction of sys tem mode l s . Thi s  i s  one of the mo s t  important 
s teps in SEA . The general mod e l  con f i guration is l ikely to 
be fairly s imi lar for various detai led d e s i gn s  of a given 
sys tem .  Thus , a particular c l a s s  o f  high speed vehi c l e s  
a r e  a l l  likely to have s imi lar sys tem mode l s , s o  that once 
de fined , only rel atively minor changes to the mod e l  wi l l  be 
nece s s ary . 



 

C H A P T E R  6 .  P R O C E D U R E S  O F  S T A T I S T I C A L  E N E R G Y  A N A L Y S I S  

6 . 0  I n t r o d u c t i o n 

In thi s  Chapter , we survey the entire SEA e s t imati on 
procedure as an engineering proc e s s ,  as contrasted wi th the 
theore tical  approach taken in Part I .  The proces s cons i s ts 
o f  ( 1 )  mode l de finition , ( 2 )  parameter evaluation , ( 3 )  cal­
culating energy d i s tributions and ( 4 )  re sponse e s t imati on . 
I n  general , i t  wi l l  not be nece s s ary to repeat a l l  parts 
o f  thi s proc e s s  for every new s i tuation , but only the l atter 
parts may have to be revi s ed . For that reason , in 
Chapters 3 through 6 ,  we have reversed the order of  
pre s entation , d i s cus s ing the latter s tage s of  the proc e s s  
first s ince they a r e  more directly connected with what the 
engine e r  wants to know and are a l s o  the parts of the pro­
cedure that are mos t  likely to change with e ach new 
s i tuation . 

In thi s Chapte r ,  however , we fol l ow the more cus tomary 
s equence in which we s tart with the mode l ing di scus si on and 
end up with respon s e  e s timation . We try to indic ate as we l l  
as  we can j us t  what the real engineering cons iderations are 
at each s tep . In  the l ater chapters , more detai l ed d i s ­
cus s ion o f  the procedures wi l l  be pre s ented . 

6 . 1  M o d e l i n g t h e  S y s t e m 

As an example o f  a sys tem that we might wi sh to mode l , 
consider an aircraft and i t s  attached equipment pod shown 
in Figure 6 . 1 .  Such a sys tem wi l l  have i t s  dominant 
response determined by " re s onant " , that i s , damping con­
trol led vibration and , hence is a c andidate fo r SEA 
prediction . We a l s o  assume that whatever nonl inear e f fects 
the re are may be neg lected for the purp o s e s  o f  e s timating 
response at thi s  s tage . 

Mode l ing thi s physical  sys tem requires that we identi fy 
the fol lowing feature s o f  energy flow and s torage in the 
system :  

( 1 )  S ource s  o f  input power and mode group s ( sub sys tems ) 
on which they d i re c tly act . I n  the c a s e  o f  
Fig . 6 . 1 ,  the s e  would b e  the acoustical noi s e  
f i e l d  and turbulent boundary l ayer acting on both 
the ai rcraft and the pon . 
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( 2 )  Groups o f  " s imi lar " and " s igni fi cant " mode s that 
s tore energy and result in response that affects 
the e s t imates we wish to make . I n  the case of  
Fig . 6 . 1 , we mi ght make a first  try by grouping 
a l l  flexural mode s  of the aircraft p anel s  to­
gethe r , and flexural mode s  of the pod togethe r .  
I f  it turned out later that some group o f  mode s  
originally ignored w a s  important , then o n e  would 
have to add i t  to the diagram . 

( 3 )  I t  i s  automatically a s s umed that every group o f  
energy- s toring mode s  wi l l  have a finite amount o f  
damping . Thus , the identi fication o f  the d i s ­
s ipation o f  energy repre sents no additional task . 

( 4 )  The j unctions through which appreciab l e  energy 
may f l ow from one mode group to anothe r . In the 
case of Fig . 6 . 1 ,  thi s  is the pair of connecting 
spars b e tween the aircraft and the pod . The 
energy flow links are u s u a l ly ident i f i ab l e  by a 
d i rect interface between the energy s torage boxe s 
or  mod e  groups . 

When all o f  the energy storage and power input , d i s ­
s ipation and tran s fer proc e s s e s  a r e  de fined , the SEA modeling 
i s  e s s enti a l ly complete and results i n  a di agram like that 
shown in F i g . 6 . 1  (but is generally more comp l i c ated l ) . At 
thi s  point , the SEA parameters that we need to s o lve for the 
energy value s wi ll  b e  evident . I n  the next s e ction , we 
review b ri e f ly the procedur e s  by which the parameter 
evaluation is made . 

6 . 2  E v a l u a t i n g  t h e  P a r a m e t e r s 

The parameters that de fine the four proc e s s e s  of 
paragraph 6 . 1  are : 

( 1 )  the i nput conductance ( o r  input power ) ,  

( 2 ) modal den s ities  ( o r  mode count ) to determine the 
number o f  modes  in a " b ox " , 

( 3 ) the d i s s ipation l o s s  factor that re late s energy 
stored to power di s s ipated , 

( 4 )  the coupling l o s s  facto r  that re late s d i f ferences  
o f  modal energy o f  s ub sys tems to the power flow .  

1 7 9 
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In this sect ion , we give a brie f  overview o f  the parameter 
evaluation pro ce s s  which we shall cover more ful ly in 
Chapter 9 .  

I f  the environmental excitation produce s  a force on a 
sys tem , then the parameter governing the input power resulting 
from that force is in the form o f  an input " conductance " .  
I f  the load i s  a pres c ribed motion ( such as  the inj ection o f  
vo lume vel o c i ty i n t o  a n  acoustical spac e ) , then the proper 
parameter is an input re s i s tance of the sys tem . The s e  
parameters whi ch collective ly a r e  known as " immittance " 
functions [ 5 ]  are known for s tructural exc itation by s ome 
environmental loads , such as shakers , turbul ent boundary 
layers , sound fields , and s eparated flows on vehi c l e s . I n  
any parti cular s i tuation , howeve r , a measuremen t or new cal­
cUlation o f  the appropriate immi ttance may be ne c e s s ary . 

Modal dens i t i e s  are known for many o f  the el ements that 
make up the systems that interes t  u s . Modal den s i ty i s  
usually written n ( f ) , meaning the ave rage number o f  mod e s  
that res onate in a 1 Hz  b and around the frequency f .  
E l ements for which moda l  den s i t i e s  are known inc l ude flat 
p l ate s  ( i s otrop i c  and ani s otropi c ) , curved plate s , 
acous tical s pace s , s trings and b e ams . [ 6 ]  Since modal 
den s i t i e s  o f  combined sys tems are addi tive , any sytem that 
i s  composed of  the s e  elements also has a known modal 
den s i ty . Modal den s i t i e s  c an be measured by counting 
resonances as the exci tation frequency is varied , but con­
s iderable c are i s  nec e s s ary to  avoid mi s s ing a s i z ab l e  
number o f  them in the count . 

Care mus t  a l s o  b e  taken to u s e  the prope r modal dens i ty 
for the kinds o f  mode s  that are important for the purpos e  
at hand . For example , in  Fig . 6 . 1  the modes o f  the air­
craft that contain the mos t  ene rgy and are best coupled to 
the turbulence and noise are thos e  o f  p anel f l exure . Thus , 
even though tor s i onal or in-pl ane motion modes o f  the 
fus e l age may resonate in the frequency range o f  intere s t , we 
wou l d  very l ikely i gnore thes e  non- f lexural mode s . It turns 
out that a 1 0 %  e rror in the mode count i s  only about 1 dB 
uncertainty in the response e s timate , s o  that it  i s  not 
nece s s ary to have great prec i s ion in the modal den s i ty . 

The damping o f  the mode group i s  expres s ed in SEA work 
by the los s factor . Thi s quantity is the reciprocal of the 
electrical engineer t s  Q or qual ity factor and is twice the 
mechanical engineer t s  critical damping ratio . Cal culation o f  
the damping from f i r s t  principles i s  general ly quite un­
reliab l e  s o  that one usual ly re l i e s  on meas urements to predict 
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l o s s  factor a s  a function o f  frequency . Typi cal  values for 
the los s factor are in the range 0 . 1  to 0 . 0 0 1 .  

1 8 1 

A damping measurement i s  usually accurate enough to 
determine los s factor to two s i gn i f icant figure s , but not 
much more than that . Two commonly employed ways o f  me asuring 
damping are a free decay o f  the sys tem , or a measurement o f  
modal respon se bandwidth when the exci tation i s  a pure tone . 
The bandwidth technique i s  a b i t  more accurate when i t  works , 
but i t  must be done on a mode-by-mode bas i s , and it fai l s  when 
the modal dens i ty is high and the mod e s  get too c l o s e  to e ach 
other along the frequency axi s . Occas ional ly , one can a l s o  
measure damping by i n j ecting a known amount o f  power into the 
sys tem and observing the steady- s tate re sponse . 

The tran s fer o f  power between mode g roups i s  determined 
by the coupling lo s s  facto r .  Thi s parameter , in turn , i s  
rel ated t o  o r  determined by other parameters that are 
probably more fami l i ar to engineers who work wi th the sys tems 
invo lved . For examp l e , the coupl ing los s factor for power 
flow between two rooms c an be  readily re l ated to the trans­
mi s s ion los s o f  the wal l , which i s  a fami l i ar parameter to 
worker s  in bui lding acous t i c s . S imi l arly , the coup ling l o s s  
factor governing the interaction o f  a panel and a sound f i e l d  
may be re l ated to the radi ation damping ( o r  mechanical 
radiation re s i s tanc e ) o f  the p ane l , a quantity that is  known 
to s tructural vibration engineer s . Thus , although the 
coupling l o s s  factor i t s e l f  i s  not a we l l  known parameter , 
in parti cular s i tuations i t  i s  often relatab l e  to other 
parame ters that are more f ami l i a r . S ince the s e  other para­
meters have been c alcul ated or  tabul ated in many ins tance s ,  
the coupling los s factor c an a l s o  be evaluated . 

6 . 3  S o l v i n g f o r  th e E n e r gy D i s tr i b ut i o n  

The SEA mode l  a l l ows one to calcul ate the equi librium 
energy o f  each mode group from a knowledge o f  the parameters 
invo lved . The s imultaneous equations for the energy are 
l inear , algebrai c and the s olutions g ive each energy in 
terms o f  a l l  the i nput power s  to the system and the various 
loss and coupl ing l o s s  factor s . Normally , the input power 
to each mode group and the parameters such as  moda l  den s i ty 
and coupl ing and di s s ipative l o s s  factors are a s s umed to b e  
known . One then s olves f o r  the energy value s . 

I t  i s  a l s o  pos sible in principle to use the energy 
equi librium equati on s  to try to evaluate a l l  o f  the SEA 
parameters , and the coupling l o s s  factors in particular . 
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In thi s ins tance one tri e s  to contro l the input power and 
to measure the energy equ i l ibrium values as we l l  as po s s ib l e . 
The equations are the n  so lved for the coupling l o s s  factors . 
Thi s i s  not a total ly s at i s factory way o f  determining the s e  
parameters , however , s ince the s o lutions s e em t o  be quite 
s en s i tive to rather sma l l  error s  in the me asured energy 
value s . Neverthe les s , thi s  approach has been u s ed with 
l imited succe s s  i n  a few s i tuation s . [ 7 , 8 ] 

The resul t  o f  the energy c al culation i s  the total ene rgy 
of re sonant vibration ( or o s c i l l at i on ) in a frequency band 
fl f  wide for e ach " box " o f  the system .  This in formation i s  
then used t o  predi c t  the actual dynamical response that i s  o f  
direct intere s t .  

6 . 4  E v a l u a t i n g  R e s p o n s e  f r o m  E n e r g y  E s t i m a t e  

I n  Chapter 7 ,  we wi l l  deve lop the procedur e s  used in 
converting the ene rgy found from the c alculations j us t  d i s ­
cussed into u s e ful e s timate s o f  vibration , pres sure , s train 
or  s ome o ther appropriate respon s e  variab l e . I n  thi s section , 
we mere ly s ummari z e  the procedure , which has two maj or 
e s timation output s : the mean energy or rms res ponse and , 
where appropri ate , an e stimation interva l . 

The mean value e stimate o f  energy gives the me an s quare 
acceleration i n  s ome frequency band ( an octave band , for 
example ) .  Thi s  mean s quare respon s e  i s  al s o  a spatial 
average , s o that i t  app l i e s  to  a region o f  the structure . 
For examp l e , an ene rgy e stimate might be found for the air­
craft fus e l age to be  1 0  j ou l e s  (watt- s e conds ) in the 1 kHz 
octave band . If the total mas s  of the fus e l age were 1 0 0 0  Kg , 
then one e s timate o f  the m . s .  ve l o c i ty in the b and would b e  
1 0- 2 (m/se c ) 2 a n d  the rms acce l e ration would b e  approximate ly 
6 0  g l s .  Thi s  average result  i s  both a spati a l  average and 
an ensemble ave rage , i . e . , it appl ies  to a hypothe tical group 
o f  s truc tures ,  s imi l arly cons tructed , o f  wh ich our s tructure 
i s  a repr e sentative s amp l e . 

An important mod i f i c ation o f  thi s average estimate i s  to 
take accoun t  o f  " re sp onse concentration " ,  that i s , to 
recogni z e  that particular regions o f  the s tructure wi l l  have 
a time mean s quare response that is greater than the spati a l  
average . For examp l e , the m . s .  pre s sure n e a r  the wal l  o f  a 
room i s  twi ce the space average value . As another examp l e , 
the m . s .  ve l o c i ty at the free tip o f  a beam i s  j us t  four 
t ime s the spatial m . s .  vel o c i ty of the b e am as a who l e . For 
other boundary conditions o n  p anel type s tructure s , Ungar 
and Lee have evaluated s ever a l  of the s e  " re sponse concentration " 
values [ 9 ] . 
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S ince we admi t to vari ation , we mus t  have a procedure 
for making e s timate s that incorporate thi s  unc ertainty in 
a use ful and reali s ti c  way . Thi s i s  done by forming an 
es timation interval . Such an interval i s  a fami l i ar idea . 
I t  i s  frequently s een in c a s e s  in wh ich vertical bars are 
placed on a mean value measurement to e i ther indi cate the 
range o f  ob served data or  the mean , plus or minus the 
s tandard devi ation . We can be more definitive than thi s 
in our use o f  e s t imation interval s in Chapter 7 .  We c al ­
culate the range o f  values o f  re spon s e  that a r e  expected 
to " capture " the ob s e rvati on s , s ay 9 5 %  o f  the time . Thi s 
form o f  e stimate i s  o f  value when app lying SEA to 
rel i abi l i ty analys es s ince the probab i l i ty o f  leve l s  
occurring that exceed a particular value may b e  quite 
important . 

The e s timation interva l s  are derived from a calcul ation 
o f  the s tandard devi ation of the m . s .  respons e . We have 
expl ained in Part I that the theory in s upport of thi s  
calculation i s  n o t  s o  wel l  e stab l i shed a s  i t  i s  for the 
me an value theory . Neverthe l e s s , the importance of th i s  
aspect o f  e s timation is great enough that w e  mus t u s e  the 
l imited results that are ava i l ab l e  to calculate the 
s tandard devi ation for the purpos e s  o f  interval e s timation . 

The re sult o f  the e s timation then i s  to s ay that , for 
examp l e , the rms value of fus e l age acceleration in the 
I kHz band is 60 g l s .  In addition , if we bracket thi s  
mean value with a range from 2 0  t o  2 0 0  g l s  ( ±  1 0  dB ) ,  we 
would expec t  to h ave 9 5 %  of all  obs e rvations of respons e 
fall within thi s  i nterval . Such an e s t imate can then be 
used to compute fatigue accumul ation or some other respon s e  
rel ated fai lure rate . 

1 8 3 
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C H A P T E R  7 .  E S T I MA T I O N O F  D Y N A M I C A L  R E S P O N S E  

7 . 0  I n t r o d u c t i o n  

Thi s chapter i s  concerned with the e s timation o f  the 
dynami cal respon s e  of a sys tem in terms of such variables 
as  s tre s s , acceleration , pres sure , etc . The s tarting point 
is the knowledge of sys tem vibrational energy , typically 
in the s t andard frequency bands . The goal i s  a prediction 
of me an square re sponse for the s ame frequency band s . We 
include unce rtainty in the e stimate by using e s timation 
interva l s , and re spon s e  concentration e f fects due to 
boundari e s  o r  ·impedance variations in the sys tem .  

The energy i s  a s s umed t o  b e  known , i t  wi l l  have been 
found previous ly according to the method s o f  Chapter 8 .  
However ,  the di s cus s i on o f  thi s  chapter i s  sufficient in 
i t s e l f to al low one to make many use ful conve r s i on s  from 
one re sponse variab l e  to another .  For example , the 
ave rage energy of vibration o f  a sys tem may be determined 
by me asurements of acceleration . The methods o f  thi s 
chapter a l low one to convert thi s  acceleration measurement 
to an e s timate o f  s tre s s . Furthe r , one could estimate the 
increase in variance due to restricting the b andwidth o f  
measurement . Much o f  the data manipulation that i s  us e ful 
in particular ins tances has its  bas i s  in the d i s cus s ions 
o f  thi s  chapter ,  quite apart from the i r  broader use fulne s s  
i n  SEA . 

7 . 1  R e p r e s e n t a t i o n s  o f  t h e  E n e r g y  E s t i m a t e  

I n  engineering u s age , the " power spectral dens i ty " ( p s d )  
o f  the ene rgy o f  vibration may be  denoted by e ( f ) , and the 
energy of vibrati on as sociated with a frequency band �f i n  
the range f

l 
< f < f

2 
would s imply b e  

E�f  

f2 

= f e( f )  df . 
f

l 

( 7 . 1 . 1 ) 

Thi s  integration i s  shown graphically as  the hatched are a 
in F i g . 7 . 1 . I f  f 2 - f�= 1  Hz , then the integral i s  plotted 
as  the energy p s d , wh�ch is � ( f )  i n  Fig . 7 . 1 .  Other 
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" constant frequency bandwidth "  pre s entations o f  data i n  aero­
space appl ications are typically 10 Hz  or  50 Hz . 

It i s  a l s o  common practice to present data or  the 
re sults o f  calculations in terms o f  " constant percentage 
bandwidths " .  In thi s  ins tance , the nominal " c enter 
frequency " o f  the band i s  the geometri c me an of the limit s : 

and the b andwidth � f=f 2 - fl i s  always a cons tant fraction r 
o f  the center frequency : � f=r fc ' I f  r= l/ /! , then f2= 2 f l and 
we have " octave bands " .  I f  r= 0 . 2 6 ,  then the band s are 
called " 1/3 octave b ands " .  A table o f  the center frequencies  
for the standard i z ed octave and 1/3 octave b ands i s  shown 
in F i g . 7 . 2 .  

The mks uni t  for energy i s  the j oule ( or watt- s e cond ) 
whi ch i s  the amount o f  work invo lved when a force o f  1 
newton acts along a d i s tance o f  1 meter . The uni t  for the 
psd of energy e ( f )  is j oule- s e c , s ince the unit of frequency 
is cyc l e s  per s econd or hertz (Hz ) . *  S ince the energy in a 
band E � f i s  the integration o f  e ( f )  over frequency , the band 
energy uni t  is a l s o  the j oule . 

We may also  expre s s  the energy E a s  a " l evel " de fined 
by 

L
E 

- 10 log E/Ere f , dB ( 7 . 1 . 2 ) 

The s tandard reference for ene rgy i s  1 0
- 1 2 j oule s . A band 

ene rgy of 0 . 1  j oule , the re fore ,  would corre spond to a band 
energy level of 1 1 0  dB ,  norma l ly written 

* C l aritv of pre s entation would ins i s t  that the re is no 
d i f ference between the uni t  " H z " and ( se cond ) - l , but 
engineering usage of Hz is widespre ad . 

1 8 6 
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- 1 2 
L

E 
1 1 0  dB re 1 0  j ou l e s  
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In Fig . 7 . 3 ,  we show how the oc tave and 1/3 octave band 
leve l s  o f  energy might be graphed in a typical s i tuation . 
The 1/3  octave b and leve l s  wi l l  general ly b e  o f  the order o f  
5 dB l owe r than the o ctave b and l eve l s  s i nc e  the respons e o f  
three adj acent 1 / 3  o ctave b ands must be  comb ined t o  ac count 
for the respon s e  in a s ingle octave band . A l s o , note that 
only the b and value s have s i gni f i c ance , the c onnecting lines 
between the points are only an aid to s e e ing the over a l l  
trend o f  the d a t a  as  a function o f  frequency . 

7 . 2  C o n v e r s i o n f r o m  E n e r g y  t o  O t h e r  V a r i a b l e s  

The rel ati on b e tween vibratory ene rgy and the space­
time mean s quare veloc ity of the s tructure or sound field 
i s  

E M <V2 > = ( 7 . 2 . 1 ) 

where M i s  the s tructural ma s s  in k i l ograms 

By taking 10 log of thi s  expre s s ion , we c an expre s s  
thi s as  a rel ation between energy leve l s  and ve l o c i ty leve l s , 

L
E 

= 1 0  log E/Er e f  1 0  log M + Lv 
+ 1 2 0 ( 7 . 2 . 2 ) 

whe re Lv = 2 0 log vrms/vref ' and vre f = 1 m/s e c . Thus , for 

examp l e  if a s tructure has  a mas s  of 10 kg , and the band 
level o f energy is 9 7  dB , ( the 1 2 5  H z  octave b and leve l o f  
Fig . 7 . 3 ) then the vel o c i ty leve l  i s  

9 7 - 1 0  log 1 0  - 1 2 0 - 3 dB re 1 m/s e c  
( 7 . 2 . 3 )  
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We c an deve lop a ve locity spectrum for thi s  s tructure 
Thi s spectrum i s  pres ented in Fig . 7 . 4  u s i ng E g . ( 7 . 2 . 2 ) . 

and corre sponds to 
in Fig . 7 . 3 .  Note 
to an rms ve locity 

the o ctave b and spectrum o f  ene rgy shown 
that a ve loc i ty leve l  of - 4 0  dB corre sponds 
o f  1 cm/se c . 

The displacement or acc e leration spectra are readily 
derived from the ve locity spectrum , s imply by noting that 
for each band having a c enter frequency f ,  

( 7 . 2 . 4 ) 

I f  we define 

in which 

and 

= 2 0  log a /a 
f rms re 

10 m/sec 2 ( "' lg )  and d
ref 

( 7 . 2 . 5 )  

1 m ,  then 

L
a 

1 0  log 4 u 2 + 2 0  log f + 2 0  log v - 2 0  log 1 0  

L
V 

+ 2 0  log f - 4 ,  d B  re 1 g 

L
d 

L
v 

- 2 0  log f - 1 6 , dB re 1 m .  
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As an e xamp l e , the s e  are a l s o  graphed in Fig . 7 . 4  for the 
ve locity spectrum shown there . Of c our se , the relative nu­
merical value s of the band leve l s  depend on the re ference 
value chosen , but the comparative shapes of the spectra are 
not . Note that the d i s p l ac ement spec tra tend to be l arge 
at low frequencies  and the acceleration spectra are higher at 
high frequenci e s . A conve r s ion nomograph between leve l s  i s  
shown i n  Fig . 7 . 5 .  

The mean s quare ve locity we have been deal ing with has 
been c a l led the " kinetic ve locity " , [ 1 0 ]  a ve locity de fined 
in terms o f  the kinetic energy o f  the sys tem . If the 
s tructure i s  fairly homogeneous (beams , cyl inder s , plates 
and s ound fields  mee t  thi s  requirement ) ,  the kinetic vel oc i ty 
i s  al s o  equal to the space-time me an s quare ve locity o f  the 
system .  

I n  addi tion , the s e  sys tems a l s o  a l l ow u s  t o  use a s imple 
relationship between the me an s quare ve locity and the s train 
in the s tructure . One can readi ly show that for a varie ty 
o f  mechanical motions ( flexure , tors i on , compre s s ion , etc . ) 
the mean s quare s train < £ 2 > i s  s imply rel ated to the kinet i c  
ve locity . [ 1 1 , 1 2 ] 

( 7 . 2 . 6 )  

in which the cons tant K depends on the type o f  motion and 
sys tem geometry but varie s  over a sma l l  range near unity . 
For e s timation purpo s e s  we c an s e t  K = 1 .  

_ 6 
A use ful re ference s train i s  £ re f= l O  , o r  " 1  mic ro­

s train " . De fining the strain l eve l as 

one has 

- 6  
[ dB re 1 0  , o r  

1 micro s  train ] 
= � - 1 0  log M - 2 0 log c 1  

( 7 . 2 . 7 ) 
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Thus , i f  Lv = - 3 0  dB re l m/s e c and i f  c � = 5 0 0 0  m/ sec , 
L s = - 3 0  - 7 4  + 1 2 0  or 1 6  dB re 1 micro strain , corre s ponding _ 6  
to an rms strain o f  6 . 5  x 1 0  

We can a l s o  relate the ve locity to s tre s s  L by noting 
that the strain time s s t i f fne s s  modulus is stres s .  For mo st 
s tructure s the appropriate sti f fne s s  i s  the Young ' s  modulus 
Y0 1  

( 7 . 2 . 8 ) 

The stres s leve l i s  defined as  

( 7 . 2 . 9 ) 

Any convenient reference stre s s  'r e f  
c an be  used . I f  we 

u s e  L = 1 0 6 newtons/meter 2 then ref 

= 20 log Y - 120 + L 
o s 

Lv + 2 0  log Y
o 

- 2 0 log c � 

1 9 0 

= Lv + 2 0 log p c� ( 7 . 2 . 1 0 ) 

us ing Yo = p c� where p is the den s ity and c � i s  the 

longitudinal wave speed . Thus , the form of the velocity 
spectrum a l s o  determine s the form o f  the s train and s tre s s  
spectra . In T ab l e  7 . 1 ,  we s ummar i z e  the relations b etween 
the vari ab l e s  d i s cus s ed and the l evel de fined in the pre­
ceding paragraphs . The s e  relations a s  a group al low us to 
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generate ave rage (meaning space- t ime square ) response o f  
the sys tem i f  t h e  ave rage energy of vibration or  any o f  
the o ther variab l e s  are known . 

7 . 3  R e s p o n s e  C o n c e n t r a t i o n F a c t o r s  

The ave rage re sponse values are use ful a s  a first s tep 
in e s t imation of vehic l e  vibration , but there are at least 
two reasons that we have to modi fy the average e s t imate s 
for engineering purpo s e s . The f i r s t  reason i s  that o f  
" re spon s e  concentration " , which i s  we l l  known i n  the c a s e  

1 9 2 

o f  the stre s s  concentration factors commonly used in 
s tructural de s i gn . Such re spons e  concentrations are tabulated 
and ava i l able for various common configurations . [ 1 3 ]  

The s econd kind o f  
'
concentration factor or e f fe c t  i s  

the local maximum o f  respon s e  due to coherence e ffec t s  
between mode s which many mode s a r e  excited s imultaneous ly . 
This coherence may be spati al or tempora l . The vari ation o f  
and peaks in local rms response due to coherence between 
mode s was di s cus s ed in Chapter 4 .  In this  chapter , we me re ly 
u s e  s ome of tho s e  formulas  to e s timate extreme value s o f  
respon s e  that resul t . 

M o d a l  S t r e s s  C o nc e n t r a t i o n 

We c an e s t imate the spati al mean square o f  s tre s s  for 
examp l e , ac cording to Eq . ( 7 . 2 . 8 ) and its antecedent s . We 
c an also e stimate the e f fe c t  of edge f ixation on the s tre s s  
o f  the boundary o f  a plate b y  methods reported b y  Ungar and 
Lee [ 9 ] . The s e  authors use the " dynamic edge e f fect " method 
of Bolotin to calculate stre s s e s  in s i tuations for whi ch 
there are no exact s o lutions to the thin-plate equations .  

We imagine a modal vibration pattern l ike that sketched 
in Fig . 7 . 6 .  The displ acement w near the boundary def ined 
by x2 = cons tant i s  written 

w ( x1
, x

2
) =s i n  klx1

[ s in k
2 x2 TB

l 
cos k2

x
2 +B2 

e
-kix2 ]  

( 7 . 3 . 1 )  
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where 

and 

where 

i s  the free bending wave speed . 

The maximum respon s e  o f  a single 2 -dimens ional mode 
in the " interior " i s  

1 9 3 

<V2 > 
max 

( 7 . 3 . 2 ) 

s ince the mode shape function i s  

2 s ink xl 
s ink �2 

m
l 

m2 
( 7 . 3 . 3 ) 

Thus , we have a concentration factor o f  2 bui lt into a s ingle 
mode re spons e .  The maj or intere s t  i n  the edge e ffect i s  
whethe r the constraint due t o  the edge c aus e s  stre s s  con­
centration there that are greater than the interior values . 

The analys i s  by Ungar and Lee ( 9 )  i s  rathe r detailed and 
lengthy , but they find that the ratio R of edge to 
interior stre s s  can be s imply s tated in two important cases  

(A ) " c l amped- l ike " edges 
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R 
4 a

r
G [ 2 a

t 
G 3_ H J ]  

----��----�--------------�L 
M{ [4 a

r
G ( atG-H ) +J- 2 G 2 ] 2 + A 2 } �  

( 7 . 3 . 4 )  

( B ) " free- l i ke " edges 

R 
2G 
M 

In the se expre s s ions 

a = 
r 

a
t 

= 

e = 

k 2 = 
P 

K
r
/2 D  k 

p 

K
t
/2 D  k 3  p 

k
l/k

2 

k 2 +k 2 =G 2 k 2  1 2 Y 

G = /1 + (3 2 

J = 1 + \1 (3 2  

( 7 . 3 . 5 ) 

A = J H - 4 a
t

G 2 (G+a
r

H )  

M = max [ J , \I  + (3 2 1  

The e l a s tic supports are defined by a rotational s t i f fne s s  Kr 
and a tran s l ational s t i f fne s s  Kt per unit length . The p late 
has a Poi s son ' s  ratio \I and a bending rigidity D = P S K 2 C� . 

The surfaces R = 1 for the s e  two condi tions are shown in 
Figs . 7 . 7  and 7 . 8  whi ch was adapted from the report by Ungar 
and Lee [ 9 ] . The region within the sur face repre sents con­
di tions in the parameter space for which the s tre s s e s  a long 

1 9 4 
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the edge are greater than at interior loc ations . The actual 
s tre s s  ratio for any s i tuati on may , of cours e ,  be found from 
Eqs . ( 7 . 3 , 7 . 4 ,  and 7 . 5 ) . For examp l e , i f  we f ind the s tres s 
ratio due to a " normal ly incident " ( /3 = 0 )  mode on the x2 =0 edge 
( sho\,ln in Fig . 7 . 6 ) when the edge is c l amped ( CLr , CL t+oo ) , we 
f ind R=2 .  Thus , the s imple c lamped edge produces a s tres s con­
centration factor of 2 above the pe ak s t re s s e s  that occur in 
the interior of the p l ate due to the normal mode shape . This  
s ame s tre s s  concentration a l s o  occurs for " graz ing mode s "  
( /3+00 ) in whi ch the wave s are trave l l ing paral l e l  to the edge o f  

the pane l . 

Mu lti-Mod al S tre s s  Concentration . I n  Chapter 4 we 
di s cus s ed the e f fect o f  coherence between modes in multi-modal 
respons e .  We found that i t  was pos s ib l e  to obtain that we 
called " s tat i s ti c a l  respon s e  concentrations " o f  s igni f i c ant 
va lue when many modes are coherently excited . Such a s i tuation 
can ari s e  when s tructures are excited by a pure tone at a 
frequency we l l  above the lowe s t  pane l res onances . The ex­
pres s ion for the re spons e concentration for th i s  s ituation is 
[ s ee Eq . ( 4 . 4 . 12 ) ] 

wmax 
w

rms 

which is 2 m 

= 1/J IN max 

for 2 - d imens ional mode s . 

As an example o f  the app l i c ation o f  Eq . ( 7 . 3 . 6 ) , con­
s ider the aircraft shmm in F i g . 6 . 1  excited by the pure tone 
from a bypas s  eng ine fan at 2 . 5  kHz . As s ume the s tructural 
loss factor is 1 0 - 2 , so that an equivalent mod al b andwidth 
i s  approximately 4 0  H z . I f  the fus e l aqe has an area o f  5 0  m 2 

and an average thi ckn e s s  of  2 rom ,  the average spacing between 
modes is of = 0 . 1 2 H z . Thus , 5 0 0  modes w i l l be excited 
by th i s  tone and the s tati s ti c al concentration factor is 

Rs tat = 2 {5 0 0  � 4 5 , ( pure tone ) ( 7 . 3 . 7 ) 

quite a large concentrati on factor . Detai led analys i s  shows 
th at thi s concentration has a nearly uni ty probab i l ity o f  
occurring , but that its  pos i ti on wi l l  shift depending on the 
frequency of the excitation . Thus , if the tone frequency 
varies at a l l , thi s  concentration point wi l l  wander over the 
s tructure . 



E n g i n e e r i n g  A p p l i c a t i o n s  1 9 6 

When the sys tem excitation i s broad band , the 
stat i s tical re spon s e  concentration is almo s t  never important . 
The response concentration in the case o f  exci tation by a band 
t:,f is given by 

r ] � 

( 1T 2 '2 n f )  
2 1T n f 

L 
(Sf t:, f  

1/I
max + ( 1- '2 t:,f )  ( t:, f > n f )  

( 7 . 3 . 8 ) 

Applying thi s to our examp l e , we get Rs tat = 1 0  when t:, f= 6 0 0  Hz  

( the bandwidth o f  the 2 . 5  kHz third oc tave ban d ) . Thus , the 
" s tatistical response concentration " is a function of the band­
width of the vibration , decreas ing as the no i s e  b andwidth in­
crease s . 

We have shown how we can e s t imate extreme value s o f  
re sponse for s ingle and multi-modal response s i tuation s . Such 
extreme value s are of parti cu l ar intere s t  when " exceedance " 
type fai lure s , such a s  fracture , plastic  de formation , or 
coll i s ions are cons idered . We now turn to procedures for 
forming e s timation interva l s  which are use ful in ampli tude 
related damage e stimates . 

7 . 4  V a r i a n c e  a n d  E s t i m a t i o n  I n t e r v a l s  

Variance i s  a me asure o f  the likely departure o f  any 
s ingle measurement of response from the average value . Since 
the shape s and the resonance frequenc i e s  o f  the mode s  wi l l  
vary from one s truc ture t o  anothe r and the deta i l s  o f  
location o f  exc i tation and response mea surement wi l l  a l s o  
vary , w e  may think o f  the output of a particular experiment as  
a s tati stical s ampl ing o f  a dis tribution o f  po s s ib l e  re spon s e  
value s . W e  pre s ent here s ome formulas  f o r  t h e  s t andard 
devi ation to b e  expected in c a s e s  in whi ch one sys tem i s  
excited directly b y  a point source and for the case in  which 
a s econd sys tem is exc i te d  by its  attachment to the d i re ctly 
excited system .  
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Single Sys tem Response . As expl ained earlier , the 
energy e s t imate provid e s  us wi th a predic ti on of m . s .  
re spons e  (velocity , s ay )  which we write a s  <V 2 > When a 
s ingle system i s  exc ited by a point source , the theoretical 
rel ation for the variance ( s quare o f  the s t andard devi ation 
cr) is as fol lows [ 1 0 ]  

2F ( Q )  
Q 

I 
2M ( 7 . 4 . 1 ) 

where Q = 2 � f/� fn , M = � fn/2 o f ,  and � i s  the mode shape . 
Al so � f i s  the b andwidth o f  the noi s e  exci t ation , n i s  the 
l o s s  factor , and o f  is the aver age frequency spacing 
between mode s .  The parameters n and o f  are d i s cus sed 
further to Chapter 9 .  The function F ( O )  i s  graphed i n  
Fig . 7 . 9 .  The modal shape factor h a s  the following value s : 

= 9/4 ( two-dimens i onal sys terns ) ( 7 . 4 . 2 )  

= 2 7/ 8  ( three-dimensi onal sys tems ) 

The parameter M i s  the modal over l ap , the ratio o f  
e ffective modal b andwidth to average frequency spacing between 
the modes . The parameter Q is a ratio o f  excitation band­
width to modal bandwidth . I f  we divide our intere s t  between 
c a s e s  of narrow and broad exc i t ation b andwidths and sma l l  
and l arge degre e s  o f  modal overlap , w e  g e t  the fo l lowing 
s imp l i fied formulas for the " normal i z ed varianc e " [ 1 0 ]  

cr 2 
v 2 

= <V 2 > 2 
= I 

o f  < 1/1  .. > 2 
� n f < 1/1 2 > .. narrow band (0« 1 )  

no overlap (M« l )  

narrow band ( Q« l ) 
high over1ap (M» I )  
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O f  
= 6 f  

< 1jJ � > 2 
<l/J 2 > 1+  

= 2 1T fn/2 
flf  

band of noise ( Q » l )  

l i tt l e  over l ap (M« l )  

band o f  noise ( Q » l )  

high overlap (M» l )  

1 9 8 

( 7 . 4 . 3 ) 

The quantit i e s  evaluated by Eqs . ( 7 . 4 . 3 ) wi l l  turn out to be 
quite important for determining e s timation interva l s  o r  
" s afety factors " f o r  response prediction . 

Coupled System Response . When two systems are j oined 
together and only one system is directly excited by an 
external source , then the mean value of enerqy is estimated 
by methods to be discussed in Chapter 8 .  The 
variance in response has also been derived for this situation 
for the simple case of point excitation , point connection be­
tween sys tems , and point observation . Such a calculation is 
thought to represent an upper bound on the variance to be 
encountered in other situations .  Thus , the estimates of 
confidence that we di scus s later are l ike ly to be on the con­
servative sid e .  

From Chapte r 4 the normali zed vari ance fo r a n  indi re c t ly 
excite d  sys tem i s  [ s ee Eq . ( 4 . 2 . 1 3 ) ] ;  

( 7 . 4 . 4 )  

In thi s expre s s i on ,  l/J l i s  a mode shape for the directly ex­
c i ted system ,  ljJ 2 a mode shape for the indirectly excited 
system .  The average frequency separations for mode s  in the 
two sys tems are o fl and o f2 . The excitation and analys i s  
bandwidths are fl f , and the l o s s  factor fo r sys tems 1 and 2 
are n l and n 2 respectively . I f  one o f  the sys tems has a 
single mode in  the band , then s e t  o f  = fl f  for that system .  
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The exponents a and b in Eq . ( 7 . 4 . 4 ) are concerned 
with the nature of the excitation and ob s ervation locations . 
I f  the s e  are " average " interior locations on the s tructures 
(or sound fields ) then a = b = 2 .  I n  some ins tanc e s  we can 
s ense  the re sponse  so that all resonant mode s  contribute 
equa l ly to the re spon s e . Examples  inc lude me asurement o f  
motion at the free end o f  a beam o r  sound pres sure a t  the 
corner of a re ctangul ar room . I f  such a loc ation is pi cked 
for the exci tation , then a = I ,  and if s uch a location i s  
picked for the ob s e rvation o f  response , then b = 1 .  

We see from Eqs . ( 7 . 4 . 1 ) and ( 7 . 4 . 4 ) that the variance 
i s  general ly reduced as the mode s get more den s e  ( and , 
there fore , o f  i s  reduced ) and as the exc i tation bandwidth 
�f is increased . F rom Eq . ( 7 . 4 . 2 ) , sys tems o f  higher 
dimens ional i ty have a greater contribution to the vari ance 
by thi s  spati al  facto r , whe reas the usually higher modal 
den s i ty o f  such a sys tem is usually suf fic ient to o ff s e t  
thi s  e f fect . I n  balanc e , one-dimensional sys tems such as  
ring frame s and beams have higher variance than do plate s , 
cylinders or acous tical  space s . 

7 . S  U s i n g V a r i a n c e  t o  C a l c u l a t e  S a f e ty F a c t o r s  

The vari ance o f  response has two applic ations that are 
o f  intere s t  to the s truc tura l  de s i gner . The f i r s t  is as  a 
s imple me tri c to j udge the sc atter o f  data i n  response 
s imul ation experiment s .  The second i s  the s etting o f  
e s timation leve l s  that repre sent a reasonab l e  bound t o  the 
expected response in a variety of s i tuation s . Usual ly such 
a bound wi l l  be s everal t imes the e s timate of average 
re sponse so that the ob s e rved resp onse may b e  reasonab ly 
expected to fal l within the bound . We may interpret such a 
bound , the re fore , a s  a " s a fety fac tor " on the me an value 
e s timate . 

I n  order to c a l cu l ate e s timation intervals , we need the 
probab i l i ty o f  the response vari ab l e s , <v 2 > t ' < T 2 > t , < p 2 > t , 
e tc . We l e t  any o f  the s e  posi tive variab l e s  to repre sented 
by the variab l e  6 .  The probab i l i ty dens ity o f  response i s  
denoted � ( 6 ) , which wi l l  have the gene ral form ske tched in 
Fig . 7 . 1 0 .  The probab i l ity that the measured re sponse 6 
wi l l  l i e  in the interval 6 1 < 6 < 6 2 i s  cal led the con f idence 
coe f f i c i ent , ee , and i s  graphical ly repre sented as  the 
hatched area shown in Fig . 7 . 1 1 .  
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A very convenient form for the probabi lty density i s  the 
so-called gamma dens ity .  I f  we assume that 8 is dis­
tributed according to this density , then we can relate the 
confidence coef ficient direc tly to the es timation interval 
for a given normali zed variance as  determined either by Eq . 
( 7 . 4 . 1 ) or ( 7 . 4 . 4 ) . For example , if  we define an upper 
limit 8 2=r< 8 >  where r is a posi tive number greater than 
unity and a lower limit 8 1  = 0 for the e stimation interval ,  
we ob tain the r elationship shown in Fig . 7 . 11 .  Thus , for 
example , assume that we want to be  9 9 %  sure of not exceeding 
the respons e estimate 8 2 ' where 8 2=r < 8 > . I f ,  for example , 
0 �/< 8 2 > = 0 . 3 and if  r = 2 . 5 ,  then we can be 9 9 %  confident 
of not exceeding a respons e of  8 2 = 2 . 5< 8 > .  We can think of 
the f ac tor � therefore , as a kind of safety factor ; the greater 
r is , the less chance we have of exceeding the es timate . 

A s econd kind of es timation interval , which is of 
greater importance in exper imental s tudies , may be termed a 
" bracketing estimate " . In  this cas e ,  we set 8 2=r< 8 >  as 
before , and also s et 8 1=< 8 >/r . Since the ratio of the limit to the 
mean is fixed , we can refer to the estimate in this case as the 
mean p lus or minus 1 0  log r (dB ) . This is a convenient and 
natural form for the estimation interval , particularly if  
the response has been expressed in logarithmic terms (as  
a level .) Again , us ing the gamma density for � ( 8 ) , the 
relation between ee , r ,  and 0 2/< 8 2 > for the "bracketing 
interval "  is shown in Fig . 7 . 1 2 .  The use  of  this  graph to 
def ine an estimation interval is identical to the procedure 
described in the prec eding paragraph . 

Summary .  S tarting with the es timate o f  expected 
vibrational energy in a band �f , we have shown how to r e­
interpret this estimate in terms of  variables o f  more direc t  
interes t .  We have also discuss ed the effects that may caus e 
extreme values of response at particular locations . In 
addition , we have shown how to develop estimation intervals 
for use in those cas es in which the expec ted var iation leads 
to too much uncertainty for the use  o f  the mean value as an 
es timate . In the next chapter , we discuss the way in which we 
obtain the energy estimate from the SEA model . 
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C H A P T E R  8 .  E S T I MA T I N G T H E  E N E R G Y O F  V I B R A T I O N  

8 . 0  I n t r o d u c t i o n  

This chapter i s  concerned with describing how one ob­
tains an estimate of average system energy from the SEA 
model and a knowledge o f  its parameters . In this chapter , 
the model and its parameter values are assumed to be given . 
In Chapter 1 0  we wil l  describe how the model is defined . 
Parameter values are discussed in Chapter 9 .  In practical 
situations , however , in which one deals with effects of 
minor changes in structural configuration or connections in 
an overall system that is the same from one s ituation to the 
next , then with each modified calculation of  system energy , 
one is bas ically s tarting at the point where this chapter 
commences . 

The energy that we solve for is the vibrational energy 
in the frequency band t.f of each " subsystem " . This  energy 
is found as a result of a set  of linear s imultaneous 
algebraic equations in which the energy of certain systems 
and input power to o ther systems are the known quantities . 
The unknown energies of  the remaining systems are solved 
for in terms of  these known quantities and the system para­
meters . The system parameters include the number N .  of  
resonant modes in  the frequency band , t.f , of each system , 
the system damping as measured by the loss factor n , and 
the coupling loss  factor , which we have discussed in 
Chapter 3 (of Part I )  and wil l  discuss  fur ther in 
Chapter 9 .  

Since Part I I  i s  concerned wi th engineering pro cedures ,  
we do not derive th e  re lati ons hips th at we use . The deriva ti ons 
of the b as i c  r e lations were made in Par t I .  Here , the emphas i s  
i s  o n  exp l ai ni ng wh at mus t  be  known to carry out the es timates , 
and how One app li e s  that i nforma tion to i nterpre t  the es timates . 

8 . 1  H o w  t h e  O v e r a l l S y s t e m  i s  D e s c r i b e d  

A fairly general S EA model i s  depicted in Fig . B . l .  
I t  consists o f  N subsystems , each o f  which may receive 
power ITin from an external source (unspecified )  and dis­
sipate power ITdiss  due to the damping of the subsys tem . 
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In add ition , power ITij i s  trans ferred b e tween subsystems by 
the action o f  coup ling forces at  the j unctions between 
the s e subsys tems . Fina l ly , the energy o f  each subsystem is  
denoted by E to t , and i t  is  this s e t  o f energy values that 
we s o lve for . S ince the energy E tot i s  the vibrational 
energy o f  the subsystem in a frequ ency band � f , i t  is  the 
energy that we began with to make our subsystem r esponse 
e s t imates in Chapter 3 .  

The fundamenta l r e lation that we u s e  is  that o f  the 
conservation of energy f or each subsys tem , or a balance 
between power in and ou t of the subsystem .  For the ith sub­
system in Fig . 8 . 1 ,  therefore , we have : 

N i 
IT . . = IT . 

d
. + L IT . .  

1 , 1n 1 ,  1 S S  1 J  
j =l 

( 8 . 1 . 1 ) 

where the prime on the s um means tha t j = i i s  exc luded . We 
are ab l e  to s o lve for the sys tem energ ies b ecaus e b o th the 
dis s ipated power and transfer power c an be r e lated to s ub­
sys tem energies . The d i s s ipation re lation i s  

( 8 . 1 . 2 ) 

where n i i s  the lo s s  f a c tor previous ly introduc ed and 
w= 2 � f , where f i s the c en ter frequency of the band o f  
interest . 

The power trans f erred from subsystem i to subsystem j 
was f ound in Part I to b e  [ s ee Eq . ( 3 . 2 . 1 1 ) ] :  

( 8 . 1 . 3 )  

where the quantities n ij are c a l l ed c oupling los s  fac tors . 
They are not a l l  independent becaus e they mus t  s ati s fy the 
cons is tency re lation 



E s t i m a t i n g  t h e  E n e r g y  o f  V i b r a t i o n 2 1 1 

N · n · . =N · n · ·  
� � ] ] ] � 

( 8 . 1 . 4 ) 

where Ni , Nj are the numbers of  resonant modes of  sub­
systems i , j  in the band � f . 

Placing Eqs . ( 8 . 1 . 2 ) and ( 8 . 1 . 3 ) into Eq . ( 8 . 1 . 1 ) 
results in the following set  of  equations : 

( 8 . 1 . 5 ) 

The solutions for these s imultaneous equations is  found 
in the conventional way . We can , if we wish , express  these 
equations in matrix form : 

n 1 , tot -n 21 -n 3 1 . . . -nNl El , tot III . /w , �n 

-n12 n 2 , tot -n 3 , 2  -nN , 2 E2 , tot II 2 . /w , 1n 

-n13 - n 2 , 3  n 3 , tot  - nN , 3 E3 , tot = II3 , in/w 
. 
. . 

-nlN -n 2N - n 3N nN , tot  EN , tot  IIN , in/W 

( 8 . 1 . 6 ) 
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This set  of N s imu ltaneous equations is  appropriate if  
only values of  input power are known . I f , however , the 
energy Ei to t  of  any subsystem is known b y  measurement or 
some other means , then the energy balance equation ( B . l . l )  
for that subsystem is  removed , reducing the order of the 
set  of equations and the known energy becomes a " sourc e "  
term i n  each equation and is  moved t o  the right hand s ide  of 
the new set of s imultaneous equations . 

The di�gonal terms of the coeffic ient matrix 
n i , tot=n i+Ej nij may be thought of  as tota l loss factors for 
each subsystem . This total loss  factor includes not only 
dissipative losses , but also the effects of transfer losses 
to o ther subsystems . Of cours e ,  whether or not the loss  to 
other subsystems actually occurs will  depend on the energy 
that they contain . 

I f  we call the coefficient matrix in Eq . ( 8 . 1 . 6 )  N , then 
it may be written 

where Et and nin 
Ei , tot  and ITi , in 
Eq . ( 8 . 1 . 7 )  from 
N- 1 J 

n ,  /w l.n 
( B . 1 . 7 ) 

are N -dimensional vectors having components 
respectively , found by operating on 

the left with the inverse  of N ,  defined as 

-l + + � -1 ± N oN · E = i · E ""E = N ° ll ,  /w ( 8 . 1 . 8 )  t t t l.n 

' + ' The elements of  the inverse of N are (_ ) l. JMij /l1 , where 
Mij is  the minor determinant formed by eliminating the ith 
row and j th column of the transpose  of  the matrix N ,  and 
11 is  the determ!nant of N .  The identity matrix I operating 
on the vector Et leaves it unchanged . 

The calculations involved in finding N - 1  and , con­
s equently , Et mus t  be c arri ed out for each frequency band 

.. l1f  of interes t .  Since the parameters such as  ITin , n i , and 
n ij wi ll generally vary wi th frequency , even the set  of 



E s t i m a t i n g  t h e  E n e r g y  o f  V i b r a t i o n  2 1 3 

algebraic c al culations involved in s o lving E q . ( 8 . 1 . 6 )  can 
get qui t e  cumbersome . Ther e are compu ter r outines avai lab l e , 
however , that can r educ e thi s  e f f or t  cons i derab ly i f  the 
numbe r  of subsys tems N is l arg e . When N is l e s s  than 4 ,  
however , the s aving o f  e f f or t  i s  usually no t  wor thwhi l e  and 
formal algebraic s o lution is adequate . 

Examp l e : 2 Subsys tems 

The c a s e  in  which there are only two s ubsys tems app l i e s  
to very many s i tu ations o f  practic a l  interes t ;  t h e  s i tuation 
depicted in F i g . 6 . 1 , for examp l e . Equations ( 8 . 1 . 6 )  in thi s  
c ase are 

( 8 . 1 . 9 ) 

The d eterminant of  the coefficient matrix i s  

( 8 . 1 . 1 0 )  
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( 8 . 1 . llb ) 

The re i s  a s imp l i fi c ation o f  thi s  result that i s  very 
important from the point of view of e s timation . Suppos e  that 
only sys tem 1 has  external excitation . Then IT2 . = 0 and , �n 

E 1 , to t  = 

and , the re fore , 

E 2 , to t 

IT l . , 1n 
w 

( 8 . 1 . 1 2 ) 

Thi s  re lation a l l ows u s  to e s timate E 2 tot if E l , tot i s  
known (by c a lculation o f  the re sponse  t o  the

' 
environment or by 

measurements on a s imi lar sys tem . ) Only one coup l ing los s 
factor need be known s ince the cons i s tency r e l ation Eq . ( 8 . 1 4 )  
a l l ows the othe r to b e  calcu l ated i f  the mode count s i n  the 
band (or averaqe frequency s eparation of the mode s for e ach 
system )  are known .  

Example : 3 Subsys tems 

Three e l ement sys tems usua l ly ari s e  when a resonant e l ement 
( such as a wal l ) intervene s between two resonant systems o f  
intere s t . The general equations for thi s  c a s e  are 

n1+n12+Tl 13 -n 2 1  -n 31 E l , tot 
IT

I , in/w 

-Tl12 n 2+n 2 1+n 2 3 -n 3 2 E 2 , to t  = IT
2 , in/w 

-n 13 -n 2 3 n 3+Tl 32+n 31 E 3 , tot IT 3 , in/w 

( 8  . 1 3 ) 
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The determinant � o f  the N-matrix i s  quite comp l i cated and 
wi l l  not be written out here . The matrix inverse  to N i s  
found to b e  

- 1 1 
N =x 

2 1 5 

( 8 . 1 . 1 4 )  

To obtain a s impl e  result that i l lustrate s the procedure , 
but that i s  not representative o f  many s i tuations o f  intere s t , 
f i r s t  as sume that only subsys tem 1 i s  externally excited so 
that IT2 , in = IT 3 , in = O .  Secondly , we s e t  n 13=n 31=O  so that 
the three subsys tems form a chain ( 1 ) � ( 2 ) � ( 3 ) .  With the s e  
as sumptions 

E2 , tot = ITi , in (n 12n 3t+n 13n 3 2 ) /w�  = El , to!: 

E3 , tot = ITi , in ( n 12n 2 3+n2tn13 ) /w�  E = 2 , tot 

E 1 , tot 

( 8 . 1 . 1 5 )  

n 12n 3t 
Tl 2tn 3t-n 2 3n 32  

n 2 3 
n 3t 

n 1 2n 2 3 
- - - - --- - - -- - - -

n 2tn 3t - n 2 3n 3 2 
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I f  we a s sume that n 2 3 « n 2 t  and n 3 2 « n 3 t ' ( coupl ing los s sma l l  
compared t o  internal damp�ng ) 

2 1 6 

E 3 , to t  
= E 

2 , tot n 3 t 
( 8 . 1 . 1 6 )  

C l e arly , the r e s u l t  in Eq . ( 8 . 1 . 1 6 )  i s  a product o f  two ratios 
o f  the kind shown in Eq . ( 8 . 1 . 1 2 ) . 

8 . 2  A l t e r n a t i v e F o r m o f  t h e  E n e r gy E q u a t i o n s  

I n  certain i n stances ,  we may know the energy o f  vibration 
o f  the s ub s ys tems i n  the ab s ence o f  coup ling . The uncoupled 
condi tion i s  obtained , a s  explained i n  Part I ,  by c aus ing the 
re spon s e  of a l l  other subsys tems to vani sh . Thus , a boundary 
between subsys tems in whi ch motion s are the re sponse variab l e  
be comes " fixed " . I f  force (pres sure for examp l e )  i s  the re s ­
pon s e  vari able , then the boundary become s " free " when the 
subsystems are decoupled or " b locked " .  

The powe r flow between two s ubsys tems having total 
blocked energie s 

i s  g iven by 

E ( b )  
l , tot 

and (b ) E2 , tot 

E (b ) 
2 , tot 

( 8 . 2 . 1 ) 

where the coe f f i cients a . .  are d i fferent from the n i j ' s that 
appear in Eq . ( 4 . 1 . 3 ) , b�f s a ti s fy the s ame cons i s tency 
re l ation , 

( 8 . 2 . 2 ) 
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The " b l ocked energy " relatlon in thi s form c an only be 
applied to two subsys tem prob l ems , so that i f  sy s tem 2 doe s  
not have external excitation , one h a s  

2 1 7 

E2 , tot 
= = ( 8 . 2 . 3 ) 

s ince E4b�ot = 0 i f  there i s  not external excitation of 
sys tem 2 ! The result in Eq . ( 8 . 2 . 3 ) i s  very near to that i n  
Eq .  ( 8 . 1 . 12 ) . Evaluation o f  the c oe f f ic i ents ai j i s  d i s cus sed 
in Chapter 9 . 

Fundamental ly , the bl ocked energy o f  a subsys tem i s  
s imply a measure o f  the input power ,  s ince 

E (b ) 
tot 

= 

Thus , any o f  the rel ations in paragraph " 8 . 1  that expre s s  actual 
energy o f  vibration in terms o f  input power may a l s o  be 
modi fied to expre s s  vibrational ene rgy in terms o f  b locked 
energy . 

8 . 3  P a r a m e t e r  E v a l u a t i o n  U s i n g  t h e  E n e r g y  E q u a t i o n s  

The energy equations c an a l s o  b e  used in conj unc tion 
with experiment s  to calcul ate the parameters ( c oupl ing l o s s  
factors and l o s s  factors ) f o r  a sys tem . EqR . ( 8 . l . S ) are 
linear in the s e  parameters . Thu s , if we me asure the ene rgy in e ach s ub system for a known s e t  of input power values 
ITi , in we c an generate a s e t  o f  l inear s imultaneous equations 
for the n i ' s  and n i j ' s . 

I f  we have N sub systems , the n  the total number o f  
parame ters in N 2 whi ch cons i s t s  o f  N los s factors and 
N (N- l )  coup l ing l o s s  factors . Of cour s e , we could use the 
c ons i stency relation Eq . ( 8 . 1 . 4 ) to reduce the number o f  
required coup l ing los s factors to N (N- l ) /2 and a n  equal 
number of mode count ratio s  could also b e  found . 
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Any one experiment ( for example , setting TI 2 into  and 
IT I , in = IT 3 , in = . . .  = ITN , in = 0 and me asuring a l l '

the Ej , tot 
value s )  generate s N simultaneous equations for the para­
meters . There fore , we must perform N independent measure­
ments ( for example , sequential ly inj ecting known power into 
each of  the subsys tems and measuring the resulting energies ) 
to obtain the neces s ary N 2 equations . Of course ,  any 
parameter value s we may know wi l l  reduce the number of measure­
ments accordingly , although we may choose to bui ld some 
redundancy into the parameter evaluation for greater accuracy 
or as a check on the procedures . 

We should emphas i z e  that the procedure for parameter 
evaluation j us t  de scribed is not an e stabli shed method . The re 
has been only parti al  success  for it in the case s  for which 
i t  has been tried . The dif ficultie s have shown themselve s 
in the form o f  negative values o f  parameters . This impos s ible 
answer i s  the re sult o f  small  errors that occur in each set 
o f  measurements that mounts up as one proceeds through the 
calculations . There is no reported analys is  of the sensitivi ty 
of the derived parameter value s to small  errors in me asured 
energy and input power values . Such an analys i s  is  needed to 
estab l i s h  the use o f  the energy equi lib rium equations as a 
useful  technique for determining SEA parameter values . 

8 . 4  U s e f u l  A pp r o x i m a t i o n s  a n d  S i m p l i f i c a t i o n s  

I n  mos t  SEA calculations , three or four interconne cted 
subsys tems may suffice to des cribe the overall system , but 
it c an eas i ly happen that more subsys tems are required . Even 
though the equations introduced in paragraph 8 . 1  are readi ly 
solved for such numbers of unknown s , it  is desirable  in many 
cases to seek ways to abbrevi ate the calculations . 

We may want to s imp l i fy the calculations in order to 
get a " quick look " answer to compare with the more detailed 
calculation . Or , we may know some o f  the parameter values 
only approximately and seek to make sure we are not spending 
e f fort on evaluating unneeded parameters .  Also , it is 
sometime s easier to get a better idea of  the ene rgy flow 
proce s s  from the s impler calculations so that changes in 
vibration leve l s  that would result from changing parameter 
value s can be in ferred . 

The principles o f  s impl i fication may be l i s ted quite 
s imply . They wi l l  not all be applicable or useful in any 
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parti cular system , but by us ing them i t  i s  usual ly pos sible 
to get answers that are o f  sufficient accuracy . The principles 
are as fol lows : 

(1 )  Compute the approximate modal energie s  o f  the 
directly excited sub sys tems us ing Etot=ITin/wn . 
The subsystems with the high modal energies  Etot/N 
are usual ly those that wi l l  " drive " the other 
subsys tems . 

( 2 ) Identi fy the path ( s )  from the most energp.tic sub­
system to the subsys tem of intere s t . Concentrate 
on those paths that would appear to be dominant 
based on the rel ative s i z e s  of  coupling and 
d i s s ipation loss  factors . 

( 3 )  When the loss  factor o f  a subsys tem i s  larger than 
the coupling los s factor connecting it to a more 
energetic system , ignore the coupl ing loss factors 
in the total damping n i t . When the los s factor i s  
smaller than the coupl �ng loss  factor , assume the 
subsys tem in que stion has the s ame modal energy 
as its  mo re energetic neighbor . 

( 4 ) I f  a neighboring sub sys tem h'as l e s s  modal energy 
than the subsys tem being studi ed and it is not 
" in line " to another subsys tem of interes t ,  i gnore 
it or at mos t  inc lude the coupl ing loss  factor 
to it as part of the s ubsys tem damping . 

The result of  these approximations wi l l  general ly lead 
to a " chain " sort of  calculation as i llus trated by the results 
in Eqs . ( 8 . 1 . 1 2 ) and ( 8 . 1 . 1 6 ) . The energy of  the adj oining 
subsys tem is  found by taking the product of the energy of  the 
source sub system time s the ratio of coupl ing loss  factor to 
damping for the receiving s ub s ystem . Thi s  proces s is then 
repeated for a l l  subsystems along the line . 

To i l lustrate the application of  this simpl i fied approach , 
consider the diagram shown in Fig .  8 . 2  that models an airborne 
computer .  The exterior panels and frame of the computer are 
excited directly by the environment ,  and we are interes ted in 
knowing the dominant path that the energy takes  getting to the 
circuit boards and what the re sul ting vibration leve ls wi l l  be . 

Suppose  that the input power to the computer frame i s  
known to b e  ITl , in= O . l  watts i n  the 2 5 0  H z  octave band (we wi l l  
desc ribe ways o f  computing input power i n  the following 
chapter ) .  Our first task is to compute the energy of sys tem 1 .  
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Noting that n 1 2 and n 1 4  are both smal l compared to n l '  we ignore 
the coup l ing and compute 

E l , tot III . /w n l , l.n 

and a modal energy o f  

_ 3 
6 . 4 x l O  j oule s , 

j oule s . 

( 8 . 4 . 1 ) 

( 8 . 4 . 2 ) 

U s ing Eq . ( 8 . 1 . 1 2 )  and ignoring coup ling losses  compared 
to dis s ipation , we get 

E 2 , tot El , tot 

and 

E 4 , tot E l , tot 

n 1 2 
-- = 
n 2 

n 1 4  
-- = 
n 4 

corresponding to modal energie s  o f  
j oule s respectively . 

6 -

6 . 4 x l O  j oules 

_ 4  
6 . 4 x l O  j oules , 

E2= 6 . 4xlO  
- 8  

and E 4 

( 8 . 4 . 3 ) 

( 8 . 4 . 4 ) 

- 5  
3 . 2 x 1 0  

The energy o f  the ci rcuit boards due t o  the a i r  path 
i s  given by 

E ( ai r )  
3 , tot 

- 1 0 
6 . 4 xlO  

whi l e  that due to  the s tructural p ath is  

( 8 . 4 . S a )  
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( s truct ) 
E 3 , tot 

- 7  
= 6 . 4 x1 0  

2 2 1  

( 8 . 4 . 5b ) 

Obviously , the s tructural path i s  more s igni ficant in thi s  
example . The modal ene rgy o f  the circuit board i s , the re fore : 

_ 7  
= 1 . 3x 1 0  j oule s . ( 8 . 4 . 6 ) 

Since E 3 i s  greater than E 2 , the actual energy flow wi l l  
be from the c 1rcuit board t o  the a i r  space . That is , the 
boards are radiating more energy to the air space than they 
receive from the surrounding air . Of course , this conc lus ion 
is  dependent on the parameters arbitrarily chosen for the 
example , but the procedure shown here wi l l  usual ly supp ly 
results of  suffi cient accuracy and provide ins ight into the 
physical principles involved . 

8 . 5 S u m m a ry 

In thi s  chapter , we have s hown how energy es timates c an 
be made from the equilibrium rel ations o f  SEA . The s e  e stimates 
mus t  use value s of  SEA parameters , wh ich wi l l  be discus sed in 
the following chapter . The estimate i s  obviously also based 
on a model o f  the system . Neverthe l e s s , the work in this 
chapter wi l l  be sufficient to tel l  us how the sys tem might be 
changed to reduce the re sponse to an acceptab l e  level . 
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fi . , IN 

E l l tot 

fi3, IN fi " DISS 

fi 3, 1 

E 3, tot 

fi3, D1SS 

F I G . 8 . 1 

E 2 ,  tot 

fi N, DISS 

A N  S EA M O D EL O F  SYSTEM CONTA I N I N G  N S U B SYSTE MS 

2 2 2  
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C H A P T E R  9 .  T H E  M E A N I N G  A N D  U S E O F  S E A P A RA M E T E R S  

9 . 0  I n t r o d u c t i o n  

In the prec ed ing chapters we have shown how to interpret 
energy e s timates in terms o f  dynamical respons e and how the 
energy e s t imate its e lf i s  computed in terms o f  the SEA model  
and i ts as sociated parameters . In thi s  chapter we discuss  
the SEA parameters in more detail ,  describing what they are 
f rom a phy s ic al  point of  view and how one goes about getting 
va lues  for them . 

The parameters govern the power input to each subsystem , 
the d i s s ipation of  energy , energy s torage , and energy trans fer 
between subsys tems . Section I I  o f  this  report i s  a fairly 
extens ive tabulation of  SEA parameters , so that we sha l l  not 
dup l i cate that work here . Rather , our emphas is is  on ex­
p laining the parameters and how they are us ed in the c a l­
culations . To obtain formulas or values for the parameters , 
reference should be made to Section I I . 

9 . 1 D i s s i p a t i o n  P a r am e t e r s  

The d i s sipation o f  s tored energy i n  each  subsys tem is 
measured by the parameter n i , termed the " lo s s  factor . "  The 
los s factor is  a measure of the ratio of energy d i s s ipa ted 
per unit time (one s econd ) to averag e energy s tored 

n = 
JI

d i s s  
21T fE stored ( 9 . 1 . 1 ) 

Defined in this way , the lo s s  factor is  the reciproca l o f  the 
" qua l i ty factor " 0 u s ed in elec trical engineer ing : n = 1/0 . 
The damping parameter c ommonly u s ed in mechanical engineering 
i s  � ,  the ratio of  damping to critical damping , and n = 2 � .  

The lo s s  factor n i s  occas ionally introduced in structural  
vibration problems as the  phas e angle  o f  a comp lex Young ' s  
modulu s : E+Eo ( l- in ) . In  o ther cases , the damp ing is  intro­
duced via a viscous element of  value R ,  in which case , 
n=R/wM where M i s  the subsys tem mas s . O f  course , i f  the dis-
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s ipation i s  actually occurring at the j oints o r  r ivet points , 
neither of  these  damping descriptions i s  rea l ly des criptive 
of the physical  d i s s ipation proces s .  

I t  i s  o ccas iona l ly asserted that a lo s s  factor des cription 
of damping implies a very particular mechanism of dis s ipation 
and that erroneous es timates will  occur i f  the actual 
mechanism is  not the assumed ones . In gener a l , respons e 
estimates are s l ightly dependent on the mechanism o f  damping , 
but the d i f f erences are very sma l l  if  the los s factor i s  in 
the range n= O . l  or les s . Mos t  s truc tures have damping much 
less than this , so that we need not imply any spec ific  
damping mechanism by introducing the los s  factor . 

In  acoustical systems , the dis s ipation is  norma lly 
expre s s ed by the rate o f  dec ay of  sound l evel after the 
source of exc itation has been turned o f f .  This "decay rate " , 
DR ( in dB/sec ) , i s  g iven by 

DR = 2 7 . 3  f n  

where f i s  the  center frequency o f  the band 6 f  i n  which the 
data is taken . Typical values of  decay rate for the sma l l  
acoustical  spaces as sociated with aircraf t are o f  the order 
of 1 0 0  dB/s ec or greater . I t  i s  often difficult to measure 
such rapid rate s  of decay with s tandard acou stical apparatus . 
In such a circumstance one may u s e  an osci llos cope for the 
disp lay . 

Damping i s  probably the s ing le  mos t  important parameter 
in e s tablishing subsystem respons e becau s e  we are deal ing 
wi th resonant modes .  A 1 0 %  error in damping wi l l  resul t  in a 
1 dB error in the respons e es tima te , and a 1 0 0 %  error in 
damping results in a 3 dB change in  e s t imated respons e .  When 
coupling factors are larger than the d amping , the damping 
p lays a less  important role in s etting response levels -
there i s  then a tendency for energy equ ipartition with the 
adj ac ent subsystem (energy equipartition means equal modal 
energies  of  the subsys tems connected by the " larg e "  coupling 
los s  factor ) . 

Damping may be enhanced by addition of " applied damping " 
treatments . This might cons i s t  o f  a s ing le layer of  visco­
e lastic material  adhered to the panel .  Such a treatment is 
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a " free"  o r  " uncons trained " layer , a s  diagrammed i n  F ig . 9 . la .  
A more complex damping treatment that does not have as large 
a weight penalty is the cons trained layer , shown in F ig . 9 . lb .  
An a l ternative that uses  a s tif f spacer amplifies  the s train 
in the viscoelastic layer as shown in Fig . 9 . lc .  A variant 
of thi s  design u ses a cons trained layer spaced away from the 
bas e pane l . F inal ly , to reduce "drumming " vibration of a 
s ing l e  mode , the d amp ing e l ement c an employ resonance to 
amplify s train and provide  a high degree of  damping over a 
fair ly narrow frequency range as  shown in F ig . 9 . ld .  

9 . 2  P o w e r  T r a n s f e r  P a r a m e t e r s  

The power flow between subsys tems may b e  described either 
in terms of the actual energies  of vibration , or in terms 
of the energy of v ibration that they wou ld have in the ab­
s ens e of  coupling . In the first  cas e , the parameter of 
interest  is the coupling lo s s  factor , n · · .  There is  no 
general name f or the s econd parameter , E�t it has been de­
noted in Par t  I as  ai j . The form�las for power f low from 
subsystem i to subsys tem j are as  f o llows : 

= wa E ( b ) 
wa E 

(b ) 
ij i , tot - j i  j , tot 

( 9 . 2 . la )  

( 9 . 2 . lb )  

Equation ( 9 . 2 . la )  applies  t o  any s ituation , bu t Eq . ( 9 . 2 . lb )  
has only been demons trated to apply to 2-sub sys tem s i tuations . 

The principal uti li ty c f  ai j i s  th at i t  al l ows for a 
comput at ional algorithm for T) ij . Th i s  re lation was de rived 
in Part I and wi l l  be used in se ction I I . To i l lustrate how 
th is works , howeve r ,  suppos e the two s ubsys tems are j o ined at 
a point and that a point input impe dance Z i in can be de f ine d 
for each at the at tachme nt locat ion . Then ,

'
the value of  

a ij is : 

a . . = 
2fl f  

� J 

R . . R • .  � , �n J , �n 

/ z .  . + z . . / 2  � , � n J , �n 
( 9 . 2 . 2 ) 
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A general relation between the c oupling los s Egctor 
n i j  and the parameter ai ' may be found when the j system 
becomes " dense " ,  i . e . , N3 fni /flf» 1 .  In this  circumstance ,  
as shown in Part I [ Eg . ( 4 . 1 . 2 1 ) ] 

n . .  = a • •  �J  � J 
- 1  ( I-a . .  /n i )  � J 

( 9 . 2 . 3 )  

In the case where subsystem i has a s ingle mode , Ni = 1 ,  
then one can show that [Eq . ( 3 . 4 . 6 ) ] ,  

n . .  = R . . IwM . 
� J  � , �n J ( 9 . 2 . 4 )  

2 2 7 

where M ' is  the total mas s  of the j th subsystem . When the ith 
system fias many modes , Ni» l , one can show that n ij �ai} . Thus , 
the evaluation of  the coupling loss factor can be expressed 
entirely in terms of j unction impedances . 

The theoretical calculation of  coupling loss  factors can 
get quite complicated for one or more of the following 
reasons : 

1 .  Neither system is "dens e " ;  only a few modes of  
each of  the two subsystems resonate in the band 
of interest .  

2 .  The j unction is not a point , but extends along 
a line or over an area . More complex impedance 
functions are necessary to describe the inter­
action in this  cas e . 

3 .  The actual interaction may not be " scalar" , 
but "vectorial " .  This is particularly true 
when the interacting systems are s tructures ,  
s ince a proper description of  the interacting 
forces may include moments and shear and 
compressional forces .  Our purpose in this 
chapter is  to indicate the process by which one 
obtains the coupling parameter . The detai led 
methods and available results are covered in 
Section II of  this  Part of  the repor t .  
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We have shown that the coupling los s factor can be 
rel ated to the j unction impedance . It can also  be re lated 
to other parameters that are wel l known in certain 
speciali z ed fields , such as sound transmi s s ion between rooms . 
In that field , the s ound transmi s s ion is  de fined by a 
" transmi s s ibility "  L ,  which i s  related to the we l l  known 
" transmi s s ion los s "  TL by 

TL - - 1 0  log L .  ( 9 . 2 . 5 ) 

The rel ation between coupling los s factor and L i s  simply 

L ( 9 . 2 . 6 )  

where � i s  the area of  the wall through which the sound is  
" leaking " ,  c i s  the speed of  sound and Vi is  the vo lume of  
room i .  Thus , a l l  the data available  on TL for  various wa l l  
cons tructions be come s a source o f  in formation o f  coupl ing los s 
factors between sub systems that are acoustical spaces . 

The experimental determination of coup ling parameters i s  
usually approached along lines indicated i n  Chapter 8 .  A 
sys tem has power inj ected into it  in a s imply way and the 
resulting response (or  subsys tem energy ) is measured . From 
thi s  data and a knowledge of the los s factors in the sys tem , 
the coupl ing loss  factor may be  found . Thi s is  the manner in 
which the transmi s s ibility between rooms i s  found . From 
Eq .  ( 8 . 1 . 1 2 ) , a measurement of  the ratio 

( 9 . 2 . 7 )  

i s  suf fic ient to determine n 1 2 i f  n 2 is known and n 2 l « n 2 • 
Thus , i f  the j unction o f  interest i s  reproduced between two 
tes t  st�'ucture s ,  s truc ture 1 i s  excited in some convenient 
way , and the damping of  the re ceiving struc ture ( # 2 ) i s  
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adj usted t o  s ati s fy n 2 » n 2 1 ' then a s imple measure o f  the 
vibrational energies of the two s tructure s wi l l  determine 
n 1 2 ' 

9 . 3  M o d a l  C o u n t  o f  S u b s y s t e m s  

2 2 9  

The modal count Ni o f  a subsys tem i s  the number o f  modes 
of that subsys tem that resonate in the band �f under con­
s ideration . In some sys tems the number may be of  the order 
of unity , in othe rs (particularly acoustical subsys tems at 
higher frequencies ) the number may be in the thousands . 
Bas ical ly , the mode count i s  a measure o f  the number o f  modes 
avai l able to accept and s tore energy . 

In SEA work , the modal count is  often expre s s ed in terms 
of a modal density n so that 

N .  = � � f  • ( 9 . 3 . 1 ) 

Since the modal count wi l l  vary from one band to anothe r ,  we 
may indicate that the modal density wi l l  vary with f ,  the 
center frequency of the band , by writing i t  n . ( f ) . Mos t  sub­
sys tems have modal densities that vary with ffequency . 

In Chapter 7 ,  we expre s s ed the modal dens ity ni ( f )  in 
terms o f  its rec iproc al , the average frequency separation 
between resonant mode s ,  

= lin . ( f )  � ( 9 . 3 . 2 ) 

One may also  find the frequency separation expre s s ed in terms 
of radian frequency 

2 1T/n . ( f )  � ( 9 . 3 . 3 ) 
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and , consequently , ni ( w )  = ni ( f ) /2 n . 

Most  SEA formulas that are expressed in terms of modal 
density can be converted to modal count by us ing Eq . ( 9 . 3 . 1 ) . 
Thi s i s  parti cularly true in dealing with a sys tem that only 
has one mode in the band of intere s t  � f . It al so applies  to 
cases  in which the subsys tem may have several modes , but we 
may wi sh to concentrate our interest  on a s ingle re sonant 
mode . In thi s case , Ni=l and ni ( f ) = l/� f and � l/o fi . Note 
that the fundamental quantity in al l cases  is the mode count 
Ni ' and the modal dens ity is a derived quantity . 

The modal count may be found by both experimental and 
computational procedure s .  We shall review both methods in 
Section I I .  Here we describe bri e f ly the se procedures as a 
way of determining the mos t  appropriate me thod in the pre­
liminary design proce s s . Very often several of the se  
alternative s wi l l  be pos s ible  ways of  getting a modal count . 
One i s  not faced with thi s  dilemma of  choice very often wi th 
the other SEA parameters ! 

The only real ly veri fied way of  measuring the modal 
count is to excite the subsys tem with a pure tone and ob serve 
the response at a second location . The frequency is then 
swept slowly over the baud �f and the response peaks are 
counted . Of course ,  only modes that are non-vanishing at the 
exci tation and ob servation points wil l  show-up in the response . 
For this  reason , one should select those locations care fully ; 
either at a " corner "  location for acous tical sys tems or along 
a free edge of  a structure . 

One wi l l  also  mi s s  mode s i f  thei r  average spacing o fi 
become s o f  the s ame order as their resonance bandwidth fn i . 
The equality 

( 9 . 3 . 4 )  

i s  the condition o f  modal overlap and mark s the frequency 
range in wh ich one wi l l  begin mi s s ing modes because they are 
too close togethe r to be resolved . I t  i s  this l imitation 
that the second procedure , the " point conductance " method i s  
propo sed t o  avoid . Thi s method rel i e s  on the result that a 
mean square force < f 2 > in the band � f  applied at an " average " 
point on the subsys tem wi l l  res ult in an inj ected powe r 
I s ee Eq . ( 2 . 2 . 2 4 ) ] , 
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( 9 . 3 . 5 )  

and s ince the mas s  Mi i s  known and presumably < f 2 > and ITin 
can be meas ured , we can find o fi ' Thi s procedure is more 
compli cated than the s impler frequency sweep method and must  
be  considered less  we l l  es tabli shed at present . 

There have been many theore tical studies of  modal 
density for both acoustical and structural sys tems . General ly , 
the modal dens i ty cal culations , when tested experimentally , 
have turned out to be fairly re linbl e . Modal den sity is  one 
of the easier parameters to calculate and it seems quite 
sensible to calculate it i f  at all pos s ible . In many case s , 
it  wi l l  turn out that the appropriate formulas for thi s  cal­
culation are avai lable . 

The fol lowing i s  a parti al l i s t  o f  sys tem elements for 
which calculations of  modal den s i ty ex is t :  

1 .  Flat plates with various boundary restraints , 

2 .  Flat plates o f  complex construction including 
layered plates , 

3 .  She l l s  and she l l  segments , including sphere s , 
cone s , and cyl inders , 

4 . Acous tical  spaces o f  mos t  shape s , including 
rectangul ar , spheri cal , cyl indrical ; and vo lumes 
repre senting combinations of these , 

5 .  Various beam and gi rder shapes inc luding flexural 
and tors ional de formations . 

Fortunately , modal count tends to be an extens ive property of 
a sys tem . That i s , the total mode count may be es timated 
by adding the number of modes expected for the various parts 
of the system .  In this way , mode count can b e  prenicted for 
fairly complex s t ructures . 

As an example , consider the estimation o f  modal count 
for the equipment she l f  shown in Fig . 9 . 2 .  Suppose that the 
two end plates have a diameter of I ft and the she l f  is 3 ft 
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long , consis ting o f  four 4 inch webs . Thi s complic ated 
s tructure is  made up of s ix plates  of  varying shapes , but 
it is known that the mode count of a plate of thickne s s  h 
and area A is  given by 

2 3 2  

( 9 . 3 . 6 )  

Since h = 3/16  in . and c � = 17 , 0 0 0  ft/sec , ( the speed of  
sound in the plate mater1al ) are the s ame for all  s ix plate 
s egments , the total mode count i s  found by adding that due 
to the parts , or by using the total area of the structure , 
which i s  

TI D 2  
( 2  --4--) + 4 ( 3 )  ( 1/ 3 ) = 1 . 6  + 4 

to give a mode count 

= ( 1 . 7 )  ( 5 . 6) = N 
( 0 . 0 3 ) ( 1 7 , 0 0 0 )  • � f 

5 . 6  ft l 

( 9 . 3 . 7 ) 

( 9 . 3 . 8 )  

Thus , in the 1 kHz octave band ( � f= 7 1 0 H z ) we would expect to 
f ind about 13 resonant modes . The exact spac ing and loc ation 
of the se modes along the frequency axi s would depend on de­
tai l s  of construction , but the number of  modes spread over 
this  7 1 0  Hz interval would not . Thus , s t i f fening the s truc ture 
by the addition o f gus set  brackets and the like wi l l  per turb 
the resonance frequencie s , but the modes would sti l l  occur 
at interval s  o f  about 5 0  Hz along the frequency axis . 

9 . 4  I n p u t  P o w e r P r e d i c t i o n  

The input power i s  one of  the quantities that i s  pre­
sumed known in the SEA calcul ation . However , it  is only in 
rare ins tances that the input power wi l l  be known directly . 
I f  one i s  exciting the s tructure with a shaker and using a 
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force gauge between the shaker and the structure , i t  i s  
pos s ible  to measure the input power directly . One i s  more 
l ikely to know a mean square force on the s tructure and some 
de scription of the spatial  di stribution o f  the load . This  
i s  the case  o f  loading by a turbulent flow or  acoustical  
noise  pres sure fie ld . In  thi s s ituation , the spatial  
character of  the excitation i s  de fined by a corre lation 
function that wi l l  determine how we l l  the spati a l  shape o f  
the resonant mode s  wi l l  corre late with the exc itation .  

In a few s i tuations , the exc itation may b e  thought o f  
as highly loc aliz ed and taken t o  occur a t  a point in the 
system .  Eq . ( 9 . 3 . 5 ) gives  an estimate for input power in 
thi s ins tance , as suming the mean square force i s  known . 
However , thi s  s i tuation i s  not as e a s i ly reali z ed as it might 
appear . The d i f f i culty i s  that the s tructure has a very low 
input impedance at a re sonance , so  that i f  the shaker has a 
finite impedance ,  i t s  force  output wi l l  drop . This i s  
i l lustrated i n  Fig . 9 . 3 . The result i s  that the effective 
value o f  mean square force driving the s tructure i s  
s igni ficantly be low the apparent value obtained by multiplying 
the mean square current time s the b locked force-current 
rel ation for the exc iter . 

In  the cases o f  excitation by an acous tical noi s e  field 
or a turbulent boundary laye r , relations have been deve loped 
for the input powe r for a variety of s tructures that includes 
flat plate s , cylinders , cone s and other axisymmetric shapes .  
The appropriate re l at ions for thes e  case s are pre sented i n  
Section I I . To  i l lustrate how w e  would use thi s  parameter t o  
calcu late input power , w e  first  cons ider excitation of  a flat 
homogeneous plate by a turbulent boundary layer . 

I t  turns out that the mo st  important determinant of  the 
power inj ection by a turbulent boundary l ayer i s  the ratio o f  
convec tion speed o f  the pressure variations ( about 8 0 %  o f  the 
free stream flow speed ) to the bending wave speed . For air­
craft speeds and aircraft skin panel s ,  the bending speed i s  
usua lly l e s s  than the convection speed . I n  thi s  case the 
input power to the structure in the band �f is known to be 
[ 1 5 ] . 

II .  = 
�n 

( 9 . 4 . 1 )  
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where < P 2 > � f 

i s  the mean square turbulent pres sure measured on 

the panel in the band � f , � i s the area o f  the panel , 
Rin=4M5 f i s  the input point re s i s tance of  the panel . The 
bending wave length on the plate is Ap and the di splacement 
thickne s s  of the boundary l ayer pro f 1 l e  is 5 1 . 

We c an also  find the powe r input to a structure from 
a sound field us ing the expre s s ions for coupling los s factor 
already pre sented . Using 

wn
acoust , struc t 

E 
acoust , tot ( 9 . 4 . 2 )  

the fo l lowing expre s s ion results for the power input from a 
sound field 

o
rad 2'11'A P 

( 9 . 4 . 3 ) 

where <P
2 > 6f 

is the mean square pressure measured on the 
surface of the panel , A is the wavelength of sound , and orad 
i s  the so-cal led radi ation e fficiency of  the panel defined 
by 

( 9 . 4 . 4 ) 

The other parameters are as  previous ly de fined . Thus , 
on the bas i s  o f  the above , the designer c an predict the powe r 
inj ected into a panel by a turbulent boundary layer or an 
acoustical noi se field  in terms o f  the pre s sure me asured 
on the pane l and othe r panel properti e s . such estimate s are 
then to be used in the band by band calcul ation of energy 
distribution throughout the system . 
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9 . 5 C o n c l u s i o n s  
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The SEA parameters are naturally occurring quantities 
in the theory of energy sharing of systems . These para­
meters may be evaluated by the des igner by both analytical 
and experimental means . In many cases , they are related to 
more conventional system de scriptors . Certainly , thi s  is 
true for the energy diss ipation , expre ssed by the loss 
factor . Mode count or modal density are not concepts 
original with SEA , but they are not widely used parameters in 
conventional structural dynamics . The coupl ing loss factor 
is a parameter that is unique to SEA studies , but even here 
we find that is often re latable to previously known para­
meters such as radiation resistance , transmi s s ibil ity , and 
j unction or point input impedance . 

Of cours e , the particular coupling los s factors and 
other parameters that we need to find depend fundamental ly 
on the choice of subsys tems and their interconnections in the 
SEA mode l . Thi s i s  the topic of the final chapter in thi s  
part deal ing with the pre liminary d e s ign proce s s . 
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1 0 . 0  I n t r o d u c t i o n  

We have now worked our way back from the use  o f  the 
energy estimate , how that estimate is derived , and wha t the 
parameters are that enter the energy e s t imate to the mos t 
bas ic s tep of all  in SEA -- the def inition o f  the SEA model . 
Thi s part o f  the effort i s  one o f  the earliest  steps in the 
use o f  SEA in a des ign task . Fortunate ly , unless the bas ic 
system changes , this  may only have to be done once . As 
various des ign modifications are made , perhaps with the goa l 
of  reducing respons e ,  the coup l ing and o ther parame ters will 
change and the energy and assoc iated re spons e estimates wi l l  
also change . 

In a way , however , tho s e  aspects of  the respons e e s t imation 
task  that we have been discu s s ing are deduct ive , and in that 
s ens e , s traightforward . In  the model definition phase , the 
des igner mus t  extract from the phy sical sys tem - a fus e lage 
and attached electronic s  pod , for example - a model cons isting 
of groups o f  resonant interacting modes  that wi ll  al low an 
es timate o f  respons e to b e  made . This is  the synthetic part 
of  the designer ' s  tas k ,  and it i s  less  straightforward to 
describe in deta i l  j ust  how thi s  i s  to be  accomplished in any 
particular cas e . 

I n  this f inal chapter o f  Section I ,  we examine the pro­
cedures for developing SEA mode l s  insofar as  a largely 
synthetic and inductive pro ces s can be s e t  down as a s e t  of 
procedur es . S ince a principal motivation for thi s book 
is the application of SEA to high-speed f l ight vehicles , the 
d i scu s s ion uses  examp les f rom thi s area o f  engineering , but 
the procedures have much broader application . The real 
development of  synthetic procedures , however ,  mus t  occur as 
the exper ience of the des igner with SEA methods i s  increas ed 
and , consequently , the important s tep is to begin to u s e  SEA 
to make e stimates in the first  place . 

1 0 . 1  D e f i n i t i o n  o f  S u b s y s t e m s  

SEA i s  ab le to provide estimates o f  complex system 
respons e because  o f  our abi lity to group modes tog ether and 
deal wi th them s tatis tically rather than ind ividually and 
determinis tically . The modes  are grouped according to the 
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following princ iples :  

1 .  They a l l  resonate in the band �f i in  the entire 
SEA mod el , all parame ters are eva luated as 
averages over the frequency interval � f  also . 

2 .  Mod es are grouped by maj or s ec tions o f  the sys tem 
that are to be identified in the final respons e 
es timates . Thu s , a l l  wing modes , fu s elage modes , 
e l ectronic pod modes , etc . , that re sonate in the 
band � f  would be grouped s eparately . 

3 . For any s ec tion , there may be differing c l a s s e s  
of  modes  that one may w i s h  to identify . For 
example , a tru s s  or beam may have bo� tors ional 
and flexura l  modes  that resonate in �f . Thes e 
modes may be grouped toge ther if  we expect them 
to be wel l  coup led , or they may be  treated as  
s eparate subsystems . 

2 3 9  

A c l a s s  o f  mode s  o f  a s ec tion o f  a sys tem , resonating in 
the band � f , is  an SEA subsys tem and repres ented by a "box" 
in  a diagram l ike that  in F ig . 8 . 1 .  The expec ted mode count 
Ni l abe ls  the energy s torage capacity o f  the box . It is  
important to reali z e  that modes  that resonate outs ide the 
band � f  ( s o-called non-resonant modes ) are not inc luded in 
the modal c ount Ni , which pertains to resonant mode s  only . 
These non-resonant modes may play a role in transmitting 
energy from one sub-system to another , but the energy of  
vibration that they acquire in doing so  i s  near ly always 
subs tanti a l ly l e s s  than tha t  of  the res onant modes . Con­
s equently , we do not count the vibrational energy of non­
resonant modes in e s t imating respons e .  

One o f  the criteria for modal s imilarity in defining the 
subsy s tem is that the modes have nearly the s ame damping . 
Thus , the d i ss ipation of energy by the " box " can be  r epresented 
by a s ingle loss  f a c tor nl as was done in Chapter 8 .  A 
detailed s tudy o f  the ind�v idual modes would show s ome 
variation in their damping . Theoretical ana lys e s  of permis s ible 
variations in damping have not been carried out , but we might 
assume that the individual modal los s  factors could vary over 
a factor of three or so and the e stimates of respons e based on 
the average damping would no t be too far o f f . If  a mode or 
group of  mode s  has damping values that differ by a factor of  
1 0  from the mean , than tha t  group should probably be " split 
off " to form ano ther subsy s tem .  
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Anoth er criterion for modal s imi lari ty re lates to the 
interaction with the loading environment . Thus , a particu lar 
form of  exc itation , such as acoustical noise , will  excite 
f l exura l waves on skin panels mos t  directly . In-plane 
compress ional vibra tion o f  the skin would be only weakly 
exc ited . I f  the damping and c oupling between in-plane and 
f lexura l modes were such that equal modal  energy between 
these modes were to be expected , then only a s ing le sub­
sy stem representing the skin s tructure might be  ne ces sary . 
I f  appreciable  difference in modal energy might be expected , 
or if  the di stinction between in-plane and f lexura l  or 
transverse motions i s  impor tant for some other reason , then 
the skin s tructure should be represented by (at leas t )  two 
subsys tems . In thi s  cas e , the " f l exural " subsystem would have 
an input power IT in ' but the in-plane modal subsystem wou ld 
be excited only by i ts coupling to the f l exural subsys tem . 
There are o ther cons iderations as  wel l .  The larger that � f  
i s  made , the greater the number o f  resonant modes for each 
subsystem and , accord ing to the discu s s ion of  Chapter 7 ,  the 
sma ller the variance in the estimate . On the o ther hand , if 
the bandwidth is too great , the as sumption of uniform loss  
factor and coupling los s factor for a l l  modes  will not be 
accurate . Als o , too broad a bandwidth causes  frequency 
resolu tion to be los t ,  which may be important in some 
app lications . 

As a f inal item on the identif ication and def inition of  
subsys tems , i t  i s  worthwhile emphas i z ing that certain 
e l ements of a s tructural and environmental system are not 
SEA subsystems . For example , a turbu lent boundary layer is 
not an SEA subsys tem s ince it c annot be repres ented as a set  
of l inear resonator s or  modes o f  o s c i l la tion . A turbulent 
f low mus t  be regarded a s  a sour c e  of power , and not a modal 
subsystem . An acoustical  environment may be treated as  a 
power sourc e bu t in s ome circumstances ( a  reverberant tes t  
chamber f o r  example ) it  may be treated as another subsystem . 

1 0 . 2  I d e n t i fy i n g  a n d  E v a l u a t i n g  t h e C o u p l i n g B e tw e e n  S u b s y s t e m s 

The identification o f  the coupling between modal groups 
that exchang e energy can be quite subtle . C ertain features 
of  the pt oblem are fairly obv ious , and shou ld be dealt with 
first  in  the mod eling process . For example , cons ider the 
system shown in Fig . 1 0 . 1 ,  con s i s t ing of an exterior shell  
o f  an  airborne computer that is excited by  acoustical noi s e , 
and internal frame , and a circuit board mounted into the 
frar� and , of cours e ,  an air space within the s he l l . 
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Accord ing t o  the procedures  indi cated i n  the preceding 
section , the f irst  task i s  to d ivid e the system into its 
ma j or structura l and acoustical sys tems . This divis ion i s  
shown in Fig . 1 0 . 2 .  We note that at least two of the 
elements have different classes o f  modes that we may want to 
treat separately , but for the time being , we shall treat 
each of the boxes in Fig . 1 0 . 2  as an SEA group o f  " s imi lar " 
modes . 

We now inquire about the energy trans fer mechanisms at 
work in thi s  system . Mos t  obviou s ly , power wi l l  be trans­
f erred through the mechanical connections between the shell  
and the frame and the  frame and the circuit board . Als o , 

2 4 1  

the surface o f  contac t between th e  enc losed sound field and 
the shel l  on one hand and the c ircuit board on the other . 
These power flow paths are shown in the diagram in Fig . 1 0 . 3 . 

A " fir s t  cut" a t  f inding the c ircuit  board respons e in 
thi s  examp le might be to s ettle for the sys tem as  shown , 
proceed with eva luation of  the parameters (Chapter 9 ) , so lve 
the energy equations for the energy of  the circu i t  boards 
(Chapter 8 ) and interpret thi s  energy as s train and 
acceleration spectra of the components on the boards 
(Chapter 7 ) . We might then investigate the relative roles of  
acous tical and vibrational transmission , evaluate stiffening 
the frame , putting acoustical absorbing material within the 
shell , or changing the construction o f. the mountings of the 
frame into the shel l .  As each of these changes were made , 
coupling and damping los s factors would c hange and the 
respons e estimates would likewis e c hange , indicating an in­
creas ed or decreased v ibration of  the c ircuit board s . The 
ba sic  model configuration would be unchanged , however . 

At some po int we might want to improve our model by con­
s idering effects thus far ignored . One of the s e  is  the ro le 
o f  nonres onant modes  in the transmi s s ion of vibrational 
energy . The diagram of  F ig . 1 0 . 3  for example  indicates that 
if the frame were perfectly rigid and there were no resonant 
mod e s  of the frame in the band �f , then there would be no 
energy trans ferred to the c ircuit board s by the s tructural  
path . This is  obvious ly not s o , s ince a rigid trans lation 
of the frame wou ld transfer energy from the shell to the 
circu i t  boards . In moda l  terms , this energy tr ans fer is a 
result of the nonresonant excitation o f  modes that have 
resonance frequenc ies  a b o v e  the b and � f . 

In a similar fashion , acou s tical  excitation o f  the shell 
wi l l  result in vibra tion and nonresonant modes of  the she l l  
that may be quite ef fective in exciting resonant acou stical 
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modes o f  the c avity within the shel l .  S ince we are treating 
the external acous tical f i e lds  as a power sour ce in this 
example , the e f fect o f  nonres onant mo tion of  the shell  is to 
add an additional power source directly to the cavity . These 
two modifications due to nonresonant vibration of subsystems 
that connect other subsys tems are shown in F ig . 1 0 . 4 .  With 
thi s  chang e in the model , the additional coupling lo s s  factor 
n 1 3 mu st be evaluated , as we ll as the input power TI 4 in . 
Obvious ly , we shou ld expect the c alcu lated c ircuit board 
vibrations to change as a result of these changes , but the 
chang e may not be very great . If the pr edic tions turn out 
to be quite insens i tive to thi s modification , then one would 
qui te like ly revert to the model  o f  F ig . 1 0 . 3  for systems of 
this type . 

The prec ed ing d i s cus s ion i l lu s trates why modeling is a 
ma tter of j udgement . The model of Fig . 1 0 . 4  is  more prec i s e  
than that of  Fiq . 1 0 . 3 ,  but it  i s  a l s o  more detai led and more 
cumbersome . I t  is only af ter the revised calcu lations . have 
been made with the greater detail  included that one can tell 
whether or not the extra effort is j u s t ified . 

1 0 . 3  S u b s y s t e m s  W i t h i n  a S e c t i o n  o f  t h e  S y s t e m 

In paragraph 1 0 . 1 ,  we noted tha t a s ection of  a vehic le 
could contain groups of resonant modes that were suf ficiently 
d i s s im i lar so that s eparate subsys tems might be nece ssary to 
model the system .  In  the fol lowing we explore thi s  idea 
further and i l lustr ate i ts eff ects on the model by returning 
to F ig . 1 0 . 2 .  

I f  the two types o f  she l l  and frame modes are each 
treated as a s eparate subsys tem , then a l l  the subsys tems and 
their interactions are as shown in F ig . 1 0 . 5 .  C learly , what 
began as a fairly s impl e  model of the c ircuit  board 
exci tation in Fig . 1 0 . 3  has become a very complex mod e l  
indeed . I s  the complexity necessary? Generally no , but a 
b lanket answe r c annot be g iven . I f  the proc ess  o f  ref ining 
the S EA  model in going from that shown in F ig . 1 0 . 3  to that 
shown in F ig . 1 0 . 4  were to result in s ignificant changes in 
the estimate for board vibration , then the further ref ine­
ment in going to a model like that of Fig . 1 0 . 5  might be 
d e emed usefu l . One should always keep in mind the general 
results f or estimation variance d i s cu s s ed in Chapter 7 .  If  
the ref inements in the model c aus es the  modal dens ities o f  
certain sub sys tems to get t o  be too low , then the variance 
may increase so muc h that the more refined mean va lue 
estimate has little s ignificance . 
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Mos t o f  the changes  from F ig . 1 0 . 4  represented by F ig . 1 0 . 5  
are f airly eviden t bu t we should comment on the energy 
trans f er il Ia lb and il 2a 2b between the new subsys tems . Con­
s id er ing the ' f rame f irst , we c an note that there are two ways 
o f  coupling f lexural and tors iona l motion in a beam . Unles s  
the c ro s s  section of  the b e am  has a high degree o f  symmetry 
( I-beam or box s ection ) , there will general ly be continuous 
coupling between the se forms of motion . Likewis e , end conditions 
on the beams can c ause cou�l ing . If a s imple beam is c lamped 
at an angle o ther than �/2 to the center line , f l exura l  waves 
will reflect from this  boundary as  a comb ination o f  f l exur al 
and tors ional motions . 

I t  will be clear by now that the number of  kinds o f  
struc tura l and acous tical subsystems o f  interest in SEA is  
very great . Many o f  the parameters needed to  analyze  
sys tems comprised o f  thes e  subsys tems are  l i s ted and evaluated 
in Section II of  this  report . Even s o , it is  o ften nece s s ary 
to e s t imate values for parameters o f  sys tems that may no t be 
in the tab les . In these cases , one can o f ten treat the 
actua l sys tem as " somewhere in between" two limiting cases . 
For example , a short tab connecting two s tructures  might be 
bracke ted by a long beam connection and a rigid connection 
between the s truc tures . Also , one can o f ten determine the 
coupling loss  factor experimental ly . 

1 0 . 4  D i s c u s s i o n 

We must keep in mind that although a ma j or emphas i s  in  
this  book i s the  us e of  S E A  in  pre limi nary de s ign , one o f  
the maj or advantage s  o f  SEA i s  that the model and the 
associated estimates of respons e c an be continual ly 
sharpened and refined as more detail  r egard ing the sys tem i s  
developed . Thus , a t  the very early stages , the maj or 
s truc tural  s ections may be modeled as homogeneous cylinders , 
p lates , e tc . Als o , we wou ld probably u s e  broad frequency 
band s , oc tave bands for examp l e , for the frequency resolution . 
This would keep the number o f  parameter s down to a reas onable  
limit and more realistically ref lect our knowledge o f  the 
sys tem . As our knowledge of  the d eta i ls o f  the sys tem in­
creased , the model cou ld include more modal  groups (sub­
systems ) and a f iner d ivis ion a long the frequency scale (we 
could change to third-octave bands , for example ) . 

None o f  the other e s tima tion s chemes has this capab i l i ty 
o f  c ontinual adj ustment in the procedur e to accommodate the 
increased knowledg e about the system . In a way , we can think 
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o f  the SEA model a s  a communication channel that is  able  to 
ac commodate a certain amount of input data ( system parameters ) 
to predict an output ( response ) .  A more complex mode l  
represents a channel wi th greater in formation hand ling 
capacity , and we can adj ust  the mode l  to handl e  the avai lable 
information . Thus , SEA i s  an estimation too l that can be  used 
throughou t a pro j ect  from pre liminary to f inal design . 
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S E C T I O N I I  - E V A L U A T I O N  O F  S EA P A R A M E T E R S  

C H A P T E R  1 1 .  P A R AM E T E R  E VA L U A T I O N  - T H E  E N G I N E E R I N G B A S E O F  S EA 

1 1 . 0  I n t r o d u c t i o n 

In Part I and S ection I o f  Part I I  o f  this book , we 
have concentrated on the theory for and use of  SEA in respons e 
prediction . The role o f  the parameters in  the various 
equations f or energy and response  of the subsystems -
parameters such as damping los s  factor , mode count and 
coup ling los s factor - has been adequately pointed out . These  
we  term SEA parameters becaus e they enter in all  SEA pre­
dictions and to a degre e , they are used in a way that is 
unique in the SEA application . 

This s ection is  c oncerned with providing information on 
the evaluation o f  SEA parameters . Thi s  evaluation may be 
experimental ,  theoretical , o r  a " gues s timate " based on 
s im ilarity with other s i tuations for which the parameter s have 
been found previou s ly .  Indeed , for many practical s ituations 
we may expect the guesstimate to be  the primary "method " for 
f inding SEA parameters .  

Experimental procedures  may be " d ir ec t "  as  when , in the 
case of mode count , one proceeds by counting resonant peaks . 
The proc edure may be " indirect"  as when one infers a coupling 
los s factor from the result of  a vibrational respons e experi­
ment . We pres ent both d irect and indirect methods here for 
all the parame ters . The best method in any s ituation will  
depend on the r ange o f  parameter values involved , as dis­
cus s ed in the paragraphs that follow . 

Theoretically derived parameter value s are very o f ten 
used for moda l  dens ities or mode count and the coupling los s 
factor . A f ew results are avai lable  from the literature -­
s everal ar e quoted here . S i tuations no t c overed in the 
text may be treated from the references which should s erve 
as  adequate back-up for new ca lculations or a quoted result 
on a similar system that may s erve as a us eful estimate . 
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1 1 . 1  W h a t  a r e  t h e  S E A P a r a m e t e r s ? 

The SEA parameters are measures o f  the d i s s ipation of  
vibratory energy , the number o f  resonant modes in a frequency 
band available to s tore vibratory energy , and the coupling 
between the energy containing subsys tems . 

Chapter 1 2  descr ibes how damping is  measured or estimated 
analytically . The mechanisms o f  damping or diss ipation vary 
s ignificantly from one sys tem to another . The los s e s  in 
mechanical energy may result from molecular ef fects in poly­
mer s , air pumping at j oints of bui lt-up s tructures , or the 
motions of d i s locations in metals . If the losses  are not 
too great , however , a s ingle parameter may be used to des cribe 
the d i s s ipation effect in any of  them . This parameter is 
called the " loss  factor " , and is the damping descriptor mos t  
often used i n  SEA . 

In Chapter 1 3  we d i s cu s s  how one evalua tes the mode count ; 
i . e . , the number of  resonant modes o f  a subsystem that are 
available f or the storage o f  energy in a frequency band . 
The m o d e  a ou n t , which i s  the fundamental quantity , may some­
times be estimated as a product of a moda Z dens i ty and the 
frequency bandwidth for that experiment , � f . The mode count 
will no t deviate very much from this  estimate if  the dens ity 
o f  modes is great enough o r  the bandwidth for the experiment 
is wide  enough so that the mode count es timate is at least 
10 mode s  or s o . 

An important point to remember reg ard ing the modes that 
we deal wi th in SEA is that they should be " s imilar " . This 
means that they are o f  the s ame mechanical type , that they 
are excited in the s ame way , and that they are coupled to 
ad j acent systems in s imilar ways . Suppos e  that a subsystem 
has two types of modes - - say , f l exural  and tors iona l , and 
that this subsystem is j oined into other subsystems in such 
a way that we suspect that the energies  of the flexura l  and 
tors ional modes are not equal . Then the mode c ount o f  
f lexural and tors ional modes should not be added t o  g ive 
the modal count o f  the subsys tem in that frequency band , but 
in fact , two subsys tems should be def ined , each with its own 
mode count . 

The coupli�g los s  factor (CLF ) is  the parameter that 
governs the power f low from one subsystem to another . Not 
surpris ingly , it  depends upon the general mechanical para­
meters of both subsystems to whi ch it  refer s . Chapter 1 4  
gives a d i s cu s sion o f  experimental pro cedur es which may be 
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used to d etermine the CLF . The results o f  calculations of  
CLF for a variety of  system types - - both acou s tical and 
structura l -- are also  pres ented . 

2 5 0  

The chances are , however , that the des igner who is  
attempting to  u s e  SEA to obtain respons e estimates , may not 
f ind his particular sub system " connection"  in the group 
repr es ented in Chapter 1 4 , s imp ly becaus e the odds are not 
in his f avor . Relatively few cas es  have been worked out in 
suf f icient deta i l  to allow direct application , and the number 
of pos s ib l e  connections between subsystems is very large . 
Often , the cases  that are known may be an acceptable approx­
imation for the purpos e s  of estimation . The des igner will 
usually have to set up experiments to eva luate the CLF for 
his s ituation , or use the references as a way o f  learning the 
analytica l techniques for a new theor etical derivation . 

1 1 . 2 H o w  E x a c t l y  C a n  ( M u s t )  W e  K n o w  S E A  P a r a m e t e r s ? 

The requ irement for accuracy o f  the SEA parameters depends 
upon the requ ir ement for accuracy in response es timates . The 
accuracy required in res pons e es timates depends in turn upon 
the u se  to be made of the estima te . Typical uses  inc lude 
acoustical noi s e  rad iatio n , malfunction of  electronic or 
contr o l  components and structural f atigue . 

The e s timation o f  sound radiation usually invo lves 
accuracy o f  the order o f  a few decibels  (dB ) . This is 
sufficient to determine the annoyanc e ,  reduction in persona l 
performance , or speech interference e f fects of nois e .  The 
prediction of  troublesome sound l evels  for any of  these 
criteria is  the least demanding o f  all  estima tes o f  respons e ,  
s ince the form of  response  estimate i s  usually the produc t of  
a ratio of los s  factors and a ratio o f  moda l  counts . Thus , 
a 1 0  percent uncertainty in the parameters could amount to 
a 4 0  percent ( or 1 . 5  d B )  uncertainty in the estimate , even if 
the respons e level of the " source " subsys tem is known exactly . 
S ince there may be at least an uncertainty o f  a couple o f  
decibels i n  the " known " leve l , the uncertainty i n  the 
rad iated sound may be at leas t 3 dB or mor e . 

The prediction o f  electronic ma lfunction or s tructural 
fatigue requires  much more accurate estimation of respons e .  
For s teady s tate vibration , a 1 dB change in vibration leve l 
can amount to a 1 0 0  percent chang e in expected l i f e . Thus , 
the expected uncertainty in the es timate with only a 1 0  percent 
uncertainty in the parameters is greater than des irab le . 
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On the other hand , current estimates -- even those  based on 
te s t  data from s imilar sys tems such as the Mahaffey-Smith 
procedure [ 2 ] have uncertainties  that are at leas t as large 
as 3 dB . In order to predict the l i f e  of a structure or 
component re liably , the SEA parameters mus t  be known within 
a few percent and the respons e of the " s ourc e "  subsys tem 
should be known to an accuracy o f  less  than 0 . 5  dB . I t  is  
unlike ly that such estimation accuracy is  achievable , 
particularly wi th the mix o f  miss ions characteristic  of  
current aircraft . 
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Typical ly , we may expect a n  accuracy o f  our estima tes o f  
modal  count and los s factors to b e  about 1 0  percent , whether 
theoretically or experimental ly determined . Thus , a purely 
theoretical pred ic tion of  structural fatigue or equipment 
malfunction cannot be achieved by the u s e  of SEA . On the 
other hand , the SEA es timates are at least  as accurate as 
o ther procedur e s , and in addition , the estimates retain 
func tional dependence on the acous tical and s truc tural para­
meter s . Consequently , one can get an indication of how the 
system might be changed to reduce the vibration or noi se , and 
increase component life . 

1 1 . 3  H o w  t o  U s e  T h i s  S e c t i o n  

Part I and Section I o f  Part I I  have discussed the basic 
theory of  SEA and the us e o f  SEA to predict r esponse for 
engineering purposes . This section does not attempt to 
explain S EA or its computational proc edures . Its purpo se  
i s  to pr esent methods for  f inding value s of  the SEA 
parameters -- both theoretical ly and exper imenta lly -- and to 
g ive some values and formulas that have been found from 
earl ier work . 

Even though the report is a collection o f  formulas , 
graphs and d iagrams in top i c a l  format , it wi l l  be found 
advisable to r ead through each chapter , even though only part 
of tha chapter may be totally relevant to the problem at hand . 
The reason is that there is overlap in nomenclature and 
d escr iptions of experimental techniques between the various 
proc edur es and explanations . Rather than make the text too 
wordy with a great deal of  repetition , the discuss ions have 
been kept as brie f as pos s ible . The result , however , is  
that a read ing of  only the ma terial of  direct interest may be  
somewhat confus ing unle s s  the rest o f  the chapter up to  that 
point is read also . 
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1 2 . 0  I n t r o d u c t i o n  

In thi s chapter , we provide methods , formulae and 
data for the damping or dis sipation parameter in SEA . 'l'hi s  
i s  commonly measured b y  the " lo s s  factor " n ,  but may be 
known or expressed i n  a variety of  other parameters . The 
los s factor n i s  defined as the ratio of energy d i s s ipated 
per second to the average energy s tored in the sys tem . 

1 n = 2 7T f  

TI
d '  � s s  

E
tot 

= 
T TI

d ' � s s  

2 7T  Eto t 
( 1 2 . 0 . 1 )  

where T TI
d '  i s  the energy d i s s ipated per cyc le  o f  vibration 

� s s  
having per iod T = I/f . 

The los s factor can be rel ated to a number of  othe r 
d i s s ipation parameters that occur in  vibration and wave 
analys i s . The se factors and the ir  relation to n are shown 
in  Table  1 2 . 1 .  Thi s  variety exi s t s  because of the importance 
of  dissipation mechani sms in many fields and the natural way s 
o f  experimental ly determining damping in each field . We 
shal l use  the loss  factor n for damping almost exc lusively 
in thi s  chapte r .  

The information o n  damping i s  pres ented in four 
paragraphs in thi s  ch apter . Paragraph 2 . 1  de als  with experimental 
technique s , which may be applied to the various con figurations 
discu ssed the later paragraphs . P aragraph 2 . 2  is  concerned 
wi th the damping that i s  natural ly avai l ab le in the material 
from which the sys tem is  cons tructed . In  paragraph 2 . 3 ,  we 
d i s cuss  damping in bui lt-up structures , wh ich are the kind 
that intere st  us in the es timation of  re sponse i n  aerospace 
applications . Finally , in P aragr aph 2 . 4 , we discuss the 
cons truction and damping prope rties of various special  add-
on tre atments that are commercial ly avai labl e . 
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1 2 . 1  M e a s u r e m e n t  o f  D amp i n g 

Al though there i s  a good deal o f  tabular and 
theoretical  information ava i l able regarding the damping 
of  various s t ructure s ,  the mo s t  commonly used method of 
determining damping is s imply to me asure it . Fortunate ly , 
the accuracy to which the damping i s  required to be known 
i s  not too great , and s impl e  experimental methods can 
readily achieve them . 
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There are two bas i c  experimental s trategie s involved 
in the se me as urements : steady- s t ate and decay method s .  
The steady- s tate methods are as fol lows : 

a .  Frequency respon s e  bandwidth for a s ingle mode 
o f  o s c i l l ation . 

b .  Frequency response i rregu l arity o f  a mu lti­
degre e - o f- freedom sys tem . 

c .  Meas urement o f  input power . 

Te chnique ( a )  i s  the wel l  known " hal f-power bandwid th "  
technique . I f  an experimental arrangement such a s  that 
shown i n  F ig . 1 2 . 1  is employed , then a s ing le resonant 
re spon s e  like that shown in F i g . 1 2 . 2  c an usually be found . 
The l o s s  f actor i s  found from th i s  plot a s  

( 1 2 . 1 . 1 ) 

In  order for the result ( 1 2 . 1 . 1 ) to be use ful , we mus t  be  
ab l e  to s ingle  out a s ingle resonance , which requir e s  that 
�f/o f « l ,  whe re o f  is the average s eparation between 
res onant mode s of the s tructure . The ratio � f/ o f is c a l led 
the "modal overlap " p arameter . When i t  i s  l arge ( greater 
than 2 or 3 for instance ) ,  the frequency response curve 
shown in F i g . 1 2 . 2  wi l l  not be real i z ed because of the 
inter ference betwe en individual re sonance curve s . In thi s  
ins tance , the respon s e  wi l l  have the appe aranc e o f  the 
curve shown in Fig . 1 2 . 3 .  

I f o f  i s  the measured d i f ference i n  frequency max 
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between two adj acent maxima i n  the respon s e  curve , then one 
c an demons trate that the damping l o s s  factor of the sys tem 
i s  given by [ 1 6 ]  

2 5 4  

n � 0 . 4  < o f  > / f  max ( 1 2 . 1 . 2 )  

where < o fmax > i s  the average value o f  the separat i on for a 
number o f  adj ac ent maxima and f i s  the center frequency of 
th i s  group o f  maxima . P arenthetically , we should note that 
when n f/ o f  > 3 , ( condition s  of high modal ove rlap )  an in­
dividual response maximum doe s  not occur at a modal res onanc e 
frequency but i s  the result o f  the in ph ase response o f  a 
number o f  modes at the ob servation point . 

Final ly , damping can sometime s be infe rred from a 
me asurement o f  input power to a sys tem . Such an experimental 
arrangement is  shown in F i g . 1 2 . 4 .  A meas urement of force 
and acce l e ration (or  ve locity ) at  the driving point a l lows 
one to determine ITin . Measuring the rms ac cele ration o f  the 
structure a l l ows the determination of < V 2 > = < a 2 >/4 � 2 f 2 . 
The l o s s  factor i s  then given by 

( 1 2 . 1 . 3 )  

where M i s  the mas s o f  the structure . 

I n  addit ion to the s teady state method s , the re are 
tran s i ent method s for me asurement of d amping . The se depend 
on relations between the l o s s  factor and various me asures 
o f  the rate o f  decay o f  a sys tem as detai led in  Table 1 2 - 1 . 
I f  one wi she s to ob s e rve the decay o f  a s ingle  mode o f  the 
sys tem , then an arrangement like that shown in F i g . 1 2 . 5  may 
be used . If a s ingle mode is to be s tudied , then the 
excitation may be a pure tone . The gate is used to cut- o f f  
the excitation , and may also  be u s e d  to drive the position 
o f  the shaker armature out o f  contact with the s tructure . 
Such a provi s i on i s  u s e ful i f  the shaker i t s e l f  provide s 
enough s t ructural damping to a f fect the me asured de cay rate . 

I f  the modes are close ly spaced s o  that o f  i s  not much 
greater than n f ,  the abrupt termination of the exci tation wi l l  
cause addi tional modes t o  be exci ted , and a decay curve l ike 
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that shown in Fig . 1 2 . 6  wi l l  resul t . Such a re s u l t  can be 
avo ided by u s i ng broader bandwi dths o f  noi s e  exc itation that 
encompas s s eve ral mode s of vibration , o r  by u s i ng a gating 
function that is not s o  abrupt , but sti l l  fas t enough not 
to interfere with the decay proc e s s . 

In the case of  high moda l ove rl ap , the s trategy for 
damping me asurement mus t change , and thi s is the case for 
s teady s tate me as urement al s o . In thi s  c a s e , even a pure 
tone excites  s eve ral mode s , so that one may use several 
shake rs to s imul ate the proper general i zed for c e  for a g iven 
mode . Such an approach is used for the lowe r modes of ai rc raft , 
but i s  not very suitable  for h i gher frequency panel type modes 
o f  sub s tructure s . In the l atter s i tuation , one s imply uses  
a band o f  noi se to ensure that many mode s  o f  vibration are 
exc i ted and decay together . In thi s case , an average lo s s  
factor for the moda l  group i s  obtained . 

The s ens ing o f  respon se i s  made with a microphone or 
accelerometer , as  appropri ate for sound fields or structure s .  
A short t ime rms o f  the s i gnal i s  taken ( averaging time a 
few mi l l i s econds or l e s s , depending on the frequency ) and 
the l ogari thm taken and the s i gnal d i s p layed . The decay 
rate DR in dB/sec  is found and the los s f actor is found 
from 

DR = 2 7 . 3  fn • ( 1 2 . 1 . 4 )  

A s torage o s c i l lo s cope i s  u s e ful for thi s measurement because  
a graphic leve l  recorder , wide ly used in sound me as urements , 
i s  too s low for many s tructural decay experiments .  

1 2 . 2  D a m p i n g  V a l u e s  f o r  M a t e r i a l s [ 1 7 }  

Mos t  aerospace s tructures are cons tructed from 
aluminum a l l oys wh ich have los s factors in  the range from 
0 . 0 0 2  to 0 . 0 0 5 .  Such damping value s are generally smaller 
than the me asured damping o f  bui l t-up s tructures by a 

s i z abLe factor . Thu� , i t  i s  general ly presumed that the 
damping o f  real s t ructure s due to the metal i ts e l f i s  o f  
l i ttle cons equence i n  comparison to t h e  damping due t o  j oints , 
rive t contacts , and other s imi lar feature s .  
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I n  Fig . 1 2 . 7 ,  we show a graph o f  value s o f  l o s s  factors 
for various materi a l s . Me ta l s  have an internal lo s s  factor 
ranging from 1 0 - 3 to 2 X 1 0

- 1 • The l arge r values are not 
encountered in aluminum a l loys , but may be found in c a s t  i ron 
and spec i a l  a l loys o f  mangane s e  and copper . Po lymer mate r i a l s  
have a s imilar range o f  l o s s  factors , b u t  a r e  " so fter " than 
m F" t- n l !'l hv n fnctor of 1 0  or more . E l a s tomeric materi a l s  are 
a factor

-
o f  1 0 � s o fter then met al s , but have higher l o s s  

factors than d o  e i ther me tals  or polymers , ranging from 0 . 1  
to about 5 .  po lyme r s  and e l a s tomer s  have gre at s igni ficance 
in the ir role a s  c omponents of add-on damping treatments , 
which wi l l  b e  dealt with later on . 

The damp ing p rovided by the material from wh ich an aero­
space vehicle is cons tructed is so low compared to the values 
measured for bui l t-up s tructur e s  that we normal ly do not con­
s ider thi s  form of damping to be s i gn i f ic ant . However , add­
on damp ing treatments do have a high degree of material 
damping i n  the i r  polymeric  o r  e l a s tomeric  e l ement s , and con­
s equently , we are intere s ted in the damping of such mater i a l s . 
In particular , the damping provided by the s e  mate r i a l s  i s  
frequency and temperature s e n s itive , and aerospace s tructure s 
are excited over broad frequency ranges  and are exposed to 
l arge changes in amb i ent temperature . Thi s sub j ect is we l l  
cOvered by many sources , but i t  i s  worthwhi l e  t o  gi·  ... c <:4 
bri e f  review o f  i t  here . 

Polymeric mate r i a l s  unde rgo a tran s i tion in behavior in 
terms of the ir static s t i f fn e s s  from a s o f t , rubbery (or 
e l a s tome ri c )  behavior to a harder ,  or g l as sy phase as a certain 
temperature e is pas s ed . The tran s i tion i s  not sharp , but 
occurs gradu a l ly and is there fore , not a " norma l " phas e  
tran s ition l ike that which occurs f o r  exampl e  i n  wate r 
between i t s  l iquid and solid  phase A .  

In  addition , the dynami cs o f  the mate r i a l  undergo a 
tran s i tion in frequency at any tempe rature about the trans­
ition temperature o f  the materi a l . That i s , if  the mate r i a l  
i s  i n  its " rubbery " s tate at room temperature ( and z e ro­
frequency ) then if the spe cimen is cycled qui ckly enough , 
the material doe s  not have suffic ient time to accommodate , 
and i t  acts dynami c a l ly a s  though i t  were in i t s  more rigid , 
g l a s s y  form .  

The time required for the po lymer t o  " s l ip i t s  bonds " 
and behave in a rubbery fashion i s  c a l led the rel axation time 
for the materi al , denoted ae . As a result o f  experimental 
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s tudie s on a variety o f  materi al s ,  the rel axation time a s for 
polymers has been found to f o l l ow the re l ation 

8 . 8 6 ( 8- 8 0 ) 
log a 8 = 

- 1 2 0 + ( 8- 8 ) o 
( 1 2 . 2 . 1 ) 

where 8 0 = 8t + S O K  ( expre s s e d  in degre e s  c enti grade ) and 8t 
i s  the transi tion tempe rature mentioned above . Thus , po lymeric 
mater i a l s  have a dynami c s ti f fne s s  characteri z ed by a s ingle 
tran s i tion e f fect that is temperature dependent . The 
rel axation time gets  sma l l e r  as the tempe rature increase s ,  
and the frequency o f  tran s ition increase s . 

A diagram o f  the behavior o f  los s factor and modulus for 
a rubber materi a l  is shown in F i gure 1 2 . 8 [ 1 7 ] . The tendency 
for the tran s i tion frequency fc to ri s e  a s  the temperature s 
i s  increased i s  c l e a�ly evident from the behavior o f  the 
maximum in the lo s s  factor function and the l ine of inflection 
in the s t i f fne s s  modulus . A great deal  of dat a has been 
c o l lected for various po lymer materi a l s  and i8 avai lable  in 
standard re feren ce work s [ 1 7 ] . 

From the above d i s c u s s ion , i t  mi ght be inferred that 
polymers in the glas sy s tate are not good damping compound� . 
Genera l ly , thi s  i s  true a lthough s uch mate r i a l s  may be used 
occas ional ly where s ome damping is de s irab l e . Neve rthe l e s s , 
high modulus damping materi a l s  are de s i r ab l e , particularly , 
i n  the i r  app l i cation a s uncons trained l ayers . To achi eve such 
behavior an e l a s tome r , such a s  polyvinyl chloride ( PVC )  is 
l oaded with a s t i f f  f i l l e r  materi a l . Thi s f i l ler has two 
important e f fects  - it incre a s e s  the overa l l  rigidity of the 
material and it amp l i fies the s train in regions near the fi l le r  
part i c le s . Thus , the sti ffne s s  and damping o f  the combination 
are both increased [ 1 8 ] . 

The mechani sms o f  d amping in met a l s  include the rmal 
conduc tion , grain boundary motion , molecular s i t e  trans ition , 
and d i s location o s c i l l ations . At l arger amp l i tude s ,  non­
l inear e f fects  such a s  p l a s t i c  f low a l s o  occur . Because o f  the 
complexity of me chani sms , but more importantly , becau s e  of the 
wide range of activation energi e s  for the s e  proce s s e s , there 
is l ittle pos sibi l i ty of deve l oping such s impl e  functions as 
th � t  � hown i n  F i a .  1 2 . 8  to i l lustrate the internal d amping o f  
metal s .  According ly , t h e  b e s t  we c an do in thi s ins tance i s  
to re fer to re ference material  i n  which value s o f  mater i a l  damp­
ing o f  vari ous me tals  are tabu l ated [ 1 7 ] . 
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1 2 . 3  D a m p i n g o f  B u i l t - U p S t r u c t u r e s 

We note above that aerospace s tructures that are made 
up of aluminum a l loy sheets , rib s , s tringers and rivets wi l l  
under te s t  d i s p l ay a los s factor o f  the order o f  0 . 0 2 ,  whe reas 
the l o s s  factor of the me tal i t s e l f  is likely to be of the 
order of 0 . 0 0 2 . Al though the veh i c l e  de s i gne r has very l i ttle 
contro l over the damping obtained thi s  way , i t  i s  neve rthe­
l e s s  u s e ful to review what i s  known regarding the damping of 
bui l t-up s tructures . 

I t  i s  reas onably we l l  e s t ab l i shed that the increased 
damping i s  due to the riveted j oints of the struc ture . There 
are at l e a s t  two theor i e s  regarding the source o f  thi s  
incre ased damping . One o f  the se [ 1 9 ]  a s s ume s that the damp­
ing i s  due to surface s l ip and p l a s t i c  deformation of the 
contacting asper i t i e s  of the ove r l apping surface s . The 
re s u l ting damping is nonlinear . The damping in th i s  case 
should incre a s e  as the l eve l o f  vibration increas e s . 

The s e cond theory a s s ume s that the d i s s ipation i s  due 
to vi s cous flow in the region between the me tal surfaces 
along the r iveted j oints . If a l i quid i s  pre s ent , such as 
oil , thi s  me chan i sm is f a i r ly obvious - a s  the me tal sur f a C 8 �  
vibrate , the gap change s i t s  depth i n  a cyc l i c  fashion . To 
s tay in contact , the re fore , the l iquid mus t  flow in and out 
of  the narrow gap , and vi s cous di s s ipation i s  substanti al . 
But i t  turns out th at even i f  no l iquid i s  pres ent , the flow 
of a i r  in and out of the gap i s  capab le o f  di s s ipating 
suffi cient energy to ac count for the ob se rved damping [ 2 0 ] . 
The obvi ous imp l i c ation o f  thi s  mechani sm i s  that the damping 
wi l l  be reduced a s  the ai r pre s sure is reduced and so , we 
might expect le s s  d amping as alti tude i s  incre ased . 

The theory o f  damping by gas -pumping i s  rather comp l i cated , 
but we can s ummari z e  the results here . The formal expre s s ion 
for the l o s s  factor has on ly been found for high frequenc i e s  
(when the f lexural wave length o n  the p l ate i s  o f  the order o f  
a rivet spacing or l e s s ) , but w e  may presume that the general 
parameter dependence wi l l  l ikely apply to lowe r frequencies 
a l s o . The loss factor for the case in which the plate vibrate s 
and the attached beam i s  a s s umed s t ationary i s  [ 2 0 ] 

n H ( e )  
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where 

Ab area o f  beam-p late over lap 

Ap area o f  structural pane l 

m 
p surface dens ity of  pane l 

K radius of  gyration p of  plate cros s section 

y = ratio o f  speci fic  heats o f  gas 

c R, longitudinal wave speed in plate material 

h = gap thi ckne s s  

p = gas pre s sure 

c speed o f  sound in gas 

The function H ( 0 ) is a measure of  the ease o f  flow o f  the gas 
within the gap and 0 =h/ o is the ratio of  the gap depth to 
the length parameter 

J.: 
a = 2 ( \I/W ) 2 

whe re \I is  the kinematic vi sco sity o f  the gas . A graph o f  
thi s function i s  pre sented in Fig .  1 2 . 9 .  

A compari son o f  the prediction according to Eq . ( 1 2 . 3 . 1 ) 
and l aboratory studi e s  of  the damping of  a s ingle beam riveted 
to a p late is shown in Fig . 1 2 . 1 0 .  In thi s the plate i s  1/6 4 
inch thick and the attached beam i s  1/4 x 1 x 1 7  inches . The 
correspondence between the theoretical and me asured value s of 
damping is impre s s ive . In particular , the known tendency for 
the ob served value of damping to have a broad range of  values 
near 0 . 0 1 for bui lt-up structure s is supported by this  data 
and the calculations . 

The re sults on air pumping are pres ented he re because 
this is  practically the only theory that give s reasonable  pre­
dictions of damping in riveted , aerospace type structures . 
We do not wi sh to infer that thi s  i s  a closed matter , howeve r .  

2 5 9  
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Certainly the re are many cases  i n  othe r areas o f  acous tical  
and vibration engine ering in whi ch the damping in bui l t-up 
s tructur e s  is not due principally to thi s  me chanism . 

1 2 . 4  T h e  D a m p i n g  o f  A d d - O n  S y s t e m s  

Since the energy o f  vibration tends t o  b e  inversely 
proportional to damping an increase o f  damping i s  frequently 
de s ired to reduce vibration amp l i tude s .  S ince the "natural " 
los s factor wi l l  be o f  the order o f  0 . 0 1 ,  we mus t  increase  
the d amping s o  that the los s factor of the structure become s 
o f  the order o f  0 . 1  in order to have an appreciab l e  e f fect 
on the respon s e . To achieve such a high leve l  o f  damping , 
however ,  one mu s t  usually resort to some kind o f  " add- on " 
damping tre atment . The per formance of such tre atments i s  the 
s ub j ect  of thi s section . 

The mos t  wide ly used add-on damping systems dre 

( 1 )  a free o r  uncons trained l ayer o f  damping mater i a l , 
applied e i ther by trowe ling , spraying , or in the 
form of ti l e s : 

( 2 )  a cons trained l aye r o f  d amping material , in the 
form of a tape wi th foil  and e la s tomeric adhe sive , 
or with the e l as tomer and constraining she e t  app l i ed 
separate ly : 

( 3 ) spaced damping con s i s ting o f  a spacing s tructure 
and e i ther a free o r  constrained l aye r of damping . 

( 4 )  A r e s onant damper de s igned to produce high damping 
for a parti cular mode o f  vibration . 

Diagrams o f  the s e  various damping systems are shown in Chapter 
9 and in the pre s ent chapter a l s o . 

Free (Unconstrained) Layer ( 2 1 ) . It is convenient to 
examine results for the unconstraIned and cons trained treat­
ments separately , both with and without a spacing layer . 
Some typical free layer configurations are shown in Fig . 12 . 11 .  
The base panel i s  " 1 " , the elastomer laye r i s  " 3 "  and , when 
present , the spacer layer is " 2 " . The loss factor of thi s 
compos ite is ( as suming sti ffness of the damping layer i s  
smal l  compared to the structural stiffnes s  ) [ 2 1 ]  
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( 1 2 . 4 . 1 ) 

whe re 

n 3 

E 3 

El 

h 3 

w3 

H3 l  

I I 

= 

= 
= 

l o s s  factor o f  l aye r 3 ,  di scussed in 
paragraph 1 2 . 2  

Young ' s  modulus of l ayer 3 

Young ' s  modulus o f  laye r 1 

thicknes s o f  l ayer 3 

width o f  l ayer ( take as uni ty when tre atment 
cove r s  material ) 

d i s tance between neutral axe s o f  l ayers  1 and 3 

moment o f  inertia o f  l aye r 1 .  

The in-t;:erpretati 0I?- o f  Eq . ( 1 2 . 4 . 1 ) i s  s tr ai gh t forward and revea l� ng .  The f�rs t fa ctor is a ratio of materi a l  
parameters only , and w e  note that n 3E 3/nEl i s  the rela�ive 
d i s s ipation in the damping l ayer to the apparent di s s ipation 
in the base  s t ructure for equal s trains . The de s i rabi l i ty 
o f  combining " hi gh "  sti f fne s s  and los s  factor in the damping 
material i s  obvious from thi s  expre s s i on .  The second factor 
i s geometric - i t  is a ratio o f  the moment o f  inertia o f  the 
damping l ayer to that o f  the bas e  structure. I t  repres ents 
the square of a s train amp l i f ication factor produced by the 
geometry of the configuration . Thus , the purpose o f  the 
spacing l ayer " 2 "  is to increase the s train in the damping 
l ayer and cons equent ly obtain mor e  damping . 

As a practi al matte r ,  it i s pos s ib l e  to increase the 
damping by a factor of 10 or so by spacing the mate r i a l  away 
from the s t ructure . At higher frequencies  thi s  " g ain " wi l l  
be l e s s , because the spacing l aye r wi l l  tend t o  shear and 
not s tretch the damping l ayer as s hown in Fig . 1 2 . 1 1 .  A 
typi cal  curve o f  los s factor achieved wi th a spac ing 
s tructure is shown in Fig . 1 2 . 1 2 .  The frequency and 
�empe rature dependence of n wi l l  be that of n 3 , as d i s cus sed 
�n paragraph 2 . 2 . 
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Constrained Layers . The use of a constraining layer 
above the damping layer is another device to amplify strain in 
the damping laye r .  In thi s  instance , the constraining layer 
augments shear in the damping materi al rather than elongation 
as in spaced free layer damping . A compari son of cons trained 
layer and free laye r distortions is shown in Fig . 12 . 13 .  
In aerospace applications , the damping is thin and also soft 
compared to the base structure and the cons training layer . 
In thi s circumstances a fairly complicated formula resu lts 
for the loss factor of the composite structure , which i s  best 
presented graphical ly .  

Fig . 12 . 14 shows the dependence o f  the composite los s 
factor on the " shear parameter "  X ,  a parameter that i s  
essential ly inversely proportional t o  frequency . The general 
formula for X i s  

>. 2 K1+K2 (�) ( ) ,. K K 
1 2 

( 1 2 . 4 . 2 )  

where Ki = E
i

h
i 

is  the exten sional sti f fne s s  of  the layer , 

Ab i s  the bending wave length , G3 is  shear modu lus o f  the 
damping layer (damping is due to shear in this  configuration , 
not to extension as in Eg . ( 1 2 . 4 . 1 ) and Fig . 1 2 . 1 1 )  w3 is  the 
width of the damping layer ( c overage is not ne ces sarily com­
plete ) and h3 is the thickne s s  of the damping layer . Sub­
s cripts corre spond to the diagram in Fig . 1 2 . 1 5 . Since 

Ab '" l/f� , 

one has X '" f
- 1 

The optimal value o f  the shear parameter X is given 
by 

( 1 2 . 4 . 3 ) 
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whe re Y i s  the " s tructural parame ter " .  The value o f  Y 
for various con f i gurations o f  intere s t  i s  shown in Fig . 1 2 . 1 6 .  
The parameter e i s  the los s factor for shear in the damping 
mate rial and is usual ly very close in the value to n 3 .  The 
maximum composite l o s s  factor n is g iven by 

max 

( 12 . 4 . 4 ) 

Thi s  expre s s ion i s  graphed in Fig . 1 2 . 1 7 a s  a function o f 
damping l ayer l o s s  factor for various conf igurations 
( s tructural p arameters ) .  

By combining the in formation i n  Fig s . 1 2 . 1 4 ,  1 2 . 1 6 ,  and 
1 2 . 1 7 ,  along with material damp ing information from 
paragraph 1 2 . 2 ,  the damping o f  any c ons trained l ayer sys tem 
may be e s t imated . Cons trained l ayers are pre ferred for ae ro­
space app li cation be c ause they tend to have l e s s  we ight for 
a given d amping .  Thi s  is  demons trated i n  F i g . 1 2 . 1 8 ,  wh ich 
s hows a compar i s on of damping versus added weight for free and 
constrained l ayers . It is evident that as l ong as the 
ac ceptab l e  weight increase is  le s s  than 1 0  per cent , one 

would achieve much more damping from the cons trained l ayer . 
The pena lty that one pays for thi s pe r formance i s  the narrow 
frequency range of performance . That i s , the cons trained 
l ayer tre atment mus t  be more c l o s e ly " tuned " to the d e s i red 
f requency range . 
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TABLE 1 2 . 1  

COMPARI SON OF COMMONLY U SED DAMPING MEASURES 

D i s s ipation Des criptor 

Los s Factor 

Qu a l i ty F a c tor 

Critical Damping Ratio 

Reverberation T ime 

Decay Rate 

Logari thmi c Decrement 

Wave Attenuation* 

Mechanical Res i s tance * *  

Damping B andwidth 
( Hal f-Powe r )  

Imaginary Part o f  
Modu lu s E + iE . r � 

Ac ou s tic a l  Ab-
s orption 
Coeff i c i ent* * *  

Symbol Units 

n 

Q 

e; 
TR s e conds 

DR dB/ s ec 

15 n epp.rs/s ec- 1 
m nepers/m 

R newt- s ec/m 

BW her t z  

E .  newt/m 2 
� 

a 

* cg i s  group ve lo c i ty for sys tem in meters / s e c . 

* *M i s  the sys tem mas s  

Rel a  tion to rl 

n 

lin 

�n 
2 . 2/fn 

2 7 . � f n  

1T fn 

1Tfn/cg 

2nfnM 

fn 

E r Tl  

(.8 nfV leA). 1'1. 

* * *A i s  area o f  wall s , V i s  room vo lume , c i s  speed o f  sound . 
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S H A K E R  
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F I G . 1 2 . 1  
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� 
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F I G . 1 2 . 3  
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C H A P T E R  1 3 .  E V A L U AT I N G  T H E  M O D E  C O U N T  

1 3 . 0  I n t r o d u c t i o n  

The mo de count i s  impor tant in re spons e predic tion becaus e 
i t  te l l s  us how many r e s onant mode s  ar e ava ilab l e  to s tor e 
energy in the subsys tem being s tudied . In Part I and 
S e c tion I of Part I I , we have s een that thi s  parame ter enters 
mo s t  of the equations for respons e , if no t d irec tly , then 
indirectly thr ough the cons i s tency re lation for the coup l ing 
lo s s  factor s . Mode count a l s o  enters r el ations between modal 
respons e and subsy s tem respons e in a frequ ency band containing 
many modes . 

When the mod e c ount i s  experimenta l ly determined , i t  c an 
enter the pred ic tions directly , but when we d etermine i t  
theoretically , we a r e  more l i k e ly t o  calculate the modal 
d ens i ty ,  the number o f  mode s p er uni t f r equency interva l .  
Indeed , we more o ften f ind the mod a l  dens i ty appearing in 
the theore tical express ions rather than the mode count . Al­
though the modal den s i ty i s  a s imp ler quantity to calcul ate , 
we shou ld not l o s e  s ight of the fact that i t  i s  th e  exp ec ted 
mode count that is fundamenta l ,  and that sys tems that have 
sma l l  mode count may s t i l l  be mode l ed as  SEA systems even 
thoug h the conc ept of mod al dens ity is inappropr iate . 

The mode count ( or modal dens i ty )  is the SEA parameter 
that is g enera l ly the eas i e s t  to determine . In fr equency 
regions in wh ich there are f ew modes and th e modal dens ity 
may b e  d i f f icult to c a l cu late , a s impl e  me asur ement on the 
sys tem (or a mod e l  o f  i t )  can o ften b e  made . In frequency 
regions in whi ch th e modes ar e very dens e , and it is d i f­
f i cu l t  to r e s o lv e  them exper imenta l ly ,  one c an usually make 
an adequate theor e tic a l  e s timate . Thu s , by a cornbina ti'on of 
experimenta l and calculationa l procedur e s , one can usua l ly 
determine the mode c ount to acceptab le accuracy .  

D iv i s ion o f  the prob l em into r eg imes o f  spars e and dens e 
moda l d i s tr ibution i s r eminis cent o f  the s i tuation with 
r egard to damping . I n  fact , i t  turns out to be true for a l l  
the parame ters ,  inc luding coup ling lo s s  factors a s  wel l ,  that 
d i f f er ent functiona l forms o r  d i f f erent exper imenta l methods 
for their evaluation are r equired , depending On the dens i ty 
o f  mod e s . 
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I n  thi s  chap ter , we firs t d i s cu s s  the measurement o f  mode 
count and s ub s equ ently , the theore tic al formu lae for important 
cases o f  a cou s t i c a l  spaces and s tru c tural subsys tems . 

1 3 . 1  E x p e r i m e n t a l P r o c e d u r e s f o r D e t e r m i n i n g M o d e  C o u n t  

The s imple s t  and mos t  common s e t-up for f i nd ing mode count 
i s  tha t  shown in Fig . 1 3 . 1 .  The idea is s imp ly to exc i te 
the sys tem with a pure tone , u s u a l ly a t  a point , and ob s erve 
the res pons e at a s e cond point as the ex c i tation fr equency i s  
s l owly swept ove r the b a nd o f  inte re s t . F o r  the mech anica l 
s truc ture i n  Fig . 1 3 . 1 ,  the ex c i tation i s  w i th a shaker 
and r espons e is measured by an accel erometer . If the s y s tem 
i s  an acou s tic a l  sys tem , exc i tation wou ld b e  w i th a sma l l  loud­
speaker or horn dr iver and re spons e would b e  measured wi th a 
microphone . 

Even though s imp l e , thi s  procedur e can g iven erroneous or 
incomplete results unl ess  c ertain precautions are taken . To 
make c ertain that a s  many mod e s  a s  pos s ib l e  are ex ci ted ; the 
exc i tation should be near a free boundary for a s tructure or 
a rigid wal l  for a sound f i e l d , s i nc e all the modes have anti ­
nod es along such bound aries . To further enhance the l i k e l i ­
hood o f  a l l  mod es b eing exc i ted and s ens ed , s evera l source 
a n d  re ceive r l o ca t i o n s  s h o uld be ch o s en . I f  t h e  graph s are 
over l a id , modes that bare ly respond on one sweep wi l l  respond 
more on another . Even i f  some o f  the modes are mi s s ed , the 
es timates are only s en s i tive to the rela tive error in mo de 
count . Thus , if two out of twenty mod e s  are mi s s ed , only a 
1 0 %  error in the mode count wi l l  r esul t .  Th i s  error wou ld 
normal ly r esult in a I dB error in a re spons e pred i c tion . 

S ome o th er featur e s  of the experimenta l s e t  up should b e  
mentioned . For examp l e , the u s e  o f  a logari thmi c  pres entation 
on the chart is pre f erab l e  to a l inear pr e s entation . Wi th 
logar i thmic outpu t ,  mod e s  tha t respond wi th sma l l  ampli tud e 
are much more likely to be s e en . Also , the swe ep mu s t  b e  s low 
enoug h so that two mod e s  are not s imu ltaneous ly exc i ted and beat 
again s t  each o ther , or so that a mode that is decaying does not 
beat wi th the non-res onant r e spon s e  at th e shaker frequency . 
Such b eats wi l l  c au s e  addi tiona l peaks on the char t whi ch might 
be mis taken f or moda l  r es onance s . 

The procedure j u s t  described wor ks as  long as the s eparation 
betwe en modes of i s  a t  leas t three times the bandwidth o f  a mode , 
n/ 2 n f  or 
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w n f/ 2 6 f � 0 . 3 .  ( 1 3 . 1 . 1 ) 

I f  the average modal separate o f  i s  too sma l l , then too many 
modes wi l l  be mis s ed by the s ine-sweep tes t .  In this event , 
an a lternate , but l e s s  proven technique may be useful . 

The al ternate procedure relies upon the resu l t  that , 
as shown in P art I ,  the average input power due to a force 
L ( t )  in a band 4 f  i s  [ see  Eq . ( 2 . 2 . 2 4 ) ] 

( 1 3 . 1 . 2 ) 

and the mean square respons e i s , therefore , 

( 1 3 . 1 . 3 ) 

Thus , if <V 2 >  is measured for a known <L 2 > and n ,  one can 
infer o f .  I n  this procedure , the difficulty i s  to control  
the mean square force , as  discu s s ed in Chapter 1 2 . Even i f 
one cannot prec i s e ly determine < L 2 > , the relative respons e 
of the sys tem in different bands c an determine relative values 
of  o f . Then if the exac t  value of of is  known in a few bands , 
it  can be determined in all the bands . 

1 3 . 2  M o d e C o u n t s  o f  A c o u s t i c a l S u b s y s t em s  

The average frequency s eparation between modes in a one­
d imens ional acou stical sys tem of leng th t and sound speed c is 

o f  = c/2 t ( 1 3 . 2 . 1 ) 

This formula applies to any cylindrical  space in which one-
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dimen s ion i s  s ignif i cantly grea ter than the other two and the 
wav e leng th of sound is grea ter than the greates t c ros s ­
d imens ion i c : 

A > 2 i  or f < c/2 i  • c c c ( 1 3 . 2 . 2 ) 

The modal s eparation for a thin , flat a cous tical space 
of ar ea A and perimeter P is g iven by 

l� f 2 � fA/C 2 + Pic ( 1 3 . 2 . 3 )  

Thi s formu la i s  valid as long a s  the wave leng th o f  s ound is  
gre a ter than twice the depth iD o f  the space 

( 1 3 . 2 . 4 )  

The moda l s eparation for a thre e-dimens iona l spac e o f  
volume V,  surfa c e  a r e a  A and tota l edge length i is g iven by 

( 13 . 2 . 5 ) 

The s e  formu l a s  and the c a s e s  they r elate to are shown in 
F i g s . 1 3 . 2 ,  13 . 3  and 1 3 . 4 .  Gener a l ly , these results are 
adequate to s upply good e s timates o f  mode count for sub­
sys tems or elements tha t  have s tanding s ound waves as the 
energy s torage mechani sm . 

1 3 . 3  F l a t  S t r u c t u r e s  

The s impl e s t  s tructur e that we c an wri te the modal dens i ty 
for i s  the homogeneous f la t  pane l o f  area A 



E n g i n e e r i n g  A p p l i c a t i o n s  2 8 2  

cS f  = hC J!./13 A ( 1 3 . 3 . 1 ) 

where h i s  the thicknes s of the panel c ros s s ection and c J!.  
i s  the long i tudinal wavespeed i n  the panel ma terial . I f  the 
ma terial i s  steel , aluminum or glas s , then 

c
J!. = 1 7 , 0 0 0  f t/sec 

and if  h i s  expres s ed in f t ,  one has 

( 1 3 . 3 . 2 ) 

I f  the panel i s  not homogeneous , but is of  a s andwich or  
o ther layered cons truction a simi lar but more compl i ca ted 
re lation can be g iven . The wave velocity c � mus t  be known as 
a function of fr equency w= 2TI f . It is  then substituted into 

r - w 
c

ll> 
�] - 1 

dw 
( 1 3 . 3 . 3 ) 

For example , i t  often happens for such s truc tures  that the 
wave speed increas es  as a power o f  the frequency 

( 1 3 . 3 . 4 )  

i n  which c as e  

( 1 3 . 3 . 5 ) 
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When n = 0 ( acous tical case , F igure 1 3 . 3 ) , o f  � l/f as found 
in Equation ( 1 3 . 2 . 3 ) . When n = 1/2 (homogeneous plate ) , then 
o f  = cons t . , as found in Eq . ( 1 3 . 3 . 1 ) . For other con­
s truc tions , a dynamical analy s i s  of the pane l cons truction 
mu st be c arried out to determine c � . 

In some c ases , a plate wil l  be orthotropic , i . e . , 
s tiffer along one d irection than the o ther , as shown in F ig . 1 3 . 5 .  
If  these two direc tions are labelled " 1 "  and " 2 " , the modal 
dens ity n ( f )  = l/o f  is  in effect an average value between 
isotropic plates of  the two s t i f fnes ses 

l/O f = � wA {� ( 1  _ w 
c 2 c

l 1 

dC l 1 
awl + 

c 2 2 

w dC 2 ( 1  
- C dw ) } 

2 

{ 1 3 . 3 . 6 ) 

or , i f  the construction i s  such that cl , c2 � w
n , we have 

l/o f  = 1 wA ( l- n ) (_1_ � 1 
2 '

c 2 C 2 
1 2 

} 
( 1 3 . 3 . 7 )  

where c l and c2 are the wavespeeds in the two principal 
directions . Obvious ly if cl = 02 ' we revert to Eq . ( 13 . 3 . 5 ) . 

1 3 . 4  M o d e  C o u n t  o f  C u r v e d  S t r u c t u r e s  

S ince mo s t  aerospace s tructures cons ist  o f  complete or 
segments of curved shells , the effect o f  curvature on mode 
count of  s truc tures i s  o f  great s ignificance . Although a 
fair amount of work has been done on such s truc tures ,  we are 
no t able to wr ite s imple formulas for the mode count in a l l  
ins tances . In this  paragraph w e  provide some o f  the avai lable 
results that are of  greatest interest in the pres ent context .  

Circular Cylinder s .  The modal density o f  a c ircu lar 
cylinder may be considered a variation of the modal  densi ty of 
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a f lat s truc tur e  of the s ame area and cons truction (homo­
geneous , layered , e tc . )  but modified to the account of the 
effects of curvature . The form of  the modal  dens ity is 
shown in Fig . 1 3 . 6 .  The characteris tic frequency that 
s eparates the high frequency flat plate behavior f rom low 
frequency cylinder behavior i s  the so-cal led ring frequency 
fring , defined by 

f .  = c n /21Ta r�ng If. ( 1 3 . 4 . 1 ) 

where c i/, is  the longi tudinal wavespeed introduced in 
paragraphs 3 . 3  and a i s  the radius of  curvature o f  the 
cylinder . 

using results from S zechenyi [ 2 2 ] we can present s imple 
curve-fitting formulas for the modal dens ity , whi ch are as 
follows : 

IS f ( f la t  pl ate ) 
IS f ( cylinder ) 

( f ) Ja i f 
< 0 . 5  = 

fr ing 
f

ring 
-

1 . 4  f 
0 . 5  < 

f 
= 

f f . 
ring r�ng 

= 0 . 8  
0 . 1  { F  cos [ 1 .  7 5  

F- l/F F 2 
f . 1 '::os  [ 1 . 7 5  F 2 ( 

rl. nS!:) - p- f 

f 
f 

> 0 . 8  
r ing 

< 0 . 8 

f . 2 
( r�n� ) ] f 
2 

] } i 

( 1 3 . 4 . 2 ) 



E v a l u a t i n g  t h e  M o d e  C o u n t  

where the quantity F repre sents the b and l imits over wh ich 
the average i s  taken from 

to 

F f -
f

-
.
-

rlng 

1 f 
F f . 

rlng 

2 8 5  

Thus , F = 1 . 2 2 2  for a 1/3 octave band and 1 . 4 1 4 for an octave 
band . 

Doubly Curved She l l s . Occasion a l ly a she l l  or a s e gment 
o f  a she l l  wi l l  be in the form o f  a doubly curved surface , as  
shown in F i g . 1 3 . 7 .  A torus i s  an example o f  such a she l l . 
Torodial sections are frequently used to j oin a cyl inde r with 
a spherical cap , for examp l e . Suppo s e  the she l l  has area A ,  
longitudinal wave speed c i ' and cro s s - sectional radius o f  
gyration K .  Then i f  Rl and R2 are the two principal rad i i  
o f  curvature , w e  can define two ring frequenc i e s  

( 1 3 . 4 . 3 ) 

and we arbi trari ly assume R2 > R
l 

s o  that f
r2 < f

rl
. 

With th i s  hypothe s i s , Wi lkinson [ 2 3 ]  has computed the 
modal den s i t i e s  for a doubly curved sh allow she l l . 

1/0  o . ( 1 3 . 4 . 4 )  

There are no resonant mode s in thi s  frequency regime . In 
the frequency range " be tween " the two ring frequenc i e s , 
fr2 < f < f

r l  
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3 
o f ( f lat p l ate ) = 1:2 

o f  ( she l l )  
-'11" 

f'2 
----.,-----"r' F ( 7T /2 , K )  
( f 2 _ f 2 )

�
( f  - f  ) -'2  

r l  rl  r 2  

( 1 3 . 4 . 5 )  

and i n  the frequency range above the two ring frequenc i e s  
fr2 < fr l  < f 

o f  ( f lat pl ate ) = � 
O f  ( she l l )  7T 

( 1 3 . 4 . 6 ) 

l.: � � 
whe re K = ( f+ f

rl
) 2 ( f- fr 2

) 2/ { 2 f ( fr l- f
r 2

) } 2 , and F ( 'I1" /2 , O 

i s  the e l liptic integral o f  the f i r s t  k ind , de fined by [ 2 4 ]  

When I � I  < 1 thi s  can b e  expre s s ed i n  the s e r i e s  [ 2 4 ]  

n= O 

r {n+ � ) ( 2 n ) ! 

1 r ('2) ( n ! ) 3 

( 1 3 . 4 . 7 ) 

( 1 3 . 4 . 8 )  

When f » f
r l

, then I � I  » 1 and Eq . ( 1 3 . 4 . 6 ) become s 

o f ( f l at p l ate ) 
o f ( she ll ) = 1 ( 1 3 . 4 . 9 ) 
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Thus , the modal dens i ty again become s equal to that o f  a flat 
pl ate o f  equal are a at high frequencies and short wave lengths .  

Two intere s ting special  cases  can be derived from the 
re l ations ( 1 3 . 4 . 4 ,  5 ,  6 ) . I f  R

f 2 + 00 and fr 2 + 0 ,  the she l l  
modal den s i ty become s for f < r .  

H ( f l at pl ate ) 
O f ( cylinde r )  

and f o r  f > f • r 

6 f ( flat plate ) 
6 f (cylinder) 

3 
f�F [ �/2 , / ( f+ f ) /2 f  ] 

;;; ;;;
r r ( 1 3 . 4 . 2 ' )  

( f 2 _ f 2 ) 2 f 2 
r r 

( 1 3 . 4 . 2 " )  

On the other hand , R�=R2 for a sphe rical cap , and the 
middle range vanishe s  to g�ve , for f < f r 

O f  ( flat Elate ) 
O f  ( s phere ) 

= 

and for f > fr 

6 f ( fl at Elate ) 
6 f ( sphere ) 

0 

2 
2 f  F (!. , O )  

� ( f 2 _ f 2 ) 2 
r 

( 1 3 . 4 . 1 0 )  

f 2 
( 1 3 . 4 . 1 1 )  

f 2 _ f 2 
r 

For a sphere , there fore , the modal den s i ty approache s it s  
asymptotic f l at p l ate value very quickly above the ring 
frequency and the re is a total dep letion of mode s below the 
ring frequency . 

Conical She l l s  and She l l s  o f  Varying Radius o f  Curvature . 
A l arge number o f  s tructural she l l s  o f  aerospace intere s t  are 
s ections of surfaces of revo lution in wh ich the curvature varie s 
along a coordinate . I t  i s  pos s ib l e  to deve lop a general theory 
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for the mode shape s and resonant frequenci e s  for such she l l s  
as  recently reported b y  Pierce [ 2 5 ]  and Ge rrnogenova [ 2 6 ] . 

When the radius o f  curvature increases l i ne arly a long 
the axi al  coordinate , the she l l  i s  a cone . It i s  not 
pos s ib l e  to find a general expre s s ion for the modal dens ity 
for the s e  s t ructure s , but a s  shown in Chapter 1 5 , it i s  
pos sible to find the mode count f o r  parti cu l ar s i tuations . 

Although general formulas for mode count are not avail­
ab le for she l l s  o f  revolution , many s i tuations can be 
worked out to a sati s factory degree o f  accuracy by fol lowing 
the procedure s in the re ference s .  

1 3 . 5 O n e - D i m e n s i o n a l  S t r u c t u r e  

A commonly encountered aerospace structure i s  the one­
dimens ional beam ,  s tringer , or frame member . Although the 
one-dimensional geometry tends to s imp l i fy the mode count 
prediction , the dynami c s  of such s tructures c an be rathe r 
complex . A s imple beam o f  rectangular or c i rr.n l n r  r. rn � s  
s ection has s eparate propagation modes for f lexural , torsional , 
and longitudinal wave p ropagation . However ,  channel or hat­
s e ction s tringer or frame has coupling between the s e  motions 
so that the actua l vibrational mode s  combine the " pure " wave 
type s . 

Fortunately , the addi tive properti e s  o f  mode count 
s imp l i f i e s  the proce s s  of prediction . We may calculate mode 
counts on the hypothes i s  that the coupling does not occur and 
then add the mode counts for the pure mode s to obtain our 
e s timate for the mixed motions when the geometry o f  the b e am  
c ros s - s ection or e n d  conditions a r e  such that w e  expect such 
coupling to be importan t . 

The average moda l  s eparation � f  o f  a one-dimens ional 
sys tem of  length 1 and phase speed c � ( w ) i s  given by 

n ( f )  l/ � f  = � [ 1 - � 
d

d

c � ] ( 1 3 . 5 . 1 ) c �  C cp  w 

In the case o f  longitudinal , the phase speed c � i s  independent 
o f  frequency : 
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l/ o f ( long ' l ) = 2 � /c
�

: = 

�lere E i s  the Young ' s  modulus and p i s  the lineal 
den s i ty o f  the beam.  In the case of tor s ional wave s 

l/ o t  ( tors i onal ) 

2 8 9  

( 1 3 . 5 . 2 ) 

( 1 3 . 5 . 3 ) 

whe re J i s  the moment o f  rigidity for the cro s s - section in 
que stion , K �  i s  the radiu s  of gyration about the c . g .  o f  the 
cros s - s ection , A is the are a of the cros s - s ection of the 
beam ,  and c s is the speed of shear wave s in the materi al . The 
quantity J for various c ro s s - sections of intere s t  may be 
found i n  re ference s  on the strength of material� . 

The bending wave speed i s  generally di spers ive , as  i t  
i s  in p l ate s . Again , i f  c � � wn , then 

1/6 f ( flexural ) • 2 1  ( l-n ) c. ( 1 3 . 5 . 4 ) 

which i s  � /c � 
for n = 1 /2 . For more complex cros s-sectional 

shape s , the more general formula ( 1 3 . 5 . l ) mus t  be  used . 



E n g i n e e r i n g A p p l i c a t i o n s  

- ACCELEROM ETER 

F I G . 1 3 . 1  

A R R A N G EM ENT FO R F I N D I NG M O D E  COU N T  
BY SI N E  SWE E P  T E C H N I Q U E  

I .. i -I 
..-/ 

I 
\ 
I 
I 
I 

I 
( 

F I G .  1 3 . 2  

ACO U STI CAL S U B SY S T E M ; 1 - DI M E N S I O N AL CY LI N D E R  

2 9 0  



E v a l u a t i n g  t h e  M o d e C o u n t  

PERI METER P 

-- - - .... 
- - -

F I G . 1 3 . 3 

AREA A 

ACOUS T I CA L S UBSYSTE M ; 2 - DI MENSI ONA L CAV I TY 

2 9 1  



E n g i n e e r i n g A p p l i c a t i o n s  

EXTER NAL AREA A 

TOTAL E D G E L E N G TH J. 

F I G .  1 3 . 4  

ACOU STICA L SUBSY STEM : 3 - DI M E N S I O N A L  

F I G . 1 3 . 5  

AN I S OTROP I C  PLAT E : P H A S E S PE E D  c I  
I N  l - D I R ECT I O N ,  c 2 1 N  2 - D I R ECT I O N  

2 9 2  



E v a l u a t i n g  t h e  M o d e  C o u n t  

--
ILl 
� 
<I: ....J Il. 
� ....J L&.. 
-
(.() 

1 .0 

a:: 
ILl 
0 
Z 
....J 0.4 >-U 
-
(.() 

0.2 

0. 1 
0.0 1  0.1 1.0 

f/ f r l n g  

F I G .  1 3 . 6  

1 0  

MODAL DEN S ITY O F  CYL I N D E R  

F I G . 1 3 . 7  

/ 
I 

I 
, 

,, -

1 0 0  

S ECTI ON O F  A TO R U S, A S H E L L  W I TH TWO C O N STA N T 
R A D I I OF CURVATU R E  

2 9 3  



 

C H A P T E R  1 4 .  E V A L U AT I N G  C O U Pi I N G L O S S F A C T O R S  

1 4 . 0  I n t r o d u c t i o n  

Thi s  chapter i s  concerned with presenting known values 
o f  the coup l i ng l o s s  factor ( eLF ) and methods for obtaining 
the eLF . In  contrast to modal dens i t i e s  and damping , para­
meters that are wel l  known outside the context of SE� , the 
coupl ing l o s s  factor is unique ly associated with SEA . As 
we have seen in P art I and Part I I , Section I ,  however ,  i t  
i s  sometime s pos s ib l e  to re l ate the eLF t o  parameters ( such 
as s tructural i nput impedance s )  that may have been evaluated 
for other purpo s e s . 

The re are a variety of  ways that the eLF may enter a 
cal culation - as a " radi ation re s i s tance " ,  as a ratio of  
powe r flow to s tored energy , or as a frequency average over 
j unction impedance function s .  In addition , there 

'
i s  a variety 

o f acoustical and mechanical sys tems that are o f  intere s t  i n  
aerospace app l i c ations that may be j oined together . Thi s  
ri chne s s  o f  pos s i b i l i t i e s  makes it  very d i fficult t o  give an 
exhaus tive l i s ting o f  eLF va lue s  that wi l l  cover a l l  potential  
ca s e s  o f  intere s t . Neverthe l e s s , we  pre sent here known eLF 
data on some sys tems of intere s t  and ind i c ate whe reve r 
po s s ible how information on othe r sys tems may b e  generated 
either by experiment or c a l cul ation . 

The chapter i s  organi z ed by the kinds o f  subsystems 
that are in contact wi th e ach other . Thus , we begin with 
coupling between two acoustical space s . I n  th is case , i t  
happens that there i s  a great deal o f  experimental and 
theoretical data avai l able  on the eLF , or more pre c i s e ly , 
a re lated parameter , the transmi s s ion los s . The s econd 
category of  coup led systems i s  that i n  which one i s  s tructural 
and the othe r i s  a sound fie ld . In thi s  c a s e , the coupl ing 
loss  factor is rel ated to the rad i ation re s i s tance of the 
s tructure , for which the re is a fair amount of in formation 
in the l i terature , some o f  which is exper imental , but 
mos t  is theoretical . 

The final paragraph o f  the chapter i s  conce rned with 
s truc ture- s tructure interactions . The s e  interactions are 
the mos t  di f f i cult for several reason s . F i r s t , experiments 
on such interaction are d i f ficult to carry out and the 
number of reported results is fairly smal l .  Second , the 
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kinds o f  motion may b e  qui te complex for some s truc ture s and 
the " impedance s "  may be matrix quantitie s .  Thi rd , the formal 
de ri vation of CLF values for the s e  case s can be extreme ly 
comp l i c ated , s o  that theoretical results , wh i l e  conceivable , 
may require such extens ive analys es that we are reluctant 
to do the work , particularly in a pre l iminary d e s i gn s i tuation . 

1 4 . 1 C o u p l i n g B e t w e e n  Ac o u s t i c a l  S p a c e s  

In acoustical space s , the re sponse i s  measured by the 
m . s . pre s sure in a b and , <p 2 > .  I f  the dimen s i ons o f  the 
space ( c a l l  it subsys tem 1 )  are greater than an acoustical  
wave length , then the powe r inc ident upon a wal l  o f  A is  

w 

n = < p 2 > 
inc 1 

( 1 4 . 1 . 1 ) 

whe re p i s  the den s i ty o f  a i r  and c i s  the speed o f  s ound . 
The transmi s s ibi l i ty o f  the wal l  i s  de fined a s  

( 1 4 . 1 . 2 ) 

where n tran s  i s  the power trans�i tted through the wal l  into 

the rece iving acoustical space . 

The tran smitted power can be re lated to the CLF s ince , 
in the abs ence o f  flow back from the receiving sys tem ( sub­
sys tem 2 )  to the " source " c avi ty ( subsys tem 1 ) , an 
a s sumpticr. that i s  made in mo s t  acoustical transmi R s i on 
s tudie s , one may a l s o  wri te 

( 1 4 . 1 . 3 ) 
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and , consequently , comparing ( 1 4 . 1 . 2 )  and ( 1 4 . 1 . 3 ) , we can 
make the a s s oc i ation :  

( 1 4 . 1 . 4 )  

Al l o f  the voluminous data on transmi s s ion los s  ( T L ) , 

TL - - 1 0  log T ( 1 4 . 1 . 5 ) 

become s , there fore , a source o f  in formation on the coupl ing 
lo s s  factor between acoustical spaces [ 2 7 ] . 

Unfortunate ly , a s  l arge a s  this data base i s , i t  i s  
primarily oriented to building cons tructions ( gypsum bo ard , 
brick , p l a s ter , etc . ) and rel ative ly l i ttle d ata by com­
pari son i s  ava i l ab l e  for aerospace constructions . Also , 
building cons tructions tend to be formed from flat pane l s  so  
that the curve d geome tries character i s tic o f  aerospac� cou­
s truc tion are not we l l  repre sented . For the s e  reasons , it 
wi l l  o ften be nece s s ary to determine n 1 2  experiment�lly for 
sys tems repres entative of aerospace configurations . 

Experimental Determination of CLF for Acoustical 
Space s . The experimental procedure for f inding n 1 2  i s  to 
excite one o f  the c avi t i e s  with a source o f  sound as shown 
in Fig . 1 4 . 1  (usually the loudspeaker i s  driven by a band 
of noise )  and to i n fer T from the m . s .  pre s s ure in the two 
space s . S ince the transmitted sound power into c avity 2 mu s t  
be di s s ipated there , one has 

( 1 4 . 1 . 5 )  

where n 2 i s  the l o s s  factor and V2 is the vo lume of c avity 2 .  
Thi s parameter i s  usually measured by a decay rate expe riment 
of the kind d i s cus sed in Chapter 1 2 , us ing the re l ation 

DR ( dB/se c )  = 2 7 . 3  f n 2 ( 1 4 . 1 . 6 )  
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Us ing ( 1 4 . 1 . 5 ) , ( 1 4 . 1 . 2 ) and ( 1 4 . 1 . 4 ) , we then obtain 

( 1 4 . 1 . 7 ) 

or , 

( 14 . 1 . 8 )  

whe re , o f  cours e , L i s  the s ound pre s sure level . Thus , a 
s imple measurement gf sound pres sure leve l s  in the cavities 
and o f  decay rate o f  the re ceiving space i s  suffi c ient to 
determine the CLF . One should b e  care ful , howeve r , that the 
di f f�rence in  s ound pres sure leve l Lp -Lp should be at least 
1 0  dB to ensure that the a s s umption tAat �l l  the transmitted 
power is di s s ipated in the receiving space i s  s at i s fied . 

Data on CLF for Aerospace S tructure s . The transmi s sion 
loss o f  a thin flat aluminum pane l has been me asured and cal­
cul ated by Crocker [ 2 8 ]  whose data is shown in Fig . 1 4 . 2 .  
A flat aluminum s t ructure has a TL minimum at the critical 
frequency 

f
C 

= l 2 , 5 0 0/h (mm) ( 14 . 1 . 9 )  

where h . i s the thi ckne s s  o f  the pane l in mi l l imeters . For 
frequencies an octave or more be low fc ' the TL is we l l  
approximated b y  the so-called "mas s l aw "  formula [ 2 9 ]  

TL
M 

= 2 0  log f + 2 0  lo g  W - 3 3  ( 1 4 . 1 . 1 0 )  

where f i s  the frequency in hertz and W i s  the mas s  density 
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o f  the pane l in lb/ft 2 • Since aero space s tructures  are fairly 
thin , we are usually intere s ted in the freq'lency range we l l  
below fc and thi s  mass l aw formul a  wil l give an acceptable 
approximation for TL . 

Eq . ( 1 4 . 1 . 1 0 )  i s  de rived from the non-res onant trans­
mi s s ib i l ity of the pane l , but one mus t  sometime s include a 
resonant transmi s s ib i l i ty ,  particularly i f  the s tructure has 
many reinforcing rib s or frame s . The resonant transmi s s ib i l i ty 
i s g iven by 

2 T res = 'IT ( 1 4 . 1 . 1 1 )  

whe re o rad is the radiation e f f i c iency of the structure , ms 
i s  the mas s per uni t  are a o f  the structure (wa l l ) and nw i s  
i t s  lo s s  factor . The parameter O rad = Rrad/ p cAw ' and Rrad i s  
evaluated from data pres ented in paragraph 1 4 . 2 .  

For frequencies above the critical frequency , the trans­
mi s s ion l o s s  ( or coup l i ng los s factor ) depends on the d amp�ng 
o f  the wal l  nw in the form [ 3 0 ]  

TL ( f > fc ) =TLM + 1 0  log nw + 1 0  log ( �
c 

- 1 ) + 3  

( 1 4  . 1 . 1 2 )  

where TLM i s given by Eq . ( 1 4 . 1 . 1 0 )  and n w i s  to b8 determined 
by the methods o f  Chapter 12 . S ince mo s t  aerospace pane l s  
have a fairly high critical  frequency , w e  are not ordinarily 
intere s ted in the condition f > fc • On the other hand , light­
weight s andwich cons truc tions used in fatigue re s i s tant des igns 
may have a much lower critical frequency . For s uch con­
s tructions 

f '" 7 0 0 0 /t (rom ) 
c 

( 1 4 . 1 . 1 3 ) 
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where t i s  the total  thickne s s  o f  the aluminum s andwich in 
rom .  Thus , an 8 rom thi ck s andwich wi l l  have a critical 
frequency o f  9 0 0  H z . We may we l l  be concerned with finding 
the CLF in frequency b ands up to 4 or 5 kHz , in whi ch case 
we would wi s h  to u s e  Eq . ( 1 4 . 1 . 1 2 ) . 

The re l ations ( 1 4 . 1 . 1 0 )  and ( 1 4 . 1 . 1 2 ) apply an octave 
or s o  away from f = fc • To " fi l l  in " the range f '" fc ' a 
transi tion curve l ike that appe aring in the data shown in 
F i g .  1 4 . 2  can be used . The resulting curve wi l l  usually 
provide an e s timate o f  TL that i s  accurate enough for 
e s timation purpose s . 

Cyl indrical s tructu re s .  Sound transmi s s ion through 
cylindri cal s tructure s  is comp l i c ated by an additional 
frequency paramete r ,  the ring frequency 

( 1 4 . 1 . 1 4 )  

whe re a i s  the radius o f  the cyl inder . As noted in Chapter 1 3 , 
above thi s  frequency the cylinder acts as a f l a t  p late , s o  
that the flat pl ate CLF formulas apply . A t  and below fr , 
membrane s t i f fne s s  e f fects cause changes in the transmi s s ion 
lo s s , a s  may be s e en in the expe rimental data shown in F i g . 
1 4 . 3 . Devi ations from the prediction according to Eq . 
( 1 4 . 1 . 1 0 ) and the data at and b e l ow fr may be taken as  

repre s entative o f  the e f fect o f  the r1ng frequency on TL . [ 2 2 ] . 
Near fr , the TL i s  reduced 2 to 3 dB and below fr the TL i s  
incre ased b y  3 t o  4 dB a s  compared t o  flat pl ate values . 

1 4 . 2  C o u p l i ng Between  S t ru c t u re s  a n d  Acou s t i c a l  Spa ces  

The CLF between a s tructure and a sound f i e ld i s  mos t  
s imply expre s s e d  b y  the ave rage radi ation re s i s tance o f  the 
s tructure interacting with an in finite space . Thi s is an 
acceptab l e  approximation when the wave length of sound is a 
third or l e s s  a typical  dimension of  the c avi ty . At lower 
frequencies , a mode- to-mode CLF may have to be deve l oped .  

When the radi ation re s i stance o f  the s tructure i s  a 
suitable meas ure , the CLF between the s tructure and the 
acous tical cavity , n , is given by 

s a  
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n = R /wM 
s a  rad s 

3 0 0  

( 1 4 . 2 . 1 ) 

whe re Ms i s  the ma s s  o f  the s tructure . This radi ation 
re s i s tance Rrad has been calcul ated for several structural 
sys tems o f  intere s t  in aerospace app l i c ations . The coupling 
from the acou s t i c a l  space to the structur� c an be found from 
the con s i s tency re l ation , 

( 1 4 . 2 . 2 ) 

whe re Ns and Na are mode counts for the s tructure and the 
acous tical space re spectively , as determined in Chapter 1 3 . 

Radiation from Finite Flat Panels . The radiation re­
si stance of one s ide of a flat panel of area � and perimeter 
P is given by [ 3 1 ]  

2 - I ff )It} ;r sin \� 8 

( f  > fc ) ( 1 4 . 2 . 3 ) 

where f� i s  the critical frequency given in Eqs . ( 1 4 . 1 . 9 )  and 
( 1 4 . 1 . 1 3 )  and A C i s  the wave l ength o f  sound at the critical 
frequency . The parameter 8 i s  rel ated to edge fixation . If  
the edge s are s impl e  supports , 8 = 1 :  i f  they are c l amped 
8 = 2 . Usually the se values wi l l  bracket more reali s t i c  
mounting conditions , f o r  whi ch o n e  may use 8 = ,12. Thi s 
formula appl i e s  at frequenc ie s on octave or more above the 
fundamental pane l re sonance frequency . 

Radiation from a Support on the P ane l . When a 
supporting member such as  a s tringer or frame i s  attached to 
the pane l , the radiation at frequenc i e s  b e l ow the critical 
frequency is  increased . The amount o f  incre a s e  depends on 
the s t i f fne s s  o f  the s t i f fener and i t s  lineal  mass . The 
increment in radi ation re s i s tance i s given by 
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D ( �  ) }  ( 1 4 . 2 . 4 )  
c 

where L is the length of the sti f fener and D is a 
function that depends on the lineal mas s m of the sti ffener 
and the mass per unit area of the panel ms according to the 
parameter 

M = 2 m/ A m o c s ( 1 4 . 2 . 5 ) 

We have graphed 1 0  log D ( f/ fc ) in Fig . 1 4 . 4 .  The plot in thi s 
F i gure a s s ume s that the critical frequency o f  the beam i s  
O . O l fc ' the critical frequency o f  the p ane l . For aero space 
s t ructure s , thi s would mean a beam critical frequency of 
1 0 0  H z or so , a reas onab le value for mos t cons tructions . 

Radi ation Re s i s tance o f  Cyl inde rs . The radiation 
re s i s tance o f  a cylinder of area Ac above the critical 
frequency fc i s the s ame as for a flat s tructure above fe ' 
and i s  given by Eq . ( 1 4 . 2 . 3 ) 

f > f c ( 1 4 . 2 . 6 ) 

As noted earli e r , the critical frequency o f  aerospace 
struc tural pane l s  is usua l ly we l l  above the ring frequency . 
In thi s  event , the s tructure behave s as  a flat p late in the 
frequency range f

R 
< f < fc and the fol lowing radiation 

re s i s tance formula app l i e s :  

( 1 4 . 2 . 7 ) 
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where R i s  the radius o f  the cylinder and L i s  the 
length o f  any s t i f fene rs on the cyl i nde r .  The parame ter B 
relates to fixation o f  the supports in the s ame way that it  
did in Eq . ( 1 4 . 2 . 3 ) . [ Note that i f  the critical frequency 
is l e s s  than the ring frequency (a s i tuation that can occur 
for equipment pods ) than thi s range correspond s to 
fc < f< f

R 
and Eq . ( 1 4 . 2 . 6 ) app l ie s . ]  

When fr < fc and f < fr , we can wri t e  the fol lowing 
expre s s i on for the radi ation re s i s tance of a cyl inder [ 2 2 ]  

13pCAc 
3 f' (�r)� o o r  

Rrad 
= 

2 8 r 
c 

( 1 4 . 2 . 8 ) 

where 

B ... 2 . 5 �i for f < 0 . 5  fr .K 

8 3 . 6 f for 0 . 5  fr < f < 0 . 8  fr o = 

1; 

Us ing Eqs . ( 1 4 . 2 . 6 ,  7 ,  8 ) , one can e s t imate the coupl ing o f  
the curved surface o f  a cylinder with e i the r a n  internal or 
external sound f i e l d . The radiation re s i s tance o f  the flat 
ends o f  the cyl inder may be e s t imated from Eqs . ( 1 4 . 2 ,  3 ,  4 ) . 

Departure from S imp l i fied Re sults  at Low Frequencies  • 

As noted in Chapter 1 2 , the mode count in frequency bands i s  
reduced a s  one l owers the frequency o f intere s t , particularly 
if proportional b andwidth f i l ters are used . The re sult is 
that modes have l e s s  o f  a chance of " overl apping " each 
other and the coup ling between sys tems shows s ubstanti al 
vari ation s . Under the s e  c i r cuns tances , one may have to cal­
culate mode-to-mode values o f  CLF . There are not many 
ins tanc e s  for which thi s  has been done , but there i s  wo rk by 
Fahy [ 3 2 , 3 3 ]  on such coupling between the vibration of 
s tructures and the acoustical  modes o f  the contained fluid . 
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The frequency b e l ow whi ch the s impl i f ied values o f  
radi ation re s i s tance pre s ented above may b e  in  error has 
been e s t imated for the cases o f  the coupl ing between a wa l l  
o f  a box- like enc lo sure and the enc losed fluid . I f  the 
panel has thi ckne s s  h and dimens i ons a x b and the box 
has dimens i ons a x b x c ,  then the l imiting frequency f � i s  
found from [ 3 2 ]  

2/7 
f n =f [ c 4 /2 n 2 ( T) + T)  ) ( a+b )  ( abc ) f 4 ( H/ f ) ] 

'" c s a c 
( 1 4 . 2 . 9 ) 

where fc i s  g iven by Eq . ( 1 4 . 1 .  9 )  and ( 1 4 . 1 . 1 0 ) , 11 a and 11 s 
a re the l o s s  factors of  the acoustical space and the s tructure 
respective ly , and � f  is the b andwidth in which the data i s  
taken . Normal ly s uch data i s  taken i n  cons tant percentage bands 
so that � f/ f  is a known cons tant . 

The l imiting frequency for cyl i ndrical s t ructure s d i f fers 
from that o f  flat structure s because o f  the increased im­
portance of membrane stre s s e s . The expre s s ion for f i i n 
thi s  ins tance i s  g iven by [ 2 1 ]  

( 1 4 . 2 . 1 0 )  

where i i s  the length o f  the cyli nder , a i s  i t s  radius , 
and f i s  the ring frequency given i n  Eq . ( 1 4 . 1 . 1 4 ) . The 
formulas in ( 1 4 . 2 . 9 )  and ( 1 4 . 2 . 1 0 )  are des igned to be con­
s e rvative , and the actual departure s from prediction s  based 
on the CLF formulas of  paragraph 1 4 . 2  may we l l  occur at an 
octave or s o  lower than f i a s  predicted by the s e  formulas . 

In the range f < f i , the calculation o f  CLF between the 
sound f i e l d  and the s tructure become s very comp l ex and hi ghly 
spe c i a l i z e d  to the geometry and s t ructural detai l s . The 
references should be consulted for detai l s  on the computational 
procedures to be f o l l owed in such cas e 5 . 

1 4 . 3  C o u p l i n g B e t w e e n  S t r u c t u r a l S u b s y s t e m s  

The mos t  cornmon interface between subsys t ems i n  f light 
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vehic l e s  i s  i n  the form o f  a mechanical conne ction between 
the s tructur a l  e l ements . The numb er of po s s ible subsys tems 
to be conne cted toge the r ( cylinder s , plate s , cone s , beams , 
etc . ) and the variety o f  kinds o f  conne ctor s ( rivet l ines , 
bracke t s , we ld s , etc . ) results in qui te a large array o f  
s tructural connections o f  pos s ib l e  intere s t  to the de s igner . 
In th i s  s e c tion , we quote results from various theoreti cal  
and expe r imental s tud i e s  o f  the coupl ing loss  factor for 
s tructure s .  We  also  indicate how s ome o f  the exis ting 
results might be extended to cover othe r c a s e s  of intere s t . 

The first  sys tem to be d i s cus s ed i s  a s tructural beam 
( s tringer or frame ) th at s epar ate s two pane l s . S ince the 

beam wi l l  re flect s ome o f  the f l exural wave energy incident 
on it and transmit the re s t , one can de fine a trans­
mi s s ib i l i ty , for the wave energy i n  the s ame way that such 
a parameter was introduced for the transmi s s ion between two 
acou s t i c a l  space s . I f  the mechan i c a l  power inci dent on one 
s ide of a beam or length L is n inc and the power tran smi tted 
to the s econd s i de of the beam is IT trans the transmi s s ib i l i ty 

( 1 4 . 3 . 1 )  

i s  related to the coup l i ng lo s s  factor n 1 2 (where the source 
s ide is " 1 "  and the rece iving s ide is " 2 " )  by the re lation 

c L 
9 , ( 1 4 . 3 . 2 )  

Mo s t  measurements and cal cul ations o f  transmi s s ion o f  
vibrational ene rgy a r e  d e s i gned to evaluate T ,  from which 
n l 2  may b e  in ferred . 

Experimental Methods for Finding n 1 2 . There are 

three princ i p l e s  that may be app l i e d  i n  the measurement of 
the coup l ing l o s s  fac tor for s tructural connection s . 

( 1 )  The receiving sys tem may b e  damped s u f fic iently 
s o  that very l i tt l e  of the energy received by it  
wi l l  " return " to j unction . Alternately , one may 
s ay th at n 2 » n

l 
+ n

1 2
• In thi s  event , the 
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apparent damping o f  subsys tem " 1 "  wi l l  be 
n l+ n 1 2 . If n l can be found s eparately ( e s timated , 
me a s ured by " clamping " subsys tem " 2 " , e tc . ) then 
n 1 2  c an a l s o  be determined . 

( 2 ) The receiving sys tem i s  very heavily damped at i t s  
boundari e s  and a ste ady s tate exci tation i s  app l i ed 
to sys tem 1 .  The mean squared vel oc i ty o f  sys tem 
" 2 " is a measure of the transmi tted power and the 
mean squared velocity of sys tem 1 me asure s the 
powe r incident on the boundary . The experiment 
determine s  t ,  from which n 1 2  may b e  found in 
accordance with Eq . ( 1 4 . 3 . 2 )  

( 3 )  The rece iving sys tem i s  suffic iently damped s o 
that i t s  modal energy E 2 i s  appre ci ab ly le s s  
than the modal energy o f  the s ource structure , 
E l ' but the damping i s  not s o  gre a t  a s  in 
c a s e s  ( 1 )  and ( 2 ) . In thi s c i rcums tance , the 
vibration of s ubsys tem " 2 "  is almo s t  directly 
proportional to the value of n 1 2 . 

As an examp le o f  case  ( 1 )  above , consider the expe rimenta l  
set-up shown in Fig . 1 4 . 5  [ 3 4 ] . In thi s  experiment , the d amp­
ing of pl ate 1 i s  measured by a decay rate experiment be fore 
attachment to p late number 2 .  The results are plotted as n l . 
The damping o f p l ate 2 1 S  1ncrea sed as much a s  po s s ib l e  and 
pl ate 1 is connected to it in the de s i red way . The new l o s s  
factor n i s  a l s o  p lotted and f o r  thi s  s i tuation i s  equal to 

( 1 4 . 3 . 3 ) 

Thus by taking the d i fference between n and n l ' the eLF i s  
found . The eLF has also been interpreted as  a transmi s s ib i l i ty 
in Fig . 1 4 . 5  according to Eq . ( 1 4 . 3 . 2 ) . A compari son with the 
theoretical value o f  t th i s  shown i n  thi s  f igure . 

The transmi s s ib i l i ty as measured i n  c as e  ( 2 ) above has 
been found experimentally for beam s tructure s by Heckl [ 3 5 ] . 
A typical s e t-up i s  shown in Fig . 1 4 . 6 . The source section 
has no app l i ed damping , the receiving section i s  heavily 
damped by a "wedge " o f  materi a l . The exci tation is with a 
shake r ( shown as F in  the drawing ) . The change in ve �ocity 
leve l acro s s  the beam 
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6L = 1 0  log <vi > / <v� > ( 1 4 . 3 . 4 )  

i s  related to the transmi s s ib i l ity 

T = / <v� > ( 1 4 . 3 . 5 ) � 

where again p l ate 1 i s  the source and p late 2 i s  the receiver . 

Fina l ly , one can dete rmine n l �  from s te ady s t ate 
respon se me asurements when the receLving sys tem is not so 
heavi ly damped a s  in cas e s  ( 1 )  and ( 2 ) .  The damping must be 
high enough so  that the modal energy o f  the rece iving sys tem 
i s  apprec i ably below that o f  the directly excited system .  
The ste ady state response o f  the indi re ctly excited 
s tructure <v� > i s  found in terms o f  the respons� <vi > o f  the 
directly excLted sys tem , as f o l lows 

( 1 4 . 3 . 6 ) 

The errors us ing thi s method o f  determining n 2 l  tend t o  be 
rather high , so  that the equation is a better e s t imator o f  
respon s e  from a knowl edge o f  the p arameters than i t  i s  for 
e stimating parameters when the re sponse l eve l s  are known . 

Transmi ss ion Through Plate Junctions .  Theoretical 
formulas and data are available for panels j oined along 
l ines , either by a beam , a framing member , or by a s imple 
bend . Theoretical deviations for l ine connection,s between 
plates are fairly complicated , particularly when the bending 
and torsional rigidity o f  the beam must be inc luded . Some 
o f  the results are presented here , the background information 
necessary to make calculations for other sys tems may be 
found in the references . 

Two p l ate s j oined at right ang l e s  were studied by Lyon 
and Eichler [ 3 4 ] . The configuration i s  shown in Fig . 1 4 . 7 .  
The coupling has s impl e  theoretical value s for p l ate s o f  
equal thickne s s  and a l s o  when o n e  p l ate i s  much sti ffer than 
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the othe r .  The expre s s ions for the tran smi s s ib i l i ty from 
the semi- in finite p l ate no . 1 to the infinite p l ate no . 2 
are 

T 8 /2 7  ( plate s o f  equa l sti f fne s s ) 

T D l
/D

2 
(plate 2 much sti f fer than plate 1 )  

3 0 7 

( 1 4 . 3 . 7 )  

where D = � K 2 c � i s  the bending rigidity o f  each plate . For 

homogeneous plate s , D � h 3 , s o  that the se cond relation above 
i s  s a t i s fied i f  hI � h2 /2 . A comparison between theoretical  
and expe rimental results for such a j unction may be seen in  
Fig . 1 4 . 5 . 

The transmi s s ion from one panel to anothe r through a 
reinforc ing beam has been studied by Heckl [ 3 5 ] . I f  the 
pane l s  are of equal thickne s s , then the transmi s sibil i ty may 
be we l l  approximated by 

( 1 4 . 3 . 8 ) 

where K p i s  the radius o f  gyration o f  the plate cros s- s ection , 
cp i s  tne longitudinal wave speed in the p l ate material , � 
i s  the mas s per uni t  area o f  the plate , mB i s  the mas s  per 
uni t  length of the beam , c fp and c fB are f l exural wave speeds 
for the p l ate and the beam respe ctive ly .  A compa�i son between 
theoreti c a l  and expe rimental results for a s imple plate-beam 
combination i s  shown in F ig . 1 4 . 6 .  

In addition to the se theoretical results , a number o f  
more compli cated systems have been studied experimental ly by 
Ungar , et al . [ 3 6 ] . 

Junctions o f  Pane l s  and Be ams . Coup ling los s factors 
have been found in a few c a s e s  for beams which connec t  to 
plate s , and the s e  results are pres ented b e l ow .  I n  gene ral , 
however , such results are spar s e  and one wi l l  l ike ly be 
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forced to calcul ate the coupl ing los s factor . Procedure s 
for such calculation s  using j unction impedances are dis­
cus s ed later in thi s  section . 

I f  a beam i s  cantilevered to a pl ate as s hown in 
Fig . 1 4 . 8 , the CLF may be expre s sed in terms of j uncti on 
moment impedance s [ 3 4 J  

Tlbp ( 2 P bcb KbSb ) 2 ( w� ) - l
Re ( z� l

) I Zp/ ( Zp+ Zb ) 1 2  

( 1 4 . 3 . 9 )  

where Zp and Zb are moment imped�nces o f  an infinite p l ate 
and a s emi-in finite beam respectively , given by 

w ( 1 - i r ) /1 6 p  K 2 C 2 • s P P 

( 1 4 . 3 . 1 0 )  

( 1 4 . 3 . 1 1 )  

When the p l ate and beam are o f  equal thi ckne s s  and uncons tructed 
o f  the s ame mate r i a l , thi s s imp l i f i e s  cons iderably to become 

( 1 4 . 3 . 1 2 ) 

where w i s  the beam width and � i s  i t s  l ength . 

Anothe r important s i tuation i s  for a beam that j oins 
the edge of a f l ate , as  shown in F i g . ( 1 4 . 9 ) . In thi s case , 
the CLF .can again be found from j unction impedance s  but the 
impedance function s are matri c e s  s ince both moment and trans ­
ver s e  force cause energy trans fer at the boundary . The 
formulas are not pre s ented here because of the ir complexi ty , 
but a comparison o f  theoretical  and experimental results for 
1 x 1/1 6 in . beam connected to a 1/1 6 in . th ick p l ate is shown 
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in F i g . 1 4 . 1 0 .  When the axi s o f  the beam i s  perpendicular 
to the l ine o f  the p l ate edge , then there i s  theoretical ly 
no coup l ing between flexural and tor s i onal motions of  the 
be am .  For such a s ituation , tor s i onal and fl exural mot ions 
are decoup led . The total coup l ing los s factor i s  a 
we ighted average o f  the coup l ing l o s s  factors for flexural 
and tors ional wave type s , 

3 0 9  

= o f ( f l ex/ o f + tor s/ o f ) 
b nbp f l ex nbp tors ( 1 4 . 3 . 1 3 )  

where o f
f1ex 

and 0 tors 
are the average frequency spac ing s 

between flexural and torsional mode s  respectively and 

( 1 4 . 3 . 1 4 )  

i s  the average frequency spacing for a l l  mode type s . 

Junction xmpedances and Coupling Loss Factor . As we 
have seen , j unction impedances play an important part in the 
evaluation of the coupling los s factor , particularly when 
the coupling i s  concentrated over a smal l area of the plate . 
Several authors have publi shed tables of these j unction 
impedances .  The reader should refer to the publ ications for 
j unction impedance formulas and data [ 37 ] .  
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S E C T I O N  I I I  - E X AM P L E  O F  R E S P O N S E  E S T I M AT I O N 

QY Hu� G .  Da v i e s  
C H A P T E R  1 5 . V I B R A T I O N O F  A R E E N T R Y  V E H I C L E  

1 5 . 0  I n t r o d u c t i o n  

Thi s  chapter i s  intended to demons trate the app li cation 
o f  SEA to a speci fi c prob lem in respons e e s timation . We 
sha l l  di s cus s the prob lem in s ome detai l ,  and from a vari ety 
o f  aspects . Much o f  the work in thi s  part i s  taken from a 
report by Manning . 

The veh i c l e  whi ch i s  ske tched in F i gure 1 5 . 1  i s  about 
1 2 ft long with a maximum d i ame ter of 39 in . We sha l l  b e  
concerned h e r e  wi th the vibration o f  the she l l  of the veh i c l e  
caused b y  high- speed turbulent-boundary- laye r f l ow , and wi th 
the transmi s s ion o f  vibration from the she l l  to equipment 
mounted on the upper instrument she l f . 

1 5 . 1  M o d e l i n g t h e  V e h i c l e 

1 5 . 1 . 1  L o w  F r e q u e n c y  M o d e l  o f  t h e  V e h i c l e 

For ve ry low frequen c i e s  ( l e s s  than 5 0  H z  in the pre sent 
cas e )  the vib ration o f  the veh i c le i s  dominate d by large 
s ca l e  flexural mode s of the whole vehi c le . The vehi c le thus 
behave s as  a free- free b e am of rather comp l i c ated cro s s ­
section . The numQers o f  s uch f lexura l modes in any thi rd 
octave band b e l ow 5 0  H z  i s  sma l l . The moda l  dens i ty o f  the 
skin pan e l  flexura l mode s is a l s o  sma l l . Thus the usual 
te chnique s of vibrati on analy s i s  at low frequenci e s  may be 
us ed and no advantage is gained from the SEA approach at 
the s e  frequenc i e s . The analy s i s  te chnique s requi red have 
been de s cribed in Appendix VI I I  o f  Re f .  3 9 , for examp le , and 
we s h a l l  not revi ew those te chn ique s here . 

The vib rat i on prediction te chniques j us t  mentioned become 
cumbers ome when many modes contribute to the vib ration leve l . 
The tran s i tion region in thi s  ins tance i s  about 1 0 0  H z , thi rd­
octave bands above thi s  frequency have mo re than two 
re s onant f l exur a l  skin modes . (The modal den s i t i e s  in-
vo lved are di s cus sed later . )  The te chniques o f  SEA are thus 
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app l icab l e  above this  frequency . I n  the remainder o f  this 
Part we s ha l l  cons ider only v ibration at frequencies  above 
1 0 0  H z . 

1 5 . 1 . 2  H i g h F r e q u e n c y M o d e l  

3 1 8  

High speed turbulent f low over the sur face o f  the r e­
entry vehic l e  generates high frequency v ibr ation o f  the skin . 
This v ibra tion i s  in turn transmitted to the var ious com­
ponents carr ied wi thin the veh i c l e . Our pred i c tion of the 
dens i ty o f  resonant skin mode s  o f  the vehic l e  shows tha t 
ther e ar e many such resonant mode s  in a l l  the third octave 
bands above , say , 1 0 0  H z . The techniques o f  SEA are thus 
u s e f u l  in pred icting vibration l evels o f  the skin and o f  the 
i nter ior c omponents in thi s  frequency rang e . I n  what f o l lows 
we s ha l l  be concerned s o l e ly with thi s  frequ ency rang e . (The 
term ' low frequenc i e s ' wi l l  r e f er to the lower par t o f  this 
rang e , that i s  to s ay ,  from 1 0 0  to 1 0 0 0  H z , in the remainder 
of thi s chapter ) .  

As indicated above , we s ha l l  r e s tr ic t  a ttention her e to 
the transmi s s ion o f  vibration from the vehi c l e  skin to the 
upper instrument shelf shown in F ig . 1 5 . 1 ,  and to the s ub­
s equent e s t imation of vibration leve l s  on thi s  she lf . The 
conf iguration i s  c learly s imilar to that in the exampl e  d i s ­
cus s ed in Chapter 1 0 , a n d  the modeling techniques a r e  thus 
s imi l ar a lso . We could tre a t  the skin , the s t i f fener the 
ring connec tor , the instrument s he lf , a nd the interior 
acou s ti c  space as separate systems , each d e s c r ibed by one or 
more groups of s imilar mode s . This i s  c learly a very c om­
p l i c a ted mode l  r e qu ir ing a larg e  amount o f  computation . 
Exper i enc e suggests  that a s impler mode l  may be adequate to 
d e s cr ibe the ma in f ea tures o f  the vibration . 

We may note here the work o f  Manning [ 7 ]  on the trans ­
mis s ion of vibration to a shroud-enc l o s ed spacecra f t .  Some 
f ea tur e s  o f  the S EA  mod e l  u s ed by Manning could be app l i ed 
to the pres ent system . For examp le ,  h i s  theoretical pre­
dictions of the coup ling los s  f a c tor s f rom cyl indrical s he l l s  
t o  r ing s t i f f ener s cou ld be used . However , a lthough 
features of the g eometry are s imi lar , the s c a l e  of the 
f ixtur e s tud i ed by Manning is cons ider ab ly larger than the 
present fixtur e . Moda l  d ens ities o f  components thus are con­
s ider ab ly r educed in the pre s en t  system , so tha t  the u s e  of 
mu ltimodal subsystems in our SEA mod e l  for the s e  components 
may no t be j us t if ied . C lear ly then , a reasonab l e  ' SEA mode l  
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c an be formed f or any c a s e  only a f ter s ome pre l iminary 
e s t imation o f  such parameters a s  the modal dens ities  of s ome 
o f  the components of the f ix ture be ing s tud i ed . 

We begin with a two subsystem mod e l . S ince the random 
pres sure on the veh i c l e  skin generates ma inly transver s e  
mo tion , the group o f  transverse modes o f  the s k i n  i t s e l f  
should d e s cribe the s k i n  vibration . The s e cond group of  modes 
that we choos e repres ents the vibration o f  the ins trument 
shelf . C oupling be tween the two groups of modes is provided 
by the r ing connector . This two component sys tem requ ires 
the evaluation of  a minimum number o f  SEA parameter s . Even so , 
the evaluation of the s e  parame ter s  in thi s  example turns out 
to be quite involved . 

A more compl i c a ted mod e l  may b e  u s ed i f  i t  appears to be 
nece s s ary . We note , however , that an advantag e o f  the SEA 
approach i s  that groups o f  mod e s  we may tre a t  s eparately in 
a mor e  compl i c a ted mod e l  wi l l  o ften show up , f or examp l e , a s  
a n  add i tional d i s s ipative mechani sm in the s impl e  mode l .  Thi s  
added d i s s ipation wou ld be inc luded imp l i c i t ly i n  a n  experi­
mental ly obtained value o f  the los s fac tor u s ed in the 
s imp l e r  mod e l . 

Our mode l  has been c ho s en d e l iberate ly to be s impler than 
the mod e l  u s ed by Manning [ 7 J . Thi s is so for a variety of 
reasons . As po inted out above we expect tha t the main 
features o f  the vibration can be explained o n  the bas i s  o f  a 
s imp le mode l . To  a d egree we ar e l imi ted to thi s  s imp le 
mode l  by the re s t r i cted amount o f  data ava i l ab l e  f or the pre­
dic tion of  coup ling lo s s  f a c tor s . We have a lready no ted tha t  
there are very f e w  mode s  o f  vibration o f  the r i ng connec tor 
between the she l l  and the she l f  in the frequ ency r ange o f  
inter e s t �  w e  wou ld n o t  be  j us ti f i ed in  treating thi s  r ing a s  
a s eparate subsystem i n  o u r  S EA  mode l . Fina l ly , s ince the 
r ing c onnector provid e s  a f a i r ly s trong s tructura l link with 
the skin , we are j u s t i f i ed in neg lecting the transmi s s ion 
o f  vibration f rom skin to shelf  v i a  an airborne path . 

1 5 . 2  M o d a l  D e n s i ty 

1 5 . 2 . 1  M o d a l D e n s i t y o f  V e h i c l e S k i n  

The veh i c l e  skin i s  tr eated a s  a truncated coni c a l - s he l l  
o f  uniform th i cknes s h ,  s emi-vertex ang l e  ¢ ,  and s lant 
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leng th L a s  s hown i n  F ig . 1 5 . 2 .  T he s he l l  has a maximum 
radius al and a minimum r ad ius a 2 . The coord inates x and e 
d e scr ibe the sur f a c e  o f  the cone . 

We f ol low the approximate des cr iption of the cone 
vibration g iven by Manning , et a l e [ 3 8 J . We a s sume that a 
sma l l  section S o f  the cone wi th mean rad ius a has 
the s ame vibration proper ties a s  a s ection C on a cylinder 
o f  the s ame materi al ,  the s ame thicknes s h ,  and the s ame 
r adius a (x ) . In particu lar , we as sume that for r e sonant 
vibraticn a t  frequency w ,  the loc a l  wavenumbcrs (kx , k e ) on 
sec tion S of the cone are the s ame as the corr e spond ing 
wavenumbers on the cy lind e r  s ec tion C .  (This i s  in the spiri t 
o f  the tr eatments o f  Ref s . 2 5 , 2 6 ) . 

For a g iven mod e , the wavenumber s are g iven by 

k e  = n/a (x ) , 
mn 

= r,- .  

We no te that thes e  wavenumbers mu s t  b e  functions o f  the co­
ordinate x . A l s o , if we write 

a s  the wavenumber f o r  res onant vibration at frequency w on 
a flat plate of the s ame materi a l  and the s ame thickne s s  a s  
the c one , r e sonant motion correspond ing to the local value s  
of the wavenumbers c a n  only occur i f  

The corre s ponding l o c a l  kx wavenumber i s  subs equently obta ined 
in thi s  case from the f r e quency e qu ation o f  a cyl i nder [ 3 J . 
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+ � ( 1 5 . 1 ) 

where a (x )  repr e sents the local radius o f  the cone . 
Examination o f  thi s  equ ation s hows that for a g iven (m , n )  
mode r e s onant a t  fr equency w thr ee types o f  s o lu t ions are 
pos s ible . The thre e  cases  are s ketched in Fig . 1 5 . 2 (b ) . 

Case  I :  

k e (x ) < kp everywhere on the cone . Tha t  is , for the 
g 2ven number n ,  numbers m can b e  found such that 
kx = mTI/L s atis f ie s  Eq . ( 15 . 1 ) . The corresponding 
mode s hape at r esonance extend s  over the entire 
leng th o f  the cone . 

Case I I : 

k e (x ) < kp for Xo < x < x i ' and k e ( x )  > kp for x£ > x >xb' 
For this  case + �ere are no s o lutions of Eq . ( 1 5 . 1 ) for 
values o f  x < x i ' C lear ly x£ i s  g iven by n/a ( x £ ) = kp • 
The resonant mo tion o f  the corre s pond i ng mode is 
re str ic ted to values o f  x > x i ' that i s , to the larger 
end of the cone . 

Case  I I I : 

k e (x ) > kp everywhere on the cone .  No resonant 
mo tion is po s s ible for thi s  c a s e . 

No s imple analytic results exist for the mod al dens i ty o f  a 
cyl indric al shel l . Hence no s imp l e  ana lytic result can be ob­
tained for the moda l  density o f  the cone by our technique of 
matching cone s ec tions to equ ivalen t  cy linder s ections . Empiri­
cal curves f or a cy linder are given in F ig . 1 5 . 3  ( from Ref . 2 2 ) . 
For the cone , the moda l  dens i ty for r e s onan t  mode s  a t  a g iven 
po s ition can be f ound approximately by u s ing the appropriate 
value o f  the rad ius a (x )  in the non-dimens ional parame ter 

in F ig . 1 5 . 3 .  The parameter f a here i s  the c enter f requency 
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of the band b eing cons idered . In keeping with the thre e  ca s e s  
d i s cu s s ed above , w e  no te tha t  f o r  a g iven frequency the local 
mod a l  d en si ty tend s to increas e towards the larger end of the 
cone . O f  cour s e , a t  frequenc i e s  well above the ring frequency 
as sociated with the radius o f  the sma ller end o f  the cone a l l  
the equiva lent cy l ind ers have the s ame moda l dens ity as  a 
f la t  p l a te o f  equ a l  area . The mod a l  d ens ity o f  the cone i s  then 
the s ame a s  that o f  a f l a t  plate of equ a l  area and the mod a l  
dens i ty becomes independ ent o f  f requency . 

1 5 . 2 . 2  M o d a l  D e n s i ty o f  I n s t r u m e n t  S h e l f 

The instrument s he l f  i s  a fair ly s t i f f  a s s embly . I t  has 
been determined experimental ly that there are nine r e sonant 
mode s  below 2 0 0 0  H z . The mode s are not uni form ly spaced , and 
their pr e c i s e  location in frequency i s  not known . We sha l l  
d i sc u s s  later some ways o f  ove rcoming thi s  l a c k  of  data . 

One approxima te theor eti c a l  e s t imate may be obtained by 
treating the ins trument she l f  as an equivalent flat p late . 
Thi s i s  the s ame a s  add ing the mod a l  dens ities  of  each f lang e 
of the s he l f  s truc ture .  Suitable va lues wou ld be an ar ea 
A = 4 f t 2 and KC � = 2 0 0  f t 2 /sec . This leads to a mod e l  
dens i ty n � ( w )  = A/4 � K C i  = 1/2 0 0 u ,  g iving � for example .  2 . 3  
modes  in the third oc tave band a t  1 0 0 0  H z . Al though i t  u s e s  
reasonab l e  parameter value s , thi s e s t imate i s  s omewhat h igh 
when compared to the exper imental values found at lower fre­
quenci e s . We sha l l , however , u s e  thi s e s t imate in one o f  
the v ibration pred i ction s c heme s  d i s c u s s ed below .  W e  expect 
tha t the e s tima te wi l l  be mor e  accurate a t  high frequenci e s . 

The experimental e s timate o f ' the numbers o f  mod es  a t  low 
fr equ en c i e s  ( l O O  to 1 0 0 0  H z )  sugg e s t s  that s ome thi rd oc tave 
band s  wi l l  contain res onant mode s  of the shelf , others wi l l  
not . A r e a sonab le mod e l  o f  the shelf a t  low frequencies 
would thus be a one d egree o f  freed om s y s tem a ttached by ma s s­
l e s s  moment arms to the veh i c l e  skin . Thi s mode l  s hou ld g ive 
rea sonab le pr edictions on the s he l f  vibr ation a t  leas t in the 
veh i c le axi a l  d i r e ction , a s suming that the r ing connector acts 
a s  a r ig id body . C l ea r ly , this mode l  i s  mo s t  applicab l e  a t  
low frequencie s . We s ha l l  d i s cu s s  the parameter values invo lved 
here in the next s ec tion . 
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1 5 . 3 C o u p l i n g L o s s  f a c t o r  

The coup l i ng los s  f ac tor r equired i n  the present SEA 
mode l  i s  that which d e s cribes energy transm i s s ion b e tween 
the two groups of mode s  d e s c r ib ing the vehic l e  skin and the 
ins trument shelf subsys tems . 

S ince the coupl ing lo s s  factor i s  o f ten the mo s t  d i f f icult 
SEA parameter to pred ict ac cur a te ly we s ha l l  d i s cu s s  its 
eva lua tion i n  some deta i l . Two highly s imp l i f ied mod e l s  of 
the ins trument she l f  lead to two theoretical predi ctions . In 
add i tion , s ome of the d a ta may be _i nterpre ted i n  te rms of th e s e  
two mo de ls , th us g i vi ng two e xpe rimenta l predi ctions .  Final ly , 
i n  l a t e r  parts o f  o ur d i s cus s i o n  we s h al l s h ow how the data may be 
used to predi c t  vi b r ation leve ls o n  the s he l f  w i thout exp lici t ly 
eva l u a ti ng the couo l i nq los s f a c tor . 

1 5 . 3 . 1  A p p r o x i m a t e  T h e o r e t i c a l  P r e d i c t i o n # 1  ( h i g h  f r e g u e n c i e s ) 

T he ins trument s he l f  i s  a f airly comp l ic ated a s s embly : a 
d e ta i l ed analy s i s  does  not s e em f ea s ib l e . However , as  far as 
the c oupl ing loss f a c tor is  c oncerned , the e s s entia l  f eatures 
o f  the vibration o f  the shelf may be obtained by tr e ating the 
s he l f  as an equivalent f lat p la te . A fur ther s impl i f ic ation 
i s  to tr eat the s k in- s h e l f  transmi s s ion as  a s imp l e  plate­
p late tr ansmi s s i on . This is c er ta i n ly j u s ti f iab l e  at higher 
frequenci e s  when wave motion on the cyl inder is control led 
s o l e ly by the mater i a l  bending s t i f fnes s . 

The coup l ing l o s s  f a c tor may then be taken from Chapter 1 4  
( s ee  a l s o  Ref . 1 0 ) : 

T ,  

wher e  n 2 l  repr e s ents the cou p ling los s fac tor from s he l f  to 
skin , L = 2 TIa i s  the j oint l eng th , k 2 i s  the wavenumber 
on the equ iva l ent plate of area A � and T is the transmi s s ib i l ity 
factor . S ince the ma teri a l  and th1cknes s  o f  the skin and of 
the equ ivalent plate are , at  leas t ,  s imi lar , we take n  T = 8 / 2 7 . 
By subs t i tuting in suitable values 
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we f ind 

( 1 5 . 2 ) 

1 5 . 3 . 2 .  E x p e r i m e n t a l P r e d i c t i o n  # 1  

1 5 . 3 . 2 . 1  D e s c r i p t i o n  o f  t h e  E x p e r i m e n t  

An eva luati on of the coup l i ng los s  factor may b e  ob tained 
from the experimen�al data . B� caus e  o f the comp lexi ty o f  the 
s tructura l propert1 e� of th e r1ng conne ctor , an experimenta l 
me as �re of the �oup 11ng los s  factor cer tai n ly i s warranted . 
Th 7 1 dea l expe r1 m7nt w�uld be conduc ted on the vehi c le i ts e lf . 
Th1 S was no t feas 1b le 1 n  th e  experiments . A mode l o f  the in­
s trument she lf mounted i n  a cy lindr i ca l rath er than a coni ca l 
s he l l  was us ed . 

I n  a vibration experiment of thi s  type , one o f  the 
properties one wou ld l ike to mode l  accurate ly is the s ourc e 
impedance o f  the vehic le she l l . This impedance depends in 
a c omplicated way o n  the g eome tr i c  and material properties 
of the shel l . The cylindrical shell us ed by Manning had the 
s ame sur face dens i ty and b end ing wavespeed as the actual 
vehic le skin , and thus provided a realistic test model . 

The model  u s ed by Manning i s  shown in F ig .  1 5 . 4 .  The 
steel shel l has a d i ameter of 2 9 in . and thickne s s  o f  5/1 6 in . 
The ins trument she l f  i s  attached to the cylindrical  shell by 
an L-shaped r ing , a connec tion tha t  is s tructura l ly s imi lar 
to that u s ed in the actu a l  vehic l e . 

The exper imental s tructure was exc ited by two 5 0 pound 
shaker s located a s  shown in F ig . 1 5 . 4 .  Third octave bands 
o f  noi s e  covering the f requ ency range 5 0  H z  to 10  kHz were 
used . No a ttempt was made to exc ite the f ix ture a t  the leve l s  
predicted during ac tual f l ights s in c e  the g o a l  in thes e  tes t s  
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was to obtain vibration l evels on the ins trument she l f  
r e lative to tho s e  o n  the cylindri c a l  shell . 

3 2 5  

Acc eleration levels  measured in one- third octave bands 
were measured a t  a number of  points on the fixtur e . Thr e e  
group s  of  measurement pos itions were u s ed : on the ins tru­
ment shelf , on the she l l  at the po int of connection to the 
shel f , and in the reverberant f i e ld of  the shell , that is , 
away from the ends , the connector, and the shaker s . All  
leve l s  were measured relative to a s ing le r e f erenc e  acc e l era­
tion l evel measured a t  the r ing connecto r . The data is  shown 
in F i g s . 1 5 . 5 ,  1 5 . 6 ,  and 1 5 . 7 . F ig s . 1 5 . 5  and 1 5 . 6  show 
the var iation o f  v ibration level in the r everberant f ie ld of  
the she l l  and on the r ing connector , respective ly . F ig .  1 5 . 7  
shows the transmi s s ib i l i ty from the test she l l  to various 
points on the ins trument shel f .  The transmi s s ibi l i ty g ives 
the accelera tion l evel  at a point on the shelf relative to 
the averag e  acceleration l ev e l  i n  the r ev�Lberant f i e ld of 
the test s he l l . 

1 5 . 3 . 2 . 2  D e t e rm i na t i o n of  "12 From the Data (Model ' 1 )  

I n  thi s paragraph w e  d is cu s s  how estimates o f  the 
coup l ing l o s s  factor may be obtained from the v ibration data 
bas ed on mode l  # 1 ,  the equ ivalent plate mode l .  As we shall 
s e e , a l though the data i s  us eful , i t  i s  insuf f i c ient for 
an a c curate pred i c tion o f  the coupling loss  f actor without 
some further a s sumptions . Educated gues s es are neces s ary 
for s ome parameter s . The interpretation of  the data based 
on the equiva lent p l ate mod e l  i s  expected to pr ovide r eason­
able estimates only a t  high frequenc i e s . 

We cons ider her e a two component sys tem , the skin and the 
shelf , wi th only one system , the s kin , be ing directly exc ited . 
Eq . ( 1 4 . 3 . 6 ) applie s to the relative total energ i e s  of each 
sys tem in thi s  s i tu ation . 

( 1 5 . 3 ) 

where 1 and 2 r e f er to the s kin and to the shelf , respec tive ly . 
We have a l s o  the symmetry r e l a tion 
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( 1 5 . 4 )  

I n  the tes ts d i s cu s sed above the transmi s s ib i l i ty was 
expr e s s e d  in  terms of the average acceleration l eve ls of the 
skin and o f  the she l f . I n  terms o f  thes e l evels , Eq . ( 1 5 . 3 ) 
may be  wri tten 

M2 < a� > N 2 
= 

M
l < a� > N l 

( 1 5 . 5 ) 

or 

- 1  
( 1 5 . 6 )  

Eg . 1 5 . 6  gives an es timate o f  n 2 1 prov id ed that the 
quantities on the right hand s ide are known . NOw , <al> /< a� > 
has been measured , Ml and Nl are known qu i te accurately , and 
M2 may be e s t imated wi th reasonab l e  ac curacy . We have s een 
tha t N 2 i s  no t easy to es timate , and n 2 was not measured . 

The tes t  da ta thus does no t s eem parti cu larly u s efu l  for 
determining the coupling los s f a c tor . However , s ever a l  com­
ments on thi s  attempted evaluation can be made : 

1 .  Whi l e  n 2 1  may n o t  be d irec tly evalua ted in  thi s  
cas e , the data ob tained on the transmi s s ib i l i ty 
may s t i l l  be  u s ed i n  our SEA approach to predi c t  
vibration leve l s  on the ac tu a l  instrument she l f . 
We s h a l l  d i s cu s s  thi s  evaluation later . 

2 .  Thi s  type o f  tes t ,  whi l e  on occas ion the only p o s ­
s ib l e  way o f  obtaining a value of  t h e  coup l i ng los s 
factor , can be inherently inaccurate . We note i n  

3 2 6  
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particular the c a s e  o f  very small  n 2 ( n 2 « n 2 1 ) .  
I n  thi s  c as e , equipartition o f  energy among the 
mode s  o f  the shelf and the s kin occurs . n 2 1 does 
no t contro l the relative l eve ls  in thi s  cas e ,  and 
s o , the response values ar e qu i te insens i tive to 
the value o f  n 2 1 . 

3 2 7 

3 . The above comments n o tw i th s tanding , we may , wi th 
s u i table a s s umptions ( s ometimes gue s s es ! )  evaluate n 2 1 
if  i t  proves nece s s ary to do s o . I t  i s  ins tru ctive 
to do so here i n  order to compare the values ob tained 
w i th our theoretical  pred i c tions . 

The fol lowing tab l e  g iv e s  some repres entative values o f  
the numbers o f  modes in thi rd oc tave bands for the text 
f ixture s kin , and for the equivalent p late repres enting the 
s he l f  ( s e e  P aragraph 1 5 . 2 . 2 ) . 

TABLE 1 5 . 1  

MODE COUNTS FOR S HELL AND SHELF STRUCTURES 

1/3 O ctave B and 
Center Frequency N l 

= n18 w  
H z  

N 2 
= n2 8 w  N 1/N 2 

1 2 5  . 8  . 3  2 . 6  

2 5 0  2 . 6  3 

5 0 0  6 1 . 2  5 

1 , 0 0 0  1 8  2 . 3 8 

2 , 0 0 0 6 4  4 . 6  1 4  

4 , 0 0 0  1 0 9  9 . 2  1 2  

8 , 0 0 0  2 0 8  1 8 . 4  1 1  

F o r  the v a lues cho s en in  our mod e l  we have M�/M2 
'" 4 .  The 

d ata from Ref . 1 provides valu e s  o f  < ai> / < a 2 . S ince thi s  
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ratio a lway s correspo nds to a t  lea s t  1 0  dB i n  the f requency 
rang e o f  i n teres t ,  Eq . ( 1 5 . 6 )  may be approximated to 

or 

NIM2< a�> 
N2M1<ai

> 

where T r epre s ents the transm i s s ibi l i ty to be obta ined 
from Fig . 1 5 . 7 .  

( 1 5 . 8 )  

A compar i s on o f  the predi c tions ob tained from Eqs . ( 1 5 . 2 )  
and ( 1 5 . 8 ) i s  shown i n  Tab l e  1 5 . 2 .  

TABLE 1 5 . 2 

VALUES OF COUPLING LOSS FACTOR 

11 3 O ctave Band Eq . 1 5 . 2 Eq .  1 5 . 8  
H z  1 0  log n 2 1 1 0  log n 2 1/n 2 

1 2 5  7 . 5 11 

2 5 0  9 1 9 

5 0 0  - 1 0 . 5  2 3  

1 0 0 0  - 1 2  2 7  

2 0 0 0  - 1 3 . 5  7 

4 0 0 0  - 1 5  5 

8 0 0 0  - 1 6 . 5  8 
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For a rel ative l y  we l l  damped she l f , a gue s s  o f  n 2 � 0 . 1  
would be re al i stic . Even with thi s  l arge val ue , the two 
e s timates di f fer by up to 1 5  dB at frequencies  below 2 0 0 0  H z .  

Several factors contribute to thi s d i s crepancy . Per­
haps the mo st dras t i c  a s s umption i s  that o f  the mu lti -moda l  
nature o f  the re spon s e  o f  the instrument she l f  i n  a l l  bands . 
This  fe ature enters into both e s timate s . We note , however , 
that at frequenci e s  above 1 0 0 0  Hz where the re are indeed a 
number o f  mode s in e ach frequency band the agre ement between 
the two e s timate s (wi th n 2 = 0 . 1 ) i s  reasonab l e . The 
equivalent p l ate model may thu s be appropriate in the 2 ,  4 
and 8 kHz bands . 

1 5 . 3 . 3  

1 5 . 3 . 3 . 1  

A l t e r n a t e  P r e d i c t i o n o f  n 2 1  . .  - . -
P r e d i c t i o n  ' 2  1 0 0 

Our previous a s s umption o f  the mul timodal nature o f  
the re spon s e  o f  the in ; tr�"':l.e�t she l f  p r c  ... ·ed to be unreal i s t i c  
at low frequenc i e s , particularly f o r  the frequency bands 
where we know from experimental data that the she l f  response 
is not multimodal .  A mo re re a l i s tic low frequency mode l i s  
a s  follows : I n  each frequency band o f  intere s t , we a s s ume 
that the she l f  c an be treated as a lumped parameter system 
with one degree of freedom , that i s , as a s ingle resonator . 
A s s ume that the re sonator i s  free to vibrate along the 
axi a l  direction of the vehi cle , and i s  caused to vibrate 
by moment arms attached to the skin of the vehi c l e . A 
di agram o f  thi s  mode l for the test fixture in Fig . 1 5 . 4  i s  
shown i n  Fig . 1 5 . 8 . 

Thi s mode l c l early predi cts  moti on o f  the s he l f  i n  
the axi a l  direction only . NOw , from the data o f  Re f .  3 8  
w e  may note the fo l l owing : at lowe r and middl e  frequenci e s , 
the reverberant f i e l d  acce l e ration leve l o f  the cylinder i s  
typ i c a l ly 2 0  d B  hi ghe r than the average l eve l at the ring 
connec tor , showing that the ring has a cons iderab le 
sti f fening e f fect a s  f ar as transverse motion o f  the she l l  
i s  concerned . We are thus perhaps j usti fied i n  cons i dering 
only the moment transmi tted by the L- shaped ring c onnector . 
We may sub s equent ly e s timate the acceleration leve l s  in 
the cro s s - s e ctional p l ane by equating them to thbse at the 
ring conne ctor . 
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Thi s  i s  an overe s timate , however ,  a s  one can see from 
paragraph 1 5 . 3 . 3 . 3 . 

3 3 0  

Because o f  the axi a l  s ymmetry o f  our model , we may treat 
the she l l  a s  a beam o f  thi ckne s s  h and width 2 n a ,  acted on 
by a concentrated moment . Fi g .  l 5 . 8 a shows a s chemat ic 
drawing o f  the mode l . We a s s ume that a value o f  n 2 l can be 
obtained by con s i de ring the powe r input to an infin1te beam 
when the i n s trument she l f  is exci ted bv a f n r r. A  F _  F rnm 
F i g . l 5 . 8 b we s ee that the powe r suppli ed to the undamped 
re s onator repre s enting the she l f  is all trans ferred to the 
beam ,  so that powe r balance requi res that 

( 1 5 . 9 )  

where E 2 tot is the total energy of the o s c i l l ator ( she l f ) . 
The input 1mpedance for the force F i s  

,·,'here 

= i M + i K w 2 W 

= 2 E I k 3  ( I- i )  w 

i s  the point input impedance for an i n f in i te beam ( Section I I , 
s ee a l s o  Re f .  4 1 ) . I t  fol lows from equation 1 5 . 1 . 3 . 3 . 1  that 

1 
2iT 
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For the value s  o f  the parame ters used , thi s result 
predicts a value for the coup l ing loss  factor of  

3 3 1  

( 1 5 . 1 0 )  

and hence 

� 
n

1 2  
� 2 0 f

- � ( n
1

� w )  ( 1 5 . 1 1 )  

where ( n
1

� w )  i s  the number o f  re s onant skin modes i n  the 
frequency band . 

1 5 . 3 . 3 . 2  E x p e r i m e n t a l  P r e d i c t i o n # 2  

The vibration data can a l s o  b e  interpre ted i n  terms 
of thi s  s e cond mode l . �e me re ly rep lace equation 1 5 . 6  bv thA 
s imi l ar equati on 

( 1 5 . 1 2 ) 

where < a� > now refers to on ly the axi a l  acceleration o f  the 
she l f . 

We note that i f  an approximation s imilar to that le ading 
to equation ( 1 5 . 8 ) i s  made , the two mode l s  whi l e  predicting 
di fferent value s  of n � ,  for a q iven frequency band predict 
the s ame vnl ue of n 12 ' tor that band . 

- -

1 5 . 3 . 3 . 3  T r a n s v e r s e  V i b r a t i o n o f  S h e l f f o r  M o d a l  # 2  

Our l ow frequency mod e l  predicts only vibration in  the 
axi a l  dire ction . It was sugges ted above that an overes timat e 
could be obtained by e quating the she l f  vibration l eve l s  in the 
direction perpend i cu l ar to the vehi cle  axi s  to the vibration 
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leve l s  on the skin a t  the ring connector . 

Va lue s o f  the vibration l eve l at the ring connector 
can be obtained by a l l owing the mas s  in F i g . l 5 . 8 ( b )  to move 
transversely . For only transverse motion we find the 
coup l ing l o s s  factor (by the s ame method as in paragraph 1 5 . 3 . 3  . 2  
to be 

( 1 5 . 1 3 )  

1 5 . 3 . 3 . 4  C o m p a r i s o n o f  C o u p l i n g L o s s  F a c t o r  P r e d i c t i o n s  

The theoretical  and expe rimental predictions of n 1 2  
are compared i n  F i g . 1 5 . 9 .  We have e s timated po s s ible values 
of the she l f  los s f actor n a s  shown . The experimental 
predictions are based on t�e chos en value s  of n 2 ( the data 
ava i l ab l e  in fact predicts only ( 1 0 10g n 1 2/ n 2 ) '  

We have used extreme ly s impl e  mod e l s  for our theoreti cal  
prediction s . Neve rthe l e s s , the agreement between theory and 
experiment is fair . In p arti cular , the d i f ference in the low 
and high frequency behaviour i s  readily seen . 

Thi s  fairly succe s s ful use  o f  crude mode l s  o f  comp l i cated 
s tructures demons trates the s trength o f  SEA . Although , for 
examp l e , our lurnped-ma s s - on- a-beam mod e l  s eems ve ry d i f ferent 
from the actual reentry vehicle , the two sys tems are 
sufficiently s imi l ar that u s e ful re sults c an be obtained on a 
s tati stical bas i s  by treating both systems a s  two members o f  
the s ame ens emble o f s imi lar sys tems . We require mere ly that 
such gro s s  parameters a s , for example , the total mas s be 
pre served . 

1 5 . 3 . 3 . 5  S u mm a ry o f  C o u p i n g  L o s s  F a c t o r  V a l u e s  

I t  remains for us to cho o s e  appropri ate values o f  n 1 2  
and n 2 1  for e ach frequency range from among the many 
predi cEions j us t  d i s cussed . F i g . 1 5 . 9  indicat e s  that there 
is a change in the apparent behavior at low and high 
freque nc i e s . We there fore prop o s e  us ing the l ow frequency 
model for frequencie s at and be low 1 0 0 0  H z , and the high 
frequenc i e s  at and above 2 0 0 0  Hz . 
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I f  purely theoretical predictions are required , the n 
n 1 2 and n 2 1  are g iven a s  follows : 

fo < 1 0 0 0 Hz : 

3 
n 2 1  2 0  f- � ( 1 5 . 1 0 ) 

1 
n 1 2  Nl 

n 2 l  ( 1 5 . 1 4 ) 

f � 2 0 0 0 H z : 0 

n 2 1 
2 f- � 

( 1 5 . 2 ) 

n 1 2 
Nl 
N2 

n 2 l  ( 1 5 . 1 5 )  

The change-over frequency point has been chosen in fact from 
compari sons wi th experiment s .  Howeve r , a the ore tical b a s i s  
may be given f o r  thi s changeove r i f  w e  s ay that the high 
frequency mode l app l i e s  when there are more than two resonant 
modes o f  the she l f  in a thi rd- octave b and . 

Becau s e  o f  the c omplexity o f  the fixture , we expe ct our 
experimental predictions to be more accur ate than the purely 
theore tical  predictions . I t  follows that the b e s t  appro ach 
is to use values of 1 0 log ( n 1 2 / n 2 ) obtained from Fig . 1 5 . 8  with 
corre sponding value s of  1 0  10g ( n 2 l/ n 2 ) obtained by using 
Eqs . ( 1 5 . 1 4 )  and ( 1 5 . 1 5 )  in the appropriate frequency rang e . 
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1 5 . 4  P r e d i c t i o n o f  t h e  V e h i c l e  S k i n V i b r a t i o n  L e v e l s .  

In th i s  paragraph , we di s cuss th e res pons e o f  a coni ca l 
she ll  to a turbu lent-boundary- laye r pre s s ure fie ld . Thi s 
work togethe r wi th the me an square pres s ure shown i n  Figure 1 5 . 1 1 
can be us ed to predi c t  the actua l acce lera ti on leve ls o f  th e 
veh i c le sh e l l . 

1 5 . 4 . 1 a C o n i c a l  S h e l l t o  a T u r b u l e n t  B o u n d a r  
P r e s s u r e F i e l d  

1 5 . 4 . 1 . 1  G e n e r a l  O u t l i n e o f  t h e  C a l c u l a t i o n  

F i g .  l S . l O a  indi cate s an important fe ature o f  a TBL 
pre s sure fie ld .  At a frequency w ,  the fluctuat ing wal l  
pre s s ure pos s e s s e s  wave number components kx that are very 
nearly equal to w/Uc ' Uc be ing the mean convec t ion ve l o c i ty 
o f  the pre s s ure f i e ld . At frequency w ,  a sec tion S of the 
cone at radius a [ F ig . l S . l O b ]  accepts power from the pre s s ure 
field , i f  there is a loca l  vi bration pattern on section S 
that i s  resonant at frequency w and a l s o  has a loca.l \.,rave ­
number component k = w/Uc • Such a wavenumber ve ctor at 
resonanc e is shown

X
by a heavy dot in Fig . 1 5 . l O a . ( I f  the 

frequency w is l owe r than the local  ring frequency c � /a 
for section S ,  two such wavenumber vecto rs may be po s s ib l e .  

From the known results for a cyl indrical she l l , we can 
cal culate thi s wavenumber ve ctor , as  we l l  as the assoc iated 
power input from the pre s sure f i e ld to sec tion S ( s ee  �e f .  4 3 ) . 
Al so , from the cal culated value fo the wavenumb e r  component k 
corre sponding to the he avy dot i n  Fig . l S . l O a  and from the 
known radius a at sec tion S , we determine the number n 
o f  the cone mode to which thi s part i cular re: sonant motion ove r 
the s e c tion S be longs 

( 1 5 . 1 6 )  
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The spatial ex tent o f  thi s  parent mode i s  a l s o  eas i ly 
determ ined . I f  k a a/k a 2< 1 ,  Case I o f  paragraph 1 5 . 2 . 3 . 1  
app l i e s  and the paren� mode extend s over the entire surface 
o f  the c one . O therwis e , Case II app lies . The non- zero 
reg io n  of the parent mode for Case II is ske tched in F ig . l S . l D ( a ) . 
The rad ius aQ a t  the boundary AB of thi s  reg ion i s  determined 
from the conuitions : 

= 1 .  ( 1 5 . 1 7 )  

Now we as sume that the power transmi tted by the pres sur e 
f i e ld to the s e c tion S is  retained entire ly by the parent 
mode and is mani f e sted as  uniform coherent vibration o f  thi s  
mode . 

This procedure then enab l e s  u s  to e s t imate the average 
mean- s quared acceleration ( in any g iven frequency band ) , over 
the extent o f  the parent mode , that results from the inter­
action between tne T BL pres sure f ield and the s ec t�on S .  
By making the as sumption that ther e i s  neg l ig ible  coherenc e 
between vibration o f  d i f f erent modes , we obtain the total 
ac c e lera tion- l ev e l  a t  a particu lar location on the cone 
surfac e ( in a frequency band ) by mere ly summing up con­
tributions from a l l  the s ections S of the conical  she l l . 

The cone vibration wou ld be contr ibuted partly by mod e s  
that exc lude t h e  smal ler end o f  the c o n e  from the i r  vibration 
patterns . The l arger end o f  the cone , however ,  i s  a lways 
inc luded . I n  o ther word s , the power acc epted by the var i ous 
cone s e c tions from the TBL pres sure f i eld i s  d i s tr ibuted in a 
pre ferentia l  d i rect ion : namely , toward s the larg er end o f  the 
cone . Cons equently , the vibration l ev e l s  on the cone sur fac e  
are expected to incr ease from the sma l l er t o  the l arg er end 
of the cone . 

1 5 . 4 . 1 . 2 R e s p o n s e  E s t i ma t e  fo r t h e C o n i c a l  S h e l l 

1 5 . 4 . 1 . 2 . 1  S t r u c t u r a l  M o d e l 

The coni cal she l l  i s  mode led as an i s otrop i c  conical 
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she l l  1 1 0  in . long , wi th max imum and minimum d i ameter s o f  6 . 4  
and 3 9  in . The sur face mas s  dens ity i s  taken to be 1 5  lb/ft 2

• 
Based on the exper imenta l ly determined values o f  the bending 
wave s peed s  in the two l ayer ed and mu lti-layered s amp l e  bar s , 
we take the quantity KC t to be 9 0  f t 2 /sec . The long itud inal 
wave speed C t  by i t s e l f  enter s i n  the description of  the 
extens ional or membrane s tr e s s - co ntro lled v ibration . We a s sume 
Ct to be 1 0 , 0 0 0  f t/ s ec . The cho sen v a lues  of K and Ct are then 
cons i s tent for a she l l  thicknes s  o f  abou t 3/8 in . The s truc tura l  
l o s s f ac tor n � i s  taken to have a va lue o f  0 . 0 2 5 at a l l  f re­
quenc ie s . Th�s e s timate is bas ed on the va lue of n l deduced at 
2 0 0 0  Hz from s hock transm i s s ion s tud ies . 

1 5 . 4 . 1 . 2 . 2  F l o w M o d e l  

The free stream veloc i ty U o f  the f low i s  taken to be 
2 1 , 0 0 0  f t/s e c . The mean convection veloc ity Uc of  the TBL 
pr e s sur e f i e ld i s  taken a s  0 . 6  U .  The dynamic head q is 
5 0  atm , and the roo t-mean- s quare pre s sure f lu ctua ti o n  Ph on 
the cone surface i s  0 . 0 2 q . The boundary l ayer displacement 
thicknes s i s  taken to increase  linearly from the smal ler end to 
the larger end of the cone , wi th a mean value of 0 . 2  in . This  
choice  i s  equ ivalent to  taking the d i s p lacement thi cknes s  
o w  = O . 0 0 2 6x ,  x being the d i s tance along the g enerator from 
the cone vortex . The frequency spectrum o f  the f luctuating 
pressure a t  any location i s  a s s umed to scale with the S trouhal 
number f 6 */Uoo where Uoo is the free stream f low speed . The 
pres sure spectrum a t  �he mid- s e ct i on o f  the cone is s hown in 
F ig .  1 5 . 1 1 . T he c oherence i s  expr e s s ed in a compac t way 
by the wavenumber spectrum � 3 ( k e ) in the c ircumf erent i a l  
d i rection . T he following f o rm  i s  cho s en f o r  thi s  spectrum at 
frequency w 

( 1 5 . 1 8 )  

wi th 
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1 5 . 4 . 1 . 2 . 3  R e s u l t s 

The c a lcu lation procedure o f  paragraph 1 5 . 4 . 1 . 1  was 
c arried ou t with the d iv i s ion o f  the conica l shell into s even 
s ec tions of equal axi a l  length . The a cceleration-response 
spec tr a  at the two extr eme s ections and at the midd le s ection 
are shown in F ig . 1 5 . 1 2 .  Mas s- law respons e i s  a lso i ndicated . 
The s e  spectra are normali z ed wi th respect to the pressure 
s pectrum a t  the mid s ection a s  a ls o  s hown in F ig . 1 5 . 1 1 .  The 
acc e l er ation l evel s  in  all f requency bands are s een to increase 
from the sma ller to the larger end . From F i g . 1 5 . 1 1 the 
pre s sure spectrum increases  monotonic a l ly wi th frequency in 
the frequency range indicated . 

s ince the pres sure spec trum i s  assumed to s ca l e  on the 
local S trouhal number f 0 */000 and s ince the thickne s s  0 *  
increas e s  from the sma ller to the larger end o f  the cone , 
the pres sure l evel s  increa s e  i n  any frequency band be low the 
spectr a l  maximum . This behav ior tend s to acc entuate the d i f ­
f erence in the acc eleration l evel s  on the d i f f erent sections o f  
the cone . The e s s entia l  mechanism , however , s t i l l  i s  the 
r e s tr ic ted extent of the vibration patterns of the cone mode s . 

An exp lanation o f  the peaks in acceleration spectra for 
the mid- s e ction and the smal ler end shown in F ig . 1 5 . 1 2 is of 
i nter e s t . Con s id er f ir s t  the ac c e l eration respons e o f  a 
cylindr i c a l  s he l l  that i s  exc i ted by a TBL pres sure f ield . 
Below the cy l i nder r ing frequency c 1/ 2 TI a  where a i s  the 
cylind er rad iu s , a s ignif ic ant portion of vibration is con­
tr ibuted by the membrane- s tr e s s - contro l led mode s . We denote 
thi s  type o f  v ibra tion by MV . Thi s MV contr ibution is maxi­
mum near the ring frequency and drops sharply a t  higher 
frequenc i e s . This is becau s e  membrane stres s e s  cease to be 
eff ective above the ring frequency . 

For the cone res pons e under cons ideration , the cone 
s ection near the larger end has a local r ing frequency of 
about 1 0 0 0  H z . The power input from the TBL pre s sure f ie ld 
to the MV o f  thi s  section i s  max imum a t  i ts ring frequency . 
Also , the MV i s  a s s o c iated with relative ly sma l l  values o f  the 
moda l number n .  Furthermore ,  the mode s i nvo lving the MV extend 
over the entire surface o f  the cone . Thus , the maximum power 
input at 1 0 0 0  H z  to the MV near the l arger end of the cone i s  
manife s ted a s  vibration on the entire c one sur face . L e t  us  
reca l l  that the pre s sur e l evels  i n  all  frequ ency bands are 
maximum near the larg e end o f  the cone . Hence , thi s power 
input forms a s ignif i cant portion of the tota l power input 
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to the cone around 1 0 0 0  H z . S ince the vibration leve l in­
crea s e s  from the smal l e r  to the l arger end o f  the cone , the 
pre s ence or ab sence of the power input to the MV near the 
l arger end caus e s  the greate s t  rel ative change in the 
vibration leve l at the smal le r  end and the minimum relative 
r h � n q �  i n  th� l � ve l  at the l arqer end . The s harpne s s  o f  
the peaks i n  accel eration spectra at 1 0 0 0  Hz depend s on the 
magn i tude of the fractional change in the respon s e . F i g . 
5 . 1 3 pre sents the re spons e  e s t imates based on two alternate 
c a l cul ation procedure s that invo lve s a s s umpt i ons that are 
r e l ative l y  l e s s  re a l i s tic . For the acce lerat ion spectrum 
marked A ,  the structural and the f l ow mode l s  are the s ame 
as tho s e  for the re sults  of F i g . 15 . 1 2 ;  however , the 
a s sumption of paragraph 1 5 . 4 . 1 . 1  ( that each mode retains 
all the powe r fed into i t  by the TBL pre s s ure f i e ld )  
i s  now repl aced with the more naive a s sumption that the total 
power input to the s tructure in any frequency band i s  d i s ­
tributed uni formly over the s tructural surface , yie lding a 
uni form acce lerat ion leve l everywhe re on the s t ruc ture . A 
third procedure could be based on the a s s umption that the 
mod e s  with re s onance frequen c i e s  within a particular fre­
quency band share the powe r ( fed into them by the pre s s ure 
f i e l d  in the s ame frequency band ) among e ach othe r in such 
a way that the time- ave raged energy of e ach mode is the 
s ame . Whi l e  thi s  a s s umption is more reali s t i c , it is not 
used here because it would ent a i l  comp l i c ated cal culations . 
I t  i s  i nter e s t ing to note that the above thr e e  a s s umpt ions 
yield identical  e s t imates  o f  vibration for a rectangul ar 
f l at p late or for a cyl inder she l l , whe reas they y i e ld 
three d i s tinct e st imate for a conical s he l l . 

Ac c e l e ration spectrum B i n  Fig . 1 5 . 1 3 pertains to the 
e s timated re spon s e  of a c y l indrical  she l l  that has the thi ck­
ne s s  and the mater i a l  properti e s  of the con i c a l  s tructure 
model  and a radius whi ch is the average of the radi i of the 
two ends , ( al + a2 ) / 2 .  The TBL pre s s ure f i e ld i s  taken to 
have the s ame propertie s everywhere on the cyl inder as  tho s e  
a s sumed f o r  the mid s e c tion o f  the s tructura l  mode l .  
Thi s e stimate B i s  the s imp l e s t  to obtain and i s  seen to 
l i e  wi thin the range of the acc e l e ration spectra of 
F i g . 1 5 . 1 2 .  There fore , the response o f  an equivalent 
cyl inder seems to be use fu l  in y i e lding an approximate 
f i r s t-order e s t imate for the re spon s e  of a coni c aL she l l . 
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1 5 . 4 . 2  E m p i r i c a l  P r e d i c t i o n  o f  A c c e l e r a t i o n  L e v e l s 

A commonly u s ed emp ir ica l prediction s cheme i s  that o f  
Franken [ 4 2 ] . This approach i s  not rea l ly valid her e , how­
ever , for two reasons . F ir s t , a l though vehic l e  d i ameter i s  
included in the Franken predic tion scheme , the diameter o f 
our vehic l e  i s  so v ery much sma l ler than the diameter s 
o f  the veh i c l e s  on which Franken took his  data that doubts 
must be raised about the v a l id ity o f  the extrapo lation .  
Second , Franken ' s  me asurements wer e  taken w i th acou s t i c  
rather than T B L  exc i tation . The predicted r e la tive 
acceleratio n  level s  based on Fr anken ' s  s cheme are shown in 
F ig . 1 5 . 1 4 .  In view of the above c aveats , the agreement with 
the pr ed iction of  F ig . 1 5 . 1 3 is surpri s ingly reasonab l e  at 
high frequ en c i e s . 

1 5 . 4 . 3  P o w e r  I n p u t t o  t h e  S h e l l 

I n  S EA vibration p re di c t i ons i t  i s  s ome time s  mo re us e fu l  
t o  cons id er the bas ic inpu t parameter f o r  the prob lem t o  be  
the power input to part o f  the s y stem rather tha n the ac­
c e lera tion level of part of the system .  The use o f  one or 
the other of the s e  quanti t i e s  is d i scus s ed in the nex t  para­
graphs . 

The power input to the s he l l  h as b e e n  computed i n  the 
approach describ ed in paragraph 1 5 . 4 . 1 ,  a l though spec i f i c  
r e s u l t s  a r e  not g iven . I t  may a ri s e , however , that acceler a tion 
l eve l s  are predic ted direc tly , as  in the Fr anken approach . The 
total power input to the she l l  c an be found from the ac c e l eration 
l eve l s  by u s ing the re l ationship 

E l , to t  = ( 1 5 . 1 9 )  

I n  this  equation nl is the e f f ective los s f a c tor o f  the 
s truc tur e . The o ther parameter values are MI = 15 Ibs/f t 2 
and n l = 0 . 0 2 5  [ 3 8 ] . Va lu e s  o f  the input power i f  required 
may thu s be computed directly from the pred icted values o f  the 
mean s quare acce l eration < ai > .  
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1 5 . 5  V i b r a t i o n L e v e l s o f  t h e  I n s t r u m e n t  S h e l f 

We are now in a po s i tion to use our SF.A model of  the 
reentry vehi c l e  to predict the vibration leve l s  on 
the instrument s he l f .  The var ious parameters required for 
the SEA mode l  have been d i s cus s ed above . We sha l l  dis cus s 
below three way s o f  u s ing the s e  parameters to predict the 
vibration leve l s . 

3 4 0  

Our goal i n  the pre s ent probl em i s  t o  predict vibration 
leve ls of the instrument she lf  within the veh i c le when 
we are given in formation about the exci tat i on field acting 
on the skin o f  the vehic l e . Our approach i s  to predict f i r s t  
e i the r the vibration leve l s  o f  t h e  s k i n  i t s e l f  or t o  predict 
the power input o f  the skin from the turbulent boundary l aye r . 
Imp l i c i t  in both the s e  predictions i s  the neglect o f  the 
interior structure of the veh i c l e  on the skin vibration . 
Thi s e f fect shows up in two ways : Fir s t ,  as an additional 
mas s and s t i f fne s s  which may alter the modal res onance fre­
quencie s ,  and se cond , as  an additional path fo r the l o s s  of 
ene rgy . The latte r e ffect can be viewed e ither a s  an increase 
in los s factor as far a s  the skin i s  concerned , or as a 
coupl ing l o s s  factor as far as  the re l ative vibration leve l s  
o f  the inte rnal s t ructure and the skin are concerned . 

The powe r input in a frequency band to a mu ltimodal 
structure depends on the total ma s s  o f  the s tructure and 
( i f  we cons ider only res onant re spon se ) on the number of  
res onant mode s in the band . We remember that modal  
den s i t i e s  are  addi tive , and for she l l- l ike s tructure s at 
high frequenc i e s  tend to b e  proportional to the surface 
o f  the s tructure .  The addi tion , s ay , o f  a s t i f fene r to e 
she l l  thu s doe s not greatly a f fect the modal dens i ty . I t  
follows that the total power input to the s tructure a l s o  
doe s n o t  change ve ry much . 

On the othe r hand , the s t i f fener may be s uch that i t  
provi de s energy f l ow path t o  other parts of  the sys tem . 
Thus , e f fective l o s s  factor o f  the part be ing con s idered 
may increas e .  As the total energy of  the sys tem in a 
frequency band i s  inve r s e ly proportional to the l o s s  factor 
( for cons tant input powe r )  the vibration leve l s  on the 

s tructure wou ld decrease . Very o f ten , the coup ling b e tween 
s truc tures is weak . The coup l ing now has a neg l i gible 
e f fect on the vibration o f  the directly excited s tructure ; 
both powe r input and vibration l eve l s  remain approximately 
unchanged . 
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1 5 . 5 . 1  P r e d i c t i o n  B a s e d  o n  S k i n A c c e l e r a t i o n  l e v e l  

In thi s  S ection , we g ive S EA  predic tions on the ins tru­
ment s he l f  vibra tion l eve l s  b a s ed on : 

1 . predi ction o f  the acc e leration l eve l s  o f  the skin : 

2 .  prediction o f  the power input to the skin , and 

3 . d irect u s e  o f  the exper imental data . 

I f  we as s ume an e f fective los s factor o f  the vehi c l e  skin 
and internal s tructure , then predicted va lues o f  the skin 
vinration leve l s  are appropri ate . In terms o f  the se predictions  
the ins trument she l f  vib ration leve l i s  g iven by 

( 15 . 2 0 )  

The subscripts 1 and 2 r e f e r  to the veh i c l e  skin and 
s he l f , respec tively . The appropriate values of n 1 2 and n 2 l  
can b e  used a s  d i s cu s s ed i n  paragraph 1 5 . 3 .  O f  cour s e , when 
equations such as  ( 1 5 . 1 4 )  and ( 1 5 . 1 5 )  are u s ed , the para­
meter n l now refers to the moda l dens i ty of the conic al s he l l  
( paragraph 1 5 . 2 ) .  Value s  o f  the accel eration l ev e l  < ai> are 

ob tained from F ig s . 1 5 . 1 1 and 1 5 . 1 3 .  Typ i c a l  results are 
d i scus s ed in paragraph 1 5 . 5 . 4 .  

1 5 . 5 . 2  P r e d i c t i o n  B a s e d  o n  I n p u t  P o w e r  

The inpu t  power IT in for a turbu l ent bound ary layer can be 
found from S e ction I o f  thi s  repor t and f rom Ref . 3 7 .  We then 
hav e  

( 1 5 . 2 1 )  
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and 

E
l , tot 

From thes e  equations we f ind 

II .  ( wn l + 
l.n 

Typ i c a l  valu e s  of the parame ters have been g iven . 

3 4 2 

( 1 5 . 2 2 )  

- 1  
( 1 5 . 2 3 ) 

A c ompa r i s on o f  Eq . ( 1 5 . 2 3 )  and ( 1 5 . 1 9 )  shows the e f f e c t  
that the interna l s truc ture h a s  on the s kin v ibration . We 
s e e  imme d i ately that i f  the coup l ing lo s s  factors are smal l ,  
Eqs . ( 1 5 . 2 3 )  and ( 1 5 . 1 9 )  g ive approxima te ly the s ame result . 
When thi s i s  s o , then the predic tion o f  paragraphs 1 5 . 6 . 1  and 
1 5 . 6 . 2  wi l l  be the s ame . We empha s i z e , however , that when 
the coup l i ng i s  s trong , Eqs . ( 1 5 . 2 3 )  and ( 1 5 . 2 2 ) shou ld b e  
u s ed t o  predic t the vibr ation l eve l s . 

As a final comment on the d i f f erence b e tween the two 
approaches j u s t  outlined we no te the fol lowing : I f  decay 
me asurements are taken on the skin a lone a value of n l i s  ob­
tained . I f  the internal s tructure is  then put in p lace and 
fur ther decay measurements taken ,  an e f f e c tive los s  fa c tor for 
the s k in of 

( 1 5 . 2 4 )  

i s  obta ined . The correct approach thus c l early d epend s  on 
th e  exper imental configura tion us ed . 

1 5 . 5 . 3  P r e d i c t i o n  f r o m  t h e  E x p e r i m e n t a l D a t a  

We have d i s cu s s ed methods o f  obta ining values o f  the 
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coupl ing l o s s  factors from the experimenta l data at 
some length , even though we noted that the s e  values we re not 
required expl i c i t ly a s  direct vibration pred ictions are pos s ib l e . 
The Manning expe riments were performed on a fixture as s imi lar 
as  possible to the actual vehi c l e . When e s timat ing n 2 l ' the 
coupl ing l o s s  factor from she l f  to skin , we have s een that the 
skin can be treated approximate ly as an infinite s t ructure . As 
d i s cu s s ed in  e a r l i e r  part s of thi s  report , the use of the 
i n finite s t ructure approximation is a common one in obtaining 
s ome SEA parameters . I t  fol l ows that ( to thi s approx imation ) 
the value o f  n 2 �  i s  the s ame for the te s t  fi xture as for the 
actual vehic l e .  On the othe r hand , values o f  n 1 2  wi l l  be 
dif ferent s ince the modal dens ity o f  the tes t fi xture and the 
actual vehic l e  are di fferent . 

I f  we suppose that the skin acce leration leve l s  on the 
actual vehi c l e  have been predi cted , we c an the n make an 
e s t imate of the she l f  vibration leve l s . Two equat i ons such as 
( 1 5 . 2 2 )  can be wri tten , one de s c ribing the te s t  f i xture : and 

one de s c ribing the actual vehi c l e . Val u e s  o f  n 2  and n 2 �  ar� 
the s ame for e ach equation . I t  fo l l ows by s imp le s ub s t � tution 
that 

E2 , tot = 
n

l 
E l , tot 

n
2 

� 2 , tot -
E 

l , tot 

where the vari abl e s  with a ti lde refer to  the t e s t  fixture , 
and those with no ti lde to the actual vehi c l e . The equation 
can be wri t ten 

( 1 5 . 2 5 )  

Thus va l ue s  o f  the she l f  acce l e ration < aj > re lative to the 
predicte d veh i c l e  skin acce le ration lever" < a 2 > can be 
found di re ctly in te rms o f  the transmi s sibi l i ty ratio 
� a� >/� a! > found in  the ex�erimen t . The �arameters n l and Ml 
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and nl and Ml are the modal dens i ty and tota l mas s  of  the skin 
in the vehi c Ie , and i n  the te s t  fi xture , respe ctive ly .  Typi ca l 
va lue s are dis cus s e d  be low . 

1 5 . 5 . 4  R e s u l t s  

Some predictions for the mean s quare acce leration l eve l on 
the ins trument s h e l f  in the vehi c l e  are presented in this 
s e ction . We note f ir s t  that a s  the coupling �oss factor s are 
sma l l , predic tions bas ed on paragraphs 1 5 . 5 . 1  and 1 5 . 5 . 2  wi l l  
b e  the s ame . A number o f  d i f f erent pred i ctions are po s s ible 
s i nce in  s ome cases  a number o f  d if ferent values  have been 
pred i c ted for each parame ter . S ome r epres enta tive pred i c tions 
are shown in F ig . 1 5 . 1 5 .  

Curve A o f  F ig . 1 5 . 1 5 i s  obtained from pur e ly theoretical 
cons iderations . Valu e s  o f  the c oup l i ng los s  f actors u s ed for 
the low and high frequ ency mod e l s  are summari zed in paragraph 
1 5 . 3 . 3 . 5 . We have u s ed the equivalent cylinder pred iction o f  
the skin acceleration l evel wi th n l = 0 . 0 2 5  as s hown in 
F i g . 1 5 . 1 3 .  The e s t imated valu e s  of n 2 are s hown i n  F ig . 1 5 . 9 .  
T hi s  curve would be obtained by the pred ic tion s ch emes o f  both 
paragr aphs 1 5 . 5 . 1  and 1 5 . 5 . 2  above . 

Curve B o f  Fig . 1 5 . 15 shows the pr ediction ob tained 
d irectly from the data by the method de s cr ibed in paragraph 
1 5 . 5 . 3 .  

1 5 . 5 . 5  O t h e r V i b r a t i o n  P a r a m e t e r s  

F ig .  1 5 . 1 5 s hows pr edic tions o f  the ac celeration l evels  
o f  the upper instrument she l f  of the vehi c l e . Other 
v ib ration parameters can b e  obtained directly by the method s 
o f  Chapter 7 .  

1 5 . 6  C o n f i d e n c e  L i m i t s  

The pred ictions d i s cu s s ed s o  f ar are mean values o f  the 
vibration parame ter s , the mean being obtained f rom an ens emb l e  
o f  s im i lar syst��s . As d i s cu s sed in e a r l i e r  p a r t s  o f  thi s  
repor t ,  i t  i s  o f  intere s t  t o  obtain measures o f  the d eviation 
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o f  a r e a l i zed respons e f rom the mean . This c an b e  done in 
terms o f  the s tandard deviation from the mean s quare respons e . 

The four maj or e f fects produ c ing a variance in  respons e 
have been d i s cu s s ed in paragraph 4 . 2  o f  Part I .  We emphas i z e 
that a l l  four effects  are features o f  the SEA mode l  we have 
cho sen , and not the actu a l  system und er s tudy . Thu s , in the 
pre s ent problem the conf idenc e es tima tes g ive no indic ation 
o f  how accurate ly our SEA mod e l  d e s cribes the vibration of the 
actu a l  vehi c l e . What the con f i dence limi ts  do tell  us i s  
the range of vibration o f  the respons e we might expect to 
mea sure if a phys ica l replica of our SEA model wer e construc ted . 
However , if data taken on the ac tua l  vehic le f a l l s  wi thin the 
predicted high c onfidenc e  ( s ay 8 0 % )  l imi t s , thi s is an 
indi cation that our SEA model ing i s , at  l ea s t ,  adequate . 

We s ha ll re strict attention here to " bracke tting " 
confidence l imits for broad band excitation . We have pre­
dicted above the mean s quare acceleration l eve l s  in third 
octave band s  o f  the upper instrument s he l f , < a� > .  We f ir s t  
estima t e  the varianc e i n  thi s  respons e .  Eq . ( 4 . 2 . 1 3 )  o f  Part I 
<;b-es the r atio o f  variance to mean s quare respons e as 

2 

The spatia l respons e f a c tors corres ponding to our low and high 
frequency models are as fo l lows : 

< 111 '+ > ' 1  

< $ 2 > 2 
I 

< $ �> 

< $ �> 2 

= 

= 

9/4 
1 3/2 9/4 f

o < 1 0 0 0  Hz 

f > 2 0 0 0  H z  
o 
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The appropriate value s o f  N
l 

+ N �  have been discussed 
above ( for examp l e  n 2 �w=1 for frequenc 1es  l e s s  than 1 0 0 0  Hz ) . 
Value s o f  the variance are shown in Fig . 1 5 . 16 . 

Con f i dence l imits based on the variance can be obtained 
from F i g . 4 . 9 of Part I .  The 8 0 %  l imits for the theoretical 
prediction g i ven in F i g . 1 5 . 1 5  are shown in F i g . 1 5 . 1 7 .  The 
l imi t s  tend to b racket the measured values except in the 
highe s t  frequency b and . 
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defini tion of  9 4  
di agram for 1 0 8 
ei genfunctions 8 6  
energy 1 2 3 , 2 1 6  
interacti on 1 4 9  
power flow for 7 9  
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bracketing interval 1 3 7 , 1 5 1 , 
2 0 0 , 2 0 8 , 3 4 5 , 3 6 3  

bui l t  up s tructure 
damping 2 5 8 - 2 5 9  

c l amped sys tems 6 8 , 8 6 
S e e  a � s o  b locked 

coherence 74  
e f fects i n  res pons e 15  
and exci tation bandwid th 

1 4 3 - 1 4 6  
between mode s 1 1 9 , 1 3 0 , 1 4 4  
between modes and 

wave s 9 4  
respons e addi tion at a 

point 2 5 4  
between wave s that form 

a mode 9 4 
coherent respons e 5 3 - 5 7 

and direct fie ld 5 4  
addi tion to i ncoherent 

f i e ld 5 5 , 6 3  
complex vari ab l e s  2 5  
compute r 

cal culation o f  energy 
balance 2 1 3  

decoup 1 i ng o f  s ubsys tems 6 8  
programs and me thods 4 

conductance 
edge 9 8  
point 4 0  

confidence 
coe f f i c i ent 1 1 6 , 1 3 5 , 1 9 9  
interval 1 1 6 , 1 3 5 - 1 3 8 , 1 4 0 , 

2 0 0  
interva l , brack e ting 1 3 7 , 

1 5 1 , 3 4 5 , 3 6 3  
i nte rval , excee dance 1 3 6 , 

1 5 1  
coni c a l  she l l  

cy l i nder mode l o f  3 2 4 , 3 3 4 , 
3 3 8 , 3 4 8 , 3 5 6  

di fference from 
cy linder 3 3 8  

modal dens ity 2 8 7 , 3 1 9 , 3 2 1  
mode shapes 3 3 5  
power inj ection 3 3 7 - 3 3 8  
vehi c l e  subsys tem 3 1 9 - 3 2 2 , 

3 3 6  
vibration l eve ls  3 5 8 , 3 5 9  

3 7 5 

conj ugate vari ab l e s  9 6  
cons i s tency relations 9 1- 9 2 , 

1 2 2 , 3 0 0 , 3 2 6  
cons trai ned layer damping 

2 6 0 , 2 6 2 , 2 7 4 , 2 7 6  
compari son wi th free 

l ayer 2 6 2 , 2 7 3 , 2 7 7  
contour integration 4 9 , 6 2 
conve ction ve loci ty 

o f  pre s s ure f i e l d  3 3 4  
i n  vehicle  envi ronment 3 3 6  

coup l i ng , Se e a l s o  coup l i ng 
los s factor , energy 
sharing 

between acous ti cal 
spaces 2 9 5 - 2 9 9  

and apparent damping 3 4 2  
and average frequency 

shi ft 9 0  
beam to p l ate 3 1 5 , 3 1 6  
conservative 6 7  
e f fect o f  sys tem s i ze  on 

1 2 5 
intermoda1 3 6  
light 8 
mode to mode 3 6 , 1 3 0  
parameters 8 9  
pl ate t o  p l ate 3 0 6  
res onator t o  pl ate 
by ring conne ctor 
s truc ture to s ound 

2 9 9 - 3 0 3  

5 0 - 5 2  
3 1 9  
field 

between s ub s y s tems 6 5 , 8 8 
coup l i ng los s factor 2 2 6  

a s s umption o f  i nfinite 
re ceiver 3 4 3  

average , over a band 1 2 4  
beam to beam 1 0 5 , 1 1 4  
beam t o  p l ate 1 2 5 , 3 0 8 - 3 0 9 , 

3 1 5 , 3 1 6  
beam t o  res onator 3 3 0 - 3 3 1  
for blocked energies 1 0 0-

1 0 1 , 1 0 4 , 1 2 2 , 2 2 6  
c a lculation o f  2 2 7  
comp ar i s o n , theory and 

experiment 3 3 2 , 3 5 5  
cons i s tency relati ons 9 1 -

9 2 , 1 2 2 , 3 0 0 , 3 2 6  
evaluation o f  1 3 , 9 9 - 1 0 1 ,  

2 9 4 - 3 0 9 , 3 2 4  
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coup l ing los s factor ( cont ' d ) 
experimental determination 

2 5 3- 2 5 5  
and j unction impedances 

5 3 , 10 1 , 3 0 9  
nece s s i ty t o  evaluate 3 2 3  
and noi s e  reduction 2 9 7  
re lations between 1 0 1 , 12 3  
re lation to other 

quanti ti e s  1 8 1  
rel ation t o  radiation 

re s i s tance 2 9 4  
re l ation to transmi s s ib i l i ty 

1 0 2 , 1 0 6 , 2 9 7  
re sonator to p late 5 1  
res onator to sound f i e l d  1 0 4  
shel l t o  ins trument 

she l f  3 2 4  
s tructure t o  s ound f i e l d  3 0 0  
s tructure t o  s tructure 

3 0 3 - 3 0 9  
values , for te s t  vehic l e  

( tab le ) 3 2 8  
vari ation wi th frequency 3 3 2  
from vibration tests 3 2 5 - 3 2 6 

cri ti cal damping rati o 2 4  
cri ti cal frequency 2 9 7  

for s andwich s tructure s  2 9 8  
curved s tructure s , modal 

dens i ty o f  2 8 3- 2 8 9  
cyc le , average over a 2 2  
cyc l i c  frequency 2 2 , 7 4 , 1 7 3 , 

1 8 6  
cy linders 

as acous tical vo lume 2 9 0  
modal dens i ty o f  2 8 7 , 2 9 3 , 

3 2 1 , 3 4 9  
as mode l for a cone 3 2 4 , 

3 3 4 , 3 3 8 , 3 4 8 , 3 5 6  
radi ation o f  sound by 9 , 

3 0 1- 3 0 2  
ring frequency o f  2 8 4  
transmi s s ion o f  s ound 

through 2 9 9  
noi s e  reduction o f  3 1 2  

damping , Se e  a L s o los s factor , 
damping me asures 

air pumping 2 4 9 , 2 5 8 , 2 6 9 , 2 7 0  

3 7 6  

a s s umption o f  equali ty 
for mode s 1 4 3  

b y  add-on sys tems 2 6 0 - 2 6 3  
o f  bui l t  up s tructures 

2 5 8 - 2 5 9  
o f  coni c a l  vehi cle 3 3 6  
b y  cons trained layer 2 6 0 , 

2 6 2 , 2 7 3 , 2 7 4 , 2 7 6  
controlled re sponse 2 7 , 3 4 
and decay rate 2 2 5  
effective , wi th connected 

system 3 4 2  
engineering evaluati on 

of 1 8 1  
free l aye r  Se e cons trained 

layer 2 6 2 ,� 7 3 , 2 7 7  
and half  power bandwi dth 

2 7 , 2 5 3 , 2 6 5  
a t  j uncti ons 2 5 8  
los s factor 1 2 , 2 2 4  
me asurement , e f fect of 

modal overlap 2 5 3 , 2 6 6  
and mechani c a l  re s i s tance 

2 1 , 2 2 4  
o f  me tals 2 5 7  
modal 5 2 , 1 4 3 
parame ters , relations 

betwe en 2 2 4 , 2 5 2 , ( table ) 
2 6 4  

by po lymers 2 5 6 , 2 6 8  
o f  receiving subsys tem 3 0 4  
o f  she l l  by instrument 

she l f  3 2 4 , 3 2 5 , 3 4 2  
sources o f  2 5 5 - 2 5 6  
structural 9 , 1 1 
tre atments 2 2 5 - 2 2 6 , 2 3 6  
vari ation among modes 2 3 8  
o f  wave s and mode s 5 2  

damping measures 
cri ti c a l  damping ratio 2 4  
decay rate 4 9 , 2 2 5 , 2 9 6  
equiva lent bandwidth 3 1 , 3 2 
half  powe r bandwidth 2 7 , 

2 5 3 , 2 6 5 
logarithmi c de crement 2 4  
los s factor 2 1  
qua lity factor 2 4  
reverberation time 2 5 , 5 0  

decay o f  vibration 2 4  
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decay rate 4 9 , 2 2 5 , 2 9 6  
experiments 2 6 7  

decibel 1 3 7 , 1 8 6  
departure o f  mean square 

from e s timate 1 7 3  
de s i gn proce s s  

vibration e s timation 1 7 5  
importance o f  variance 1 9 9  

di f fusene s s  o f  wave 
field 1 2 1  

dire c t  f i e ld 
coherence i n  5 4  
addi tion t o  i ncoherent 

f i e ld 5 5 , 6 3 
directivi ty o f  wave f i e l d  9 5  
di spersive systems 

two dimens ional modal 
dens ity 2 8 2  

displacement leve l 1 8 8  
displacement thickne s s  

e f f e c t  o n  exci tation 
spectrum 3 3 7  

o f  turbulent boundary 
layer 3 3 6  

d i s tributed sys tems 
analy s i s  of 3 5 - 5 9  
e igenfunctions 3 4  
sti ffne s s  operator 3 4  
vibrational energy 3 9  

dua l i ty 
force and displacement 9 4  
wave s and mode s 2 0 , 5 2 

dynami cal variab le , 
energy as 3 , 1 15 

edge 
conductance 9 8  
impedance o f  p l ate 9 

edge radi ation 3 0 0 , 3 0 2  
e ffect o f  support den s i ty 

3 0 1 , 3 1 3  
e igenfunc tions 3 4  

o f  blocked subsys tem 8 6  
expan s i on i n  3 5  
norma l i zation 3 6 , 8 6 
orthogonal i ty 3 6 , 8 6 
and plane wave s 5 5 , 6 4 

Eldred method o f  re s pons e 
e s timation 1 7 5  

ene rgy 
attenuation 4 9  
balance 2 1 0  

3 7 7  

o f  b locked sys tem 1 2 3  
dens ity 4 5 , 9 5  
a s  dynami c a l  variable 3 , 1 15  
engineering e s t imate 2 0 9  
e s timate o f  me an 1 1 5 - 1 1 6  
leve l 1 8 6  
modal 1 2 9 
probabi l i ty di s tribution 

of 1 1 6  
o f  s ound field 1 0 6  
ve locity 9 5  

energy re lati ons 
b locked 2 1 6 
in matrix form 2 1 1  
simp l i f i c ation o f  2 1 9  
use , to determine 

p arameters 2 1 7 - 2 1 8  
energy sharing 

analys i s  u s i ng reciproci ty 
9 9  

be am and p late 1 4 9  
computer calculations 2 1 3  
b y  coupled p late s  3 0 6  
di agram 1 0 9  
re s onator and p late 5 2  
res onator and s ound 

f i e ld 1 0 3 , 1 0 4 , 1 1 3  
she l l  and ins trument 

she l f  3 2 5 , 3 4 2  
between two resonators 6 6 -

8 5  
between two s ubsys tems 8 6 -

9 3 , 2 1 4  
energy o f  vibration 

decay o f  2 4  
de termination o f  1 8 1  
and modal displ acement 

1 1 7 - 1 1 8  
o f  di s tributed system 3 9  
kineti c , o f  res onator 2 2  
mod a l  5 3  
potenti a l , o f  res onator 2 2 
re lation o f  kine tic to 

potenti a l  8 1  
relation t o  othe r re sponse 

variables  1 8 2  
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energy o f  vibration (cont ' d ) 
o f  re s onator pair 6 7  
use , to determine s tati stical  

energy ana ly s i s  para­
me ters 1 8 1  

ens emb le o f  sys tems l I S , 
Se e a l s o  popul ation 

equipartition of energy 11 
departure from 1 2 8 
i n  mode s 1 2 0  
mu1 timoda1 condi tion 

for 1 3 1  
between parts o f  vehi c l e  3 2 7  
o f  res onator and pl ate 5 2  
o f  res onator and s ound 

field 1 0 4  
o f  re sonator pair 8 3  
for s ound and s tructure 7 
in subsys tem 8 7  
us e i n  s tati s ti c a l  mechanics 

and stati s tical energy 
analy s i s  5 

wave i nterpre tation o f  9 4  
equivalent bandwidth 3 1 , 3 2 
es timation 

of  energy 1 1 5 - 1 1 6 , 2 0 9  
us ing confidence 

i nterval s  1 4 0  
o f  s he l f  vibration 3 2 7 , 3 3 5 , 

3 3 8 , 3 4 1 , 3 4 4 , 3 5 8 , 2 5 9  
o f  vibrational re spon se 4 

e s timation inte rva l s  1 8 3 , 2 0 0  
bracketing type 1 3 7 , 1 5 1 , 

2 0 0 , 2 0 8 , 3 4 5 , 3 6 3  
calcul ation o f  1 9 9  
exceedance type 1 1 6 , 1 3 5 - 1 3 8 , 

2 0 0 , 2 0 8  
e s t imation procedure s 

E ldred method 1 7 5  
Franken me thod 1 7 5 , 3 3 9 , 3 6 0  
Mahaff ey-Smith 17 5 
s ta t i s tical  energy analys i s , 

compari son 1 7 6 , 2 4 3  
exceedance i nterva l 1 1 6 , 

1 3 5 - 1 3 8 , 2 0 0 , 2 0 8  
exci tation o f  s tructure 

by impul ses  3 2 , 6 1 
by s haker 2 3 7  

3 7 8  

experimental procedure s 
for coup ling l o s s  factor 

3 3 2 - 3 5 5  
for damping 2 5 3 - 2 5 5  
dete rmi nation o f  

parameters 2 4 8  
direct and i ndirect 2 4 8  
for mode count 2 7 8 , 2 7 9 , 

2 8 0 . 2 9 0  
she l l  to she l f  coupling 3 2 4 , 

3 3 2  
s tructure t o  s tructure 

transmi s s i on 3 0 4 - 3 0 5  
extreme value o f  mean 

square 1 4 4  

fati gue , s truc tural 2 5 0  
flexural 

plate vibration 2 4 0  
wave i nten s i �y 4 6  

force 
and displacement dual i ty 9 4  
modal 4 0  

fouri e r  trans form , 
spati al 4 7  

Franken me thod 1 7 5 , 3 3 9 , 3 6 0  
free layer damping 2 6 0 , 2 6 1 , 

2 7 1  
compared to cons trained 

layer 2 6 2 , 2 7 3 , 2 7 7  
free vibration 

beating phenomenon 7 1  
coup led re sonator pair 7 0  
s ingle re s onator 2 1  

free wave intens i ty 4 5  
frequency 

cyc l i c  2 2 , 7 4 , 1 7 3 , 1 8 6  
damped natural 2 3 
o f  free vibration 2 1  
radi an 2 2 , 1 7 3  

frequency re sponse 
ave rage over 4 1 , 4 2 , 8 4 , 1 4 2  
o f  re s onator pair 7 3  
i rregul ari ty curve 2 6 6  

fus e l age , moda l  den s i ty 1 9 5  
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ganuna 
density 1 3 5 , 2 0 0  
fll l1 r. r i'l"ll1 1 1 ') 
function , incomplete 1 3 6  

graphic leve l re corder 2 5 5  
ground , impedance o f  9 
group ve locity 3 8 , 4 5 

and energy ve locity 4 5  

half pm'ler bandwidth 2 7 , 
2 5 3 , 2 6 5  

hank e l  
function 5 7  
trans form 5 7  

heat f l ow and temperature 
difference 5 

high frequency vibration and 
loads 3 

hot spots and re sponse 
concentrations 1 4 4 - 1 4 6  

immi ttance 1 8 0 , Se e  a l s o  
admi ttance , impedance 

impedance 
and coup ling los s factor 5 3  
o f  ground 9 
j unction 5 3 , 1 0 1 , 3 0 9  
o f  re s onator 1 0 4  
moment 1 2 5 , 3 0 8 , 3 3 0  
plate edge 9 
radi ation 1 0 3 
she l l  j unction 3 2 4  

impul s e  
exci tation b y  3 2 , 6 1  
average over 3 2  

input immi ttance 4 1 , 4 3 , 2 3 4  
infinite sys tems 

dynami c s  of 4 3  
point i nput 

admi ttance 4 7 - 4 9  
a s  receive r  3 4 3  

ins trument she l f  
coup ling t o  s he l l  3 2 4 , 3 2 5 , 3 4 2  
a s  damping e l ement for 

she l l  3 4 0  
equivalent f lat p late 3 2 2  
modal dens ity 3 2 2  
theore ti cal prediction 

of  response 3 4 0 - 3 4 4 , 3 6 1  

3 7 9  

vibration relative to 
s he l l  3 5 3  

inten s i ty 
flexural wave s 4 6  
free wave s 4 5  
inplate 5 4  
wave s o n  s tring 4 5  

interaction 
between b locked sys tems 1 4 9  
modal , equivalent whi te 

noi se  8 5 , 1 4 2 - 1 4 3  
between re s onator and 

p l ate 5 0 - 5 2 , 6 3 
s truc ture to s tructure 2 9 4  
betwe en two res onators 6 6 - 8 5  

interval , e s timation 
S g e e s timation interval 

j unction 
damping by 2 5 8  
dens i ty , e f fect on radi ation 

of  sound 3 0 1 , 3 1 3  
identi fication o f  1 7 9  
impedance , and coupling 

los s factor 5 3 , 1 0 1 , 3 0 9  
power f low through 1 0 2 , 

1 1 2 , 1 1 3  
transmi s s ib i li ty of 1 0 1  
wa l l  a s  a 1 0 2 , 1 1 4  

k i neti c energy 
re lation to potenti a l  8 1  
o f  res onator 2 2  

l ight coupling 8 
l imiting frequency for 

mul timodal coupling 3 0 3  
logari thmi c decrement 2 4  
loss  factor 1 2 , 2 2 4  

S s e  a l s o damping 
average , for group of 

modes 2 5 5  
constrained l ayer 2 6 0 , 2 6 2 , 

2 6 3 , 2 7 4 , 2 7 6  
defini tion 2 5 2  
for materi a l s  2 6 8  
re lati on to half  power 

bandwidth 2 7 , 2 5 3 , 2 6 5  
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Mahaf fey- Smi th procedure 1 7 5  
mal func tion , predic tion 

o f  2 5 0 
mas s  

controlled response 2 7 , 3 4 
di s tribution , average 

over 3 6  
mas s law 1 0 6 , 1 1 4 , 2 9 7 , 3 1 2  
matrix for� o f  energy 

equations 2 1 1  
me an free path 4 9  
me an square response 

cons i s tent departure 
in e s timate 1 7 3  

maximum pos s ib l e  1 4 4  
probab i l i ty dens ity o f  

1 3 5 , 1 9 9 , 2 0 7  
re lation to spectral 

dens ity 3 0  
re lations between vari ab les 

2 4 , 2 8 , 3 3  
o f  res onator pai r 7 4  
spati al  vari ation i n  1 2 1 , 

1 3 0 , 1 4 7 , 1 4 8  
me chani cal re s i s tance 2 1 , 2 2 4  
metal s ,  damping o f  2 5 7  
mod a l  

admi ttance 4 1  
coherence 1 1 9 , 1 3 0 , 1 4 4  
coupling parame ters 1 3 0  
coupling and sys tem s i ze 1 2 5  
damping 5 2  
damping , equali ty o f  1 4 3  
di splacement , f rom 

energy 1 1 7 - 1 1 8  
energy 5 3 , 1 2 9  
energy , wei ghted average 
equiparti tion of energy 
exci tation of subsys tem 
force 4 0  
interaction , whi te noi se 

equivalent 8 5 , 1 4 2 - 1 4 3  
lattice 1 0 9  
power flow 8 9  
respons e 3 6  

1 3 1  
1 2 0  
8 7  

respons e ,  damping contro l led 
3 7 , 6 0 

respons e , s ti f fne s s  
contro l led 3 7 , 6 0 

3 8 0  

s imi larity 2 3 9 - 2 4 0 , 2 4 9 , 3 1 8  
summation 5 6  
s ummation and rep l acement 

b y  integration 5 7 , 1 2 0  
modal dens i ty S e e  a Z s o  

mode count 
o f  acous tical  space s 2 8 0 -

2 8 1 , 2 9 0 - 2 9 2  
additive propertie s 2 8 8  
and average frequency 

separation 2 2 9  
o f  beam 1 2 6 , 3 0 9  
o f  coni cal s tructure 2 8 7 , 

3 1 9 , 3 2 1  
o f  curved she l l s  2 8 3 - 2 8 9  
o f  cyl i nder 2 8 7 , 2 9 3 , 3 2 1 , 

3 4 9  
o f  dispers ive systems 2 8 2  
e f fect of sti f fener 3 4 0  
es timation , for vehicle 3 1 9  
eva luation of  1 2 , 1 8 0  
examp le 3 9 
o f  fus e l age 1 9 5  
and input conductance 4 3  
location o f  excitation for 

me asurement 2 7 9  
me as urement by power 

inj e ction 2 5 4 , 2 6 6 , 
2 7 8 - 2 8 0  

o f  ortho tropi c  pane l s  2 8 3  
o f  plates 3 8 , 1 2 6 , 2 8 1 - 2 8 3  
uniformi ty o f , i n  

f requency 1 6 , 1 2 9  
for various sys tems 2 3 1  

modal overlap 
and damping me asurement 

2 5 3 , 2 6 6  
e f fect o n  parameter 

evaluation 2 7 8  
and moda l  dens i ty meas ure­

ment 2 7 8 , 2 7 9  
mode 

groups of s imi lar type 1 1  
to mode coup l i ng 3 6 , 1 3 0  
non re sonant 2 3 9 , 2 4 1  
shape , changes i n  1 2 9  
shape , for cone s 3 3 5  
and wave coherence 9 4  
and wave dua l i ty 2 0 , 5 2  
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mode count 1 7 3 , 1 7 9 , 2 7 8  
Se e a Z s o  modal density 

for beams and frame s 2 8 8 - 2 8 9  
evaluation o f  2 3 0 - 2 3 2  
a s  a n  extens ive 

property 2 3 1  
me asurement o f  2 7 9 - 2 8 0 , 2 9 0  
re l ation to modal dens i ty 

1 2 , 2 2 9 , 2 7 8  
sens i tivi ty , to s tructural 

detai l 2 3 2  
for a test  vehi cle 

( table ) 3 2 7  
mode ling 

o f  airborne computer 2 4 1  
degree o f  comp l ex i ty 

required 3 1 9  
diagrams for 1 8 4 , 2 2 2 
principles o f  1 7 8 - 1 7 9  
proce s s  o f  1 7 7  
a s  synthetic proce s s  2 3 8  

moment impedances 1 2 5 , 
3 0 8 , 3 3 0  

mul timodal 
condi tion f or 

equiparti tion 1 3 1  
coup ling , limi ting 

frequency 3 0 3  
respon s e  1 1 9 - 1 2 1  
s tructure , power input 3 4 0  
sys tems 8 6  

natural frequency 2 1  
damped 2 3  
o f  p l ate 3 7 , 3 8 
as random variable 4 1  
s tati s ti cal mode l for 4 1 , 8 7 

noi s e  reduction 
and coupling los s factor 2 9 7  
o f  a cyli nde r 3 1 2  

nonre sonant mode s 2 3 9 , 2 4 1  
normali z ation o f  eigen­

func tions 3 6 , 8 6 

ocean rel ated problems 1 4  
orthogonali ty o f  e i gen­

functions 3 6 , 8 6 

3 8 1  

orthotropic pane ls 2 9 2  
modal den s i tv 2 8 1  

osci l lator Se e re s onator , 
mode 

8 9  
parameter 

coup ling 
damping 

2 6 4  
2 2 4 , 2 5 2  ( tab le ) 

from energy r e l ations 2 1 7 -
2 1 8  

evaluation , e f fect o f  
modal overlap 2 7 8  

experimenta l evaluation 2 4 8  
i n  s tati s ti c a l  energy 

analy s i s  8 , 1 7 9 , 1 8 1  
phase response o f  

res onator 2 8  
p late 

average conductance 4 2  
bending rigidity 4 4  
b ending �.".ave speed 4 4  
coupled to beam 1 2 1 - 1 2 6 , 

1 3 8 , 1 4 9 , 3 0 8 - 3 0 9 , 3 1 5 , 3 1 6  
coupled t o  p late 1 1 1 , 3 0 5 -

3 0 7 , 3 1 3  
f l a t , equiva lent to 

ins trument she l f  3 2 2  
f l exura l and i n-plane 

vibration 2 4 0  
longi tudinal wave speed 

in 3 7  
modal dens ity o f  3 8 , 1 2 6 , 

2 8 1- 2 8 3  
orthotropic 2 9 2  
radius o f  gyration 3 7  
re ctangular supported 3 7 , 6 2 
to resonator coupl i ng 

5 0 - 5 2 , 6 3  
s train i n  1 2 8  
wave inten s i ty 5 4  
Young ' s  modulus for 3 7  

point 
admi ttance 4 0 , 4 9  
conductance 4 0  
force 4 0  
i nput conductance and modal 



I n d e x  

point (cont ' d )  
dens ity 4 3  

input re s i s tance for flat 
p l ate 2 3 4  

sus ceptance 4 1  
po lymers 

damping by 2 5 6 , 2 5 8  
f i l lers i n  2 5 7 
rubber-glas s trans i tion 2 5 7  
temperature dependence 

o f  damping 2 5 7 , 2 6 8  
population S e e a l s o ens emb le 

o f  res onators 1 4 1  
s tati stical 3 
in s tati stical  energy 

analys i s  8 7 - 8 8  
o f  s tructure s  1 8 2  

posi tive de finite 
coeffi cients 7 9 , 8 3 

potenti a l  energy 
of res onator 2 2  
re l ation to kinetic 8 1  

power di s s ipated 1 1 , 1 3 
power i nput 

i nto coni cal vehi c l e  3 3 7 - 3 3 8 
and damping me as urement 

2 5 4 , 2 6 6  
inferred from re sponse 

data 3 3 9  
and moda l  dens ity 

me asurement 2 5 4 , 2 6 6 , 2 7 8 -
2 8 0  

predic tion o f  2 3 2 - 2 3 4  
t o  resonator pair 7 1 - 7 2  
and she l f  vibration 3 4 1 - 3 4 2  
from s ound f i e l d  2 3 4  
to s tructure 1 1 , 4 3 , 4 9 
to sys tem 2 3 1  
f rom turbul ent boundary 

layer 2 3 3  
powe r f low 

and b l o cked energy 7 9  
through coupling 1 1 , 1 2 
through j unction 1 0 2 , 1 1 2 , 

1 1 3  
and measured vibrational 

energy 8 2 - 8 4  
re lations for 9 2  
between re sonators 7 2 , 8 9 ,  

1 0 8  
between s ubsys tems 9 0 , 9 1  

3 8 2 

through wal l  1 1 4  
power spectral dens i ty 

S e e s pectral dens ity 
probab i l ity 

dens i ty of mean square 
response 1 3 5 , 1 9 9 , 2 0 7  

d i s tributi on , for 
energy 1 1 6  
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